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In this paper, we propose a new autonomous electronic oscillator designed with some modifi-
cations of the well-known Wien bridge oscillator. In the mathematical model planned for such
a circuit, the nonlinearity in the operational amplifier saturation is considered and reference
is made to the only equilibrium point at the origin of phase-space. We show how the relation
between the bifurcation parameters starts stable oscillations, providing an example for chaotic
behavior and bifurcations diagrams. Finally, we conclude with a brief summary of the oscillators
operation using a parameters plane.
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1. Introduction

In a recent paper in this journal [Yang & Chua,
2000], it has been shown that the existence of
diverse equilibrium points is not essential to gener-
ate chaos in piecewise-linear systems. In fact, they
give mathematical models with only one equilib-
rium point capable of exhibiting chaotic behavior.

To show an example of such a system, we
propose a simple electronic autonomous oscillator
implemented with one operational amplifier, four
linear resistors, two capacitors and one inductance,
which is, in fact, a modified Wien bridge oscilla-
tor [González-López, 1998; González-López et al.,
1999a; González-López et al., 2000a].

There are some previous works where some
modifications of the Wien bridge oscillator are
studied to obtain chaotic behavior. Among oth-
ers, we can quote the addition of a nonlinear resis-
tor in parallel with another linear [Namajuanas &
Tamasevicius, 1995], the coupling of a Chua diode

with a Wien bridge oscillator in parallel [Morgull,
1955] or the different circuits shown in [Elwakil &
Soliman, 1997] where a nonlinear resistor is com-
bined with various RC circuits. The Wien bridge
oscillator modification proposed in this paper has
not been studied by any author, nor we do have
any previous knowledge about it.

2. A Modified Wien Bridge Oscillator

Starting from a classic Wien bridge oscillator
[Millman, 1981; González-López et al., 1999b], if we
replace the linear resistor, which is in series with the
capacitor, with an inductance L which has resis-
tance RL, we will have the autonomous electronic
oscillator shown in Fig. 1. It can be seen that two
voltage dividers produce negative feedback (resis-
tances R1 and R2) and positive feedback, through
capacitors C and C1, the inductance L (and associ-
ated RL) and resistor R.
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Fig. 1. Modified Wien bridge oscillator.

To implement the circuit, we choose the oper-
ational amplifier µA741C, powered by a voltage
source with ±15 V. R1 has 100 KΩ and R2 is a vari-
able linear resistor of 20 KΩ which makes possible
to change the A gain of the noninverter amplifier.

For the remaining elements we have chosen the
values: C = 100 nF, C1 = 470 nF, L = 100mH and
R is a linear potentiometer just like R2. The RL

resistor was tested in 90 Ω.

Fig. 2. Phase portrait experimentally obtained in which a
chaotic attractor of the modified Wien bridge oscillator is
shown. The voltage u is the horizontal axis, and the vertical
axis is the current iL. The parameters are indicated in Sec. 2.

Fig. 3. Phase portrait of a chaotic attractor of the mod-
ified Wien bridge oscillator obtained by simulation, A =
5.8, R = 23KΩ. The other parameters are indicated in
Sec. 2.

In Fig. 2 an experimental phase portrait is
shown, where the horizontal axis is the voltage u
at the amplifier input and the vertical axis rep-
resents the current iL. This experimental result
agreed with the simulation model shown in Fig. 3.

3. Mathematical Model

The circuit can be modeled by an autonomous sys-
tem with three state variables, namely

L
diL
dt

= f(u) − RLiL − uC

C
duC

dt
= iL (1)

C1
du

dt
= iL − u

R

where f(u) is, as can be seen below, a nonlinear
function which represents the difference between the
input and output amplifier voltages. The graph is
shown in Fig. 4. We remark that this function is
a three-segment piecewise-linear function [Chua &
Kang, 1977] which corresponds to the amplifier sat-
urations and active operation region. Also assuming
the same value for the saturation of positive and
negative voltage, we can write it as

f(u) =
A

2

(∣∣∣∣u +
Vs

A

∣∣∣∣ −
∣∣∣∣u − Vs

A

∣∣∣∣
)
− u (2)
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Fig. 4. Three-segment piecewise-linear function f(u). The
positive and negative saturation voltages are equal in
absolute value.

Vs is the output voltage of the amplifier in satura-
tion and A is the gain of the amplifier:

A = 1 +
R1

R2
(3)

If it is assumed that resistance value R is finite and
nonzero the system has only one equilibrium point
in the origin.

By means of linearization in the equilibrium
point it is obtained:
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 (4)

The corresponding characteristic equation is:

λ3 + a2λ
2 + a1λ + a0 = 0 (5)

At that equilibrium point, a bifurcation takes place
characterized by the sudden appearance of stable
periodic oscillations, similar to that of Hopf’s bifur-
cation in systems, whose nonlinear functions change
progressively with slope [Freire et al., 1999; Freire
et al., 1997]. In this case, the coefficients of (5) must
fulfill the conditions:

a0 − a1a2 = 0
ω2 = a1 > 0

(6)

From the previous expressions it is deduced that the
pulsation of the initial oscillations in the linearized
system is:

w =
√

1
CC1RRL + LC

(7)

The Hopf-like bifurcation takes place for the follow-
ing relation between the parameters:

A = 1 +
RL

R
+

C1

C
− C1L

CC1RRL + LC
, (8)

If in the previous expression we take R → ∞,

A =
C1

C
+ 1 (9)

When oscillations appear, linearization at the ori-
gin has a real and negative eigenvalue. The other
two eigenvalues are real positive or complex with
positive real portion, so it always presents a saddle
point.

The system can produce single periodic oscil-
lations or show a wide complex chaotic behav-
ior [González-López, 1998; González-López et al.,
2000a], which can be verified by Lyapunov expo-
nents determinations and with the presence of
homoclinic connections [González-López, 1998]
(Shilnikov’s chaos [Silva, 1993]).

4. Some Simulation Results

To compute the orbits of this system an integration
method has been used by linear sections, which con-
sists in determining the symbolic solution of the cor-
responding linear differential equation for each one
of them, taking in each section, as initial condition,
the values of the common point with the previous
section, calculated before.

For the same values of the parameters, and
depending on the initial conditions, three differ-
ent periodic attractors or three chaotic attractors
can coexist, or both of them. The stable behaviors
can coexist with numerous periodic unstable orbits
and some intermittent behaviors have been detected
in time, a periodic and a chaotic attractor appear
alternatively for the same initial conditions.

For different results that we subsequently
present, phase portrait and bifurcations diagram,
only the gain A and resistance R parameters have
been changed, the others stay unchanged with the
values set in Sec. 2. The saturation voltages have
been supposed ±14 V in all cases.

4.1. Strange attractor

Among the diverse morphology of strange attractor
presented in this system, we have selected the one
shown in Fig. 3, with a clearly asymmetrical look,
mentioned in Sec. 2. In this case, the gain A = 5.8
and resistance R = 23KΩ.
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Fig. 5. Bifurcations diagram obtained in changing the
parameter R (abscissa) by means of simulation. The ordi-
nate is the coil current in a Poincaré section with the plane
u = −Vs/A leaving saturation, the gain A = 5.7. The other
parameters are indicated in text.

4.2. Bifurcation diagram

The bifurcation diagram shown in Fig. 5, has been
obtained for a fixed value from the gain A, having
changed the R parameter, represented in x axis.
The y axis is the current iL in the inductance L
into a Poincaré section which corresponding to the
plane u = −Vs/A when passing from saturation to
a linear zone.

The graph has been obtained for a gain A =
5.70, that corresponds to the relationship (9), possi-
bly the most interesting operation zone of the oscil-
lator. R values vary between 200 KΩ and 260 KΩ.

The diagram shows a Feigenbaum’s cascade
and periodic zones can be appreciated inside the
chaotic ones.

5. Summary of Operation

To make a summary of the different ways of opera-
tion of the modified Wien bridge oscillator and the
range of values comprised by its parameters, a plot
is obtained as shown in Fig. 6, which is a parameters
plane where R is taken as the resistance on the x
axis and the gain for small signal A on the y axis.

Line 1 has been calculated using Eq. (8) and
the others have been determined using simula-
tion. In the plane, the following zones can been
distinguished:

Zone A. The system is asymptotically stable, so
oscillations are not produced and the oscillator does

Fig. 6. Different behavior zones of the modified Wien bridge
oscillator and the lines that delimit these zones, according to
the parameter R (abscissa) and A (ordinate). Line 1 is the
representation of Eq. (8). The rest of the lines have been
obtained across simulation.

not operate as such. It is delimited by the beginning
line of stable oscillations, indicated as 1 in such a
plot. This line is asymptotic to the gain A = 5, 70
for R → ∞.

Zone B. Periodic oscillations are produced whose
period is fundamental. It is limited by several lines:

Line of R=0. When this resistor is in short cir-
cuit, the positive feedback is cancelled out and the
oscillator cannot operate (asymptotically stable).

Line 1. As it has already been indicated, line 1
corresponds to the bifurcation which produces the
sharp appearance of stable oscillations and limits
the operation zone of periodic oscillations of fun-
damental period for small values of the gain. Next
to line 1 the oscillator gives an almost sinusoidal
waveform.

Line 2. In this line a periodic split is produced,
obtaining a waveform with a period almost double
that of the fundamental. After the periodic split, it
gradually enters into a chaotic situation.

Line 3. In this line a sharp transition from the
periodic form (of fundamental period) proceeds
to chaos.

Zone C. In this part, chaos prevails where small
intervals of numerous periodic behaviors appear. It
is limited, in addition to lines 2 and 3 commented
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above, by the following:

Line 4. Is the frontier where periodic relaxation
forms begin. It is tangent to the A = 5.70 horizon-
tal line gain. In the proximities of this line we have
fundamental period periodic movements.

Line 5. Is the frontier with a fundamental period
periodic behavior zone. A part of this line coincides
with line 1 of the bifurcation, therefore, in this case,
a strange chaotic situation proceeds directly to the
oscillations cease. The behavior is same as in line 4
with respect to the gain A = 5, 70.

Zone D. This part is mainly made up from peri-
odic behaviors with relax oscillations. Near line 4
small chaotic zones appear between those periodic
oscillations. The pulse number by these waveforms
period grows for such a line.

Zone E. Corresponds to fundamental period peri-
odic behavior. Actually, it is a prolongation of zone
B and is limited by lines 1 and 5, already com-
mented before.

6. Conclusions

This modified Wien bridge oscillator circuit pre-
sents an impressive behavior variety with only one
equilibrium point, coexisting with as far as three
periodic and/or chaotic attractors, time intermit-
tence phenomena, homoclinic connections, diversity
of unstable limit cycle, etc. And this seems to offer
a lot of possibilities for future studies.

On the other hand, the good approximation
obtained between the experimentally determined
values and the simulation results, seem to vali-
date, for this oscillator, the mathematic model used,
despite its simplicity.

Acknowledgments

Authors greatly appreciate suggestions by E. Ponce
and F. Torres from the University of Sevilla, on a
preliminary version of the paper.

Obituary: During the revision process of this
manuscript, our friend and coauthor Rafael
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mación, pp. 95–102, Cádiz (in Spanish).

Millman, J. [1981] Microelectronics. Digital and Analog
Circuits and Systems (McGraw-Hill, NY).

Morgull, O. [1955] “Wien bridge based RC chaos gener-
ator,” Electron. Lett. 31, 2058–2059.

Namajuanas, A. & Tamasevicius, A. [1995] “Modified
Wien-bridge oscillator for chaos,” Electron. Lett. 31,
335–336.

Silva, C. P. [1993] “Shil’nikov theorem. A tutorial,”
IEEE Trans. Circuits Syst. I CAS-40, 675–682.

Yang, T. & Chua, L. O. [2000] “Piecewise-linear chaotic
system with a single equilibrium point,” Int. J. Bifur-
cation and Chaos 9, 2015–2060.






