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UNCONDITIONAL CAUCHY SERIES AND
UNIFORM CONVERGENCE ON MATRICES
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Abstract

The authors obtain new characterizations of unconditional Cauchy series in terms
of separation properties of subfamilies of P(N), and a generalization of the Orlicz-Pettis
Theorem is also obtained. New results on the uniform convergence on matrices and
a new version of the Hahn-Schur summation theorem are proved. For matrices whose
rows define unconditional Cauchy series, a better sufficient condition for the basic
Matrix Theorem of Antosik and Swartz, new necessary conditions and a new proof of
that theorem are given.
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§ 1 . Introduction

In the literature, many applications of the Basic Matrix Theorem of [3] to problems of
measure theory and Banach spaces theory have been found (see [10, 8], etc.) In this paper,
we generalize several results that appear in [10, 5–7] and obtain new characterizations of
unconditional Cauchy series (uca) in terms of separation properties of subfamilies of P(N)
and a generalization of the Orlicz-Pettis Theorem. For other interesting generalizations of
this theorem, we refer the reader to [11, 12]. In this paper, Wu Junde and Lu Shijie ob-
tain a generalization which considers a dual pair [X, Y ] and replaces the subseries-σ(X, Y )
convergence (or, equivalently, the m0-multiplier-σ(X,Y ) convergence, where m0 denotes the
scalar-valued sequence space which satisfies that for each (ti)i ∈ m0 {ti : i ∈ N} is a fi-
nite set) by the λ-multiplier-σ(X,Y ) convergence, where λ is a scalar-valued sequence space
which has the S-WGHP and contains c00. Wu Junde and Lu Shijie [12] prove that these
assumptions imply the λ-τ(X, Y )-multiplier convergence of a series in X, where τ(X,Y ) de-
notes the Mackey topology. The paper shows the λ-multiplier convergence of series depends
completely upon the AK-property of λ.

The mentioned separation properties let us prove new version of interesting results on
the uniform convergence on matrices. The main result of [7] follows at once from the new
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version of the Hahn-Schur summation theorem that we prove in this paper. For matrices
whose rows are unconditional Cauchy series, the case more frequently found in applications,
we improve some sufficient conditions for the Basic Matrix Theorem. We also prove some
new necessary conditions for that theorem. As a consequence, we give a proof of this theorem
and of the converse result.

Although this paper is developed in the framework of normed space theory, most of
the results can be extended, with some warnings, to Abelian topological groups.

Our Theorem 2.1, Lemma 2.1 and Theorem 2.2 are contained in [2], although they are
proved here with a different technic. We include it for the sake of completeness.

§ 2 . Unconditional Cauchy Series

Let us denote by φ0(N) the family of finite subsets of N. Let us suppose that F is a
Boolean algebra such that φ0(N) ⊂ F ⊂ P (N) and F has the Vitali-Hahn-Saks property (see
[9]). Let X be a Banach space and let

∑
i∈N

xi be a series in X such that
∑
i∈A

xi is convergent,

for A ∈ F . It can be proved (see [1]), that
∑
i∈N

xi is unconditionally convergent (uco).

If
∑
i∈N

xi is a series in X such that for any disjoint sequence (Ai)i in φ0(N), there exists

an infinite set M ⊆ N such that
∑
i∈A

xi is convergent, for A =
⋃

i∈M

Ai, then
∑

xi is uco (see

[3, 7]).
In what follows, we obtain some new characterizations of unconditional Cauchy series.

Some characterizations of uco series can be found in ([10, 12]).

Theorem 2.1. Let
∑
i

xi be a series in a normed space X. The following properties

are equivalent:
( i ) The series

∑
i

xi is uca.

(ii) For any pair [(Ai)i, (Bi)i] of disjoint sequences of mutually disjoint elements of
φ0(N), there exists B ⊆ N and an infinite set M ⊆ N such that

∑
i∈B

xi is of Cauchy, Ai ⊆ B

and Bi ⊆ Bc for i ∈ M .

Proof. Since any uca series is a Cauchy subseries, it is clear that (i)⇒(ii). Let us
suppose that (ii) is true and that (i) is false. There exist ε > 0 and a sequence (Fn)n in
φ0(N) with supFn < inf Fn+1 and

∥∥∥ ∑
i∈Fn

xi

∥∥∥ > ε for n ∈ N. Let Ak = {inf Fk, inf Fk +

1, · · · , supFk} and Bk = Ak\Fk for k ∈ N. By (ii), there exists B ⊆ N and an infinite set
M ⊆ N such that

∑
i∈B

xi is a Cauchy series, Fi ⊆ B and Bi ⊆ Bc for i ∈ M . It is obvious

that
∥∥∥ ∑

i∈B∩Ak

xi

∥∥∥ =
∥∥∥ ∑

i∈Fk

xi

∥∥∥ > ε, k ∈ M . This contradicts (ii).

Corollary 2.1. Let
∑
i

xi be a series in a normed space X. The following properties

are equivalent:
( i ) The series

∑
i

xi is uco.

(ii) The series
∑
i

xi is convergent and verifies property (ii) in Theorem 2.1.
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The following lemma will let us prove a result that weakens the usual hypothesis of
Orlicz-Pettis Theorem.

Lemma 2.1. Let (aij)i,j∈N be a real matrix (of infinite dimension) with the following
properties:

( i ) For j ∈ N, (aij)i is convergent.
(ii) For any pair [(Ai)i, (Bi)i] of disjoint sequences of mutually disjoint elements of

φ0(N), there exists B ⊆ N and an infinite set M ⊆ N such that
( ∑

j∈B

aij

)
i
is a convergent

sequence, Ai ⊆ B and Bi ⊆ Bc for i ∈ M .
Then, for every P ⊆ N, the sequence

( ∑
j∈P

aij

)
i

is convergent and
( ∑

j∈An

aij

)
i

is

uniformly convergent, for every disjoint sequence (An)n of P (N).

Proof. By Theorem 2.1, it is clear that
∑
j

aij is unconditionally convergent for every

i ∈ N.
Let us suppose that there exists P ⊆ N such that the sequence

( ∑
j∈p

aij

)
i

is not a

Cauchy sequence; let ε > 0 be such that for every k ∈ N, there exists n > k such that∣∣∣ ∑
j∈P

akj − anj

∣∣∣ > ε.

For k1 = 1, let n1 > k1 and m1 ∈ N be such that
∣∣∣ ∑

j∈P∩{1,2,··· ,m1}
(ak1j − an1j)

∣∣∣ > ε.

Since (aij)i is a Cauchy sequence, there exist l1 > n1 such that
∣∣∣ ∑

j∈C

(alj − arj)
∣∣∣ <

ε

8
for

l, r ≥ l1 and C ⊆ {1, 2, · · · ,m1}. Let k2 > l1 and n2 > k2 be such that
∣∣∣ ∑

j∈P

(ak2j−an2j)
∣∣∣ > ε.

It is clear that for some m2 ∈ N, m2 > m1 we have
∣∣∣ ∑

j∈B

(ak2j − an2j)
∣∣∣ <

ε

8
for B ⊆

{m2 + 1,m2 + 2, · · · }. Then
∣∣∣

∑

j∈P∩{m1+1,··· ,m2}
(ak2j − an2j )

∣∣∣

≥
∣∣∣
∑

j∈P

(ak2j − an2j )
∣∣∣−

∣∣∣
∑

j∈P,j≤m1

(ak2j − an2j )
∣∣∣−

∣∣∣
∑

j∈P,j>m2

(ak2j − an2j )
∣∣∣

≥ ε− ε

8
− ε

8
=

3ε

4
We can obtain, inductively, three increasing sequences (ki)i, (ni)i and (mi)i of natural
numbers with the following properties:

(a) k1 < n1 < k2 < n2 < · · · .
(b)

∣∣∣ ∑
j∈C

akij − anij

∣∣∣ <
ε

8
for C ⊆ {1, 2, · · · ,mi−1} if i ∈ N.

(c) If Fi = P ∩ {mi−1 + 1, · · · ,mi} for i ∈ N and i > 1, then
∣∣∣ ∑

j∈Fi

akij − anij

∣∣∣ >
3ε

4
.

(d)
∣∣∣ ∑

j∈B

akij − anij

∣∣∣ <
ε

8
, if B ⊆ {mi + 1, mi + 2, · · · } for i > 1.

Let Bi = {mi−1 + 1, · · · ,mi} \ Fi for i > 1. By applying the hypothesis (ii) to the
pair [(Fi)i, (Bi)i], we can find B ⊆ N and an infinite set M ⊆ N such that

( ∑
j∈B

aij

)
i

is
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convergent, Fi ⊆ B and Bi ⊆ Bc for i ∈ M . However, for i ∈ M ,
∣∣∣
∑

j∈B

akij − anij

∣∣∣

≥
∣∣∣
∑

j∈Fi

(akij − anij)
∣∣∣−

∣∣∣
∑

j∈B, j≤mi−1

(akij − anij)
∣∣∣−

∣∣∣
∑

j∈B, j>mi

(akij − anij)
∣∣∣ >

ε

2
,

which contradicts the Cauchy condition for
( ∑

j∈B

aij

)
i
.

For i ∈ N, let us consider the measure µi : P (N) → R defined by µi(A) =
∑
j∈A

aij for

A ∈ P (N). It follows, from the Vitali-Hahn-Saks theorem (see [4, 9]), that the sequence (µi)i

is uniformly strongly additive; i.e., (µi(Aj))j converges to zero uniformly in i ∈ N, where
(Aj)j is a disjoint sequence of P (N). Now it is easy to check that (µi(Aj))i is uniformly
convergent, in j ∈ N.

Remark 2.1. The final step of former theorem can be done, without using the Vitali-
Hahn-Saks theorem, through the following result:

Let (aij)i,j be a real matrix (of infinite dimension) such that, for every P ⊆ N,

the sequence
( ∑

j∈P

aij

)
i

is convergent. Then, for every disjoint sequence (An)n in P (N),
( ∑

j∈An

aij

)
i
is uniformly convergent in n.

A sketch of the proof of this result is as follows:
First, we observe that if

∑
j

αj is an absolutely convergent series in R, then for every

disjoint sequence (An)n in P (N), we have
∑
i∈N

∣∣∣ ∑
j∈Ai

αj

∣∣∣ < +∞.

If the conclusion of the result is false, we can inductively construct the sequences
of natural numbers (kr)r, (ir)r with k1 < i1 < k2 < i2 < · · · and (nr)r, (mr)r with
n1 < m1 < n2 < m2 < · · · such that for every natural number r > 1,

(a)
∑

m∈C

∣∣∣ ∑
j∈Am

(apj − aqj)
∣∣∣ <

ε

4
if p, q ≥ kr and C ⊆ {1, 2, · · · ,mr−1}.

(b)
∣∣∣ ∑

j∈Anr

(akrj − airj)
∣∣∣ > ε.

(c)
∑

m∈B

∣∣∣ ∑
j∈Am

(akrj − airj)
∣∣∣ <

ε

4
if B is a subset of {mr + 1, mr + 2, · · · }.

Let us define A =
⋃

r∈N
Anr . It is easy to check that the sequence

( ∑
j∈A

xij

)
i

does not

verify the Cauchy condition, which contradicts our hypothesis.

Theorem 2.2. Let
∑
i

xi be a series in the normed space X. The following properties

are equivalent if X is complete:

( i ) The series
∑
i

xi is uca.

(ii) For every pair [(Ai)i, (Bi)i] of disjoint sequences of mutually disjoint elements of
φ0(N), there exists B ⊆ N and an infinite set M ⊆ N such that

∑
i∈B

xi is weakly convergent,

Ai ⊆ B and Bi ⊆ Bc if i ∈ M .
Without the hypothesis of completeness, we have (ii)⇒(i).



UNCONDITIONAL CAUCHY SERIES AND UNIFORM CONVERGENCE ON MATRICES 339

Proof. It is clear that (i)⇒(ii). Let us assume (ii). If (i) is false, let ε > 0 and let us
suppose that the sequence (Fn)n ⊆ φ0(N) is such that sup Fn < inf Fn+1 and

∥∥∥ ∑
i∈Fn

xi

∥∥∥ > ε

for n ∈ N. Let fn ∈ SX∗ be such that fn

( ∑
i∈Fn

xi

)
> ε for n ∈ N. We can assume that

X is separable; therefore, a subsequence of (fn)n, which will be also denoted by (fn)n, is
∗-w-convergent to some f0 ∈ BX∗ .

The matrix (fi(xj))i,j verifies the hypothesis of Lemma 2.1, which contradicts the

inequality fi

( ∑
j∈Fi

xj

)
> ε.

Remark 2.2. Let L be a family of elements of P (N) such that φ0(N) ⊂ L and with
the following property:

(a) for every pair [(Ai)i, (Bi)i] of disjoint sequence of mutually disjoint elements of
φ0(N), there exists an infinite set M ⊂ N and a B ∈ L such that Ai ⊂ B and Bi ⊂ Bc for
i ∈ M .

Let
∑
i

xi be a series in the normed space X. If
∑
i∈A

xi is weakly convergent for every

A ∈ L then it follows, from Theorem 2.2, that
∑
i

xi is uca. It is easy to check that if
∑
i∈A

xi

is a weakly Cauchy series for every A ∈ L, then
∑
i

xi is a weakly unconditional Cauchy

series. Let L be a family in P (N) such that φ0(N) ⊂ L and with the following property:

(b) for every disjoint sequence (Ai)i in φ0(N), there exists an infinite set M ⊆ N such
that

⋃
i∈M

Ai ∈ L.

It is well known that if
∑

xi is a series such that
∑
i∈A

xi is weakly convergent for every

A ∈ L, then
∑
i∈A

xi is uca.

We now give an example (see [2]) of a family L in P (N) with the property (a) that
lacks the property (b).

Let B1 the family of subsets A ⊂ N such that A and Ac have infinite even numbers
and infinite odd numbers. Let L = B1 ∪ φ0(N). It is easy to check that for any given
pair [(An)n, (Bn)n] of disjoint sequences of mutually disjoint elements of φ0(N), there exists
B ∈ L and an infinite set M ⊆ N such that Ai ⊆ B and Bi ⊆ Bc for i ∈ M . However, in
general, it is not true that for any disjoint sequence (An)n in φ0(N), there exists an infinite
set M ⊆ N such that

⋃
i∈M

Ai ∈ L. Therefore, the union of the members of any subsequence

of ({2n})n∈N does not belong to L.

§ 3 . Uniform Convergence in Matrices

In this section we will study, for sequences and series, the uniform convergence on
matrices.

The following result is a version of the Hahn-Schur summation theorem (see [7]) for
normed spaces that improves Theorem 1 in [10].
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Theorem 3.1. Let (xij)i,j be a matrix in the normed space X, where (xij)i is a Cauchy
sequence for every j ∈ N and, for i ∈ N, either

∑
j

xij is uca or
∑
j

xij verifies condition (ii)

in Theorem 2.2. Then, the following properties are equivalent:

(1) If [(An)n, (Bn)n] is a pair of disjoint sequences of mutually disjoint elements of
φ0(N), then there exists B ⊆ N and an infinite set M ⊆ N such that (i) Ai ⊆ B and Bi ⊆ Bc

for i ∈ M ; (ii) For every ε > 0, there exists k ∈ N such that if p, q ≥ k there exists l0 with∥∥∥ ∑
j∈B∩[1,l]

(xpj − xqj)
∥∥∥ < ε for l ≥ l0.

(2)
( ∑

j∈An

xij

)
i
is a Cauchy sequence, uniformly in n ∈ N, for any disjoint sequence

(An)n in φ0(N).

(3) The series
∑
j∈A

xij is uca uniformly in i ∈ N, for A ⊆ N.

(4) The series
∑
j∈A

xij is uca uniformly in i ∈ N and A ∈ P (N).

(5) Let CX be a completion of X and, for j ∈ N, let x0j ∈ CX be the limit of (xij)i.
Then, the series

∑
j∈N

x0j is ico in CX and lim
i

∑
j∈A

xij =
∑
j∈A

x0j uniformly in A ∈ P (N).

(6) Let A ∈ P (N). For every ε > 0, there exists k ∈ N such that for p, q ≥ k there
exists l0 with

∥∥∥ ∑
j∈A∩[1,l]

(xpj − xqj)
∥∥∥ < ε for l ≥ l0.

Proof. We first prove that (1)⇒(2). Let us suppose that there exists a disjoint
sequence (An)n in φ0(N) and an ε > 0 such that for any k ∈ N there exist i > k and nk

with
∥∥∥ ∑

j∈Ank

(xkj − xij)
∥∥∥ > ε.

For k1 = 1, there exist i1 > k1 and n1 such that
∥∥∥ ∑

j∈An1

(xk1j − xi1j)
∥∥∥ > ε. Let

m1 > supAn1 be such that
∥∥∥ ∑

j∈B

(xk1j − xi1j)
∥∥∥ <

ε

8
for a finite set B ⊆ {m1 + 1, · · · } and

let i01 be such that
∥∥∥ ∑

j∈C

(xlj − xrj)
∥∥∥ <

ε

8
for l, r ≥ i01, C ⊆ {1, 2, · · · ,m1}.

Let k2 > i01. Let i2 > k2 and n2 be such that
∥∥∥ ∑

j∈An2

(xk2j − xi2j)
∥∥∥ > ε. If we define

B2 = An2 \ {1, 2, · · · ,m1}, then
∥∥∥ ∑

j∈B2

(xk2j − xi2j)
∥∥∥ >

7ε

8
.

Let m2 > sup An2 be such that
∥∥∥ ∑

j∈B

(xk2j − xi2j)
∥∥∥ <

ε

8
for any finite set B ⊆

{m2+1, · · · } and let i02 be such that
∥∥∥ ∑

j∈C

(xlj−xnj)
∥∥∥ <

ε

8
for l, r ≥ i02, C ⊆ {1, 2, · · · ,m2}.

We can obtain, inductively, three sequences of natural numbers (kn)n, (in)n and (mn)n

such that k1 < i1 < k2 < i2 < · · · and m1 < m2 < · · · , and a disjoint sequence (Bi)i in
φ0(N) (where B1 = An1) such that for every r ∈ N, r > 1,

(a) Br ⊆ {mr−1 + 1, · · · , mr} and
∥∥∥ ∑

j∈Br

(xkrj − xirj)
∥∥∥ >

7ε

8
.

(b)
∥∥∥ ∑

j∈C

(xkrj − xirj)
∥∥∥ <

ε

8
for C ⊆ {1, 2, · · · ,mr−1}.
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(c)
∥∥∥ ∑

j∈B

(xkrj − xirj)
∥∥∥ <

ε

8
for any finite set B ⊆ {mr + 1, · · · }.

Let us define Fr = {mr−1 + 1, · · · , mr} \ Br for r ∈ N. By hypothesis, there exists
B ⊆ N and an infinite set M ⊆ N such that Bi ⊆ B and Fi ⊆ Bc for i ∈ M , and verify the
property (ii) that appears in (1).

It is clear that for r ∈ M , r > 1, and l ≥ mr,
∥∥∥

∑

j∈B∩[1,l]

xkrj − xirj

∥∥∥ ≥
∥∥∥

∑

j∈Br

(xkrj − xirj)
∥∥∥−

∥∥∥
∑

j∈B, j≤mr−1, j∈[1,l]

(xkrj − xirj)
∥∥∥

−
∥∥∥

∑

j∈B, j>mr, j∈[1,l]

(xkrj − xirj)
∥∥∥ ≥ 5ε

8
,

which contradicts (ii) of (1).
We now prove that (2)⇒(3). Let us suppose that for some A ∈ P (N) and ε > 0, we

have that for any k ∈ N, there exists F ∈ φ0(N), inf F > k, and i such that
∥∥∥ ∑

j∈A∩F

xij

∥∥∥ > ε.

For k1 = 1, let F1 ∈ φ0(N), inf F1 > k1, and i1 such that
∥∥∥ ∑

j∈A∩F1

xi1j

∥∥∥ > ε. Let m1 ∈

N be such that
∥∥∥ ∑

j∈B

xij

∥∥∥ <
ε

8
for any finite set B ⊆ {m1 + 1, · · · } and i ∈ {1, 2, · · · , i1}.

For k2 > max{m1, supF1}, let F2 ∈ φ0(N), inf F2 > k2, and i2 such that
∥∥∥ ∑

j∈A∩F2

xi2j

∥∥∥
> ε (let us observe that i2 > i1). Then, it is clear that

∥∥∥
∑

j∈A∩F2

(xi2j − xi1j)
∥∥∥ >

7ε

8
.

We can inductively obtain an increasing sequence (ir)r of natural numbers and a disjoint
sequence (Fr)r in φ0(N) with inf Fr > sup Fr−1 for r ∈ N, such that

∥∥∥
∑

j∈A∩Fr

(xirj − xir−1j)
∥∥∥ >

7ε

8
,

which contradicts our hypothesis.
It is obvious that (3)⇒(4). Now, we prove (4)⇒(5). Let us observe that

( ∑
j∈A

xij

)
i

is a Cauchy sequence. We fix A ∈ P (N) and let l0 ∈ N be such that
∥∥∥ ∑

j∈B

xij

∥∥∥ <
ε

4
for

B ⊆ {l0 + 1, · · · } and i ∈ N. Let us consider q > p > l0 and let i ∈ N be such that∥∥∥ ∑
j∈C

(xij − x0j)
∥∥∥ <

ε

4
for C ⊆ {p, · · · , q}. Then, it is clear that

∥∥∥
∑

j∈A∩[p,q]

x0j

∥∥∥ ≤
∥∥∥

∑

j∈A∩[p,q]

(x0j − xij)
∥∥∥ +

∥∥∥
∑

j∈A∩[p,q]

xij

∥∥∥ ≤ ε.

This proves that
∑
j∈N

x0j is ico in CX. By a similar procedure, it can be obtained that
( ∑

j∈A

xij

)
i

is a sequence that converges to
∑
j∈A

x0j uniformly in A ∈ P (N).

The remaining parts of the proof are obvious.
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Corollary 3.1. Let (xij)i,j be a matrix in a normed space X, where (xij)i is a Cauchy
sequence for j ∈ N and, for i ∈ N, the series

∑
j

xij is subseries convergent. Then the

following conditions are equivalent:

(1) If [(An)n, (Bn)n] is a pair of disjoint sequences of mutually disjoint elements of
φ0(N), then there exists B ⊆ N and an infinite set M ⊆ N such that (i) Ai ⊆ B and Bi ⊆ Bc

for i ∈ M , (ii)
( ∑

j∈B

xij

)
i
is a Cauchy sequence.

(2) The sequence
( ∑

j∈An

xij

)
i

is of Cauchy uniformly in n ∈ N, for every disjoint

sequence (An)n in φ0(N).

(3) For every A ⊆ N, the series
∑
j∈A

xij is uco uniformly in i ∈ N.

(4) The series
∑
j∈A

xij is uco uniformly in i ∈ N and A ∈ P (N).

(5) Let CX be a completion of X. For every j ∈ N, let x0j ∈ CX be the limit of (xij)i.
Then, the series

∑
j∈N

x0j is uco in CX and lim
i

∑
j∈A

xij =
∑
j∈A

x0j uniformly in A ∈ P (N).

(6) The sequence
( ∑

j∈A

xij

)
i
is of Cauchy, for A ∈ P (N).

Lemma 3.1. Let X be a normed space and let (xij)i,j be a matrix in X such that, for
i ∈ N, (xij)j is a Cauchy sequence and, for j ∈ N, (xij)i is a Cauchy sequence.

(a) The following conditions are equivalent:

(1) (xij)i is uniformly of Cauchy in j ∈ N.

(2) (xij)j is uniformly of Cauchy in i ∈ N.

(3) For every ε > 0, there exist k, l ∈ N such that ‖xkl − xij‖ < ε for i ≥ k and
j ≥ l.

Under any of these conditions, (xii)i is a Cauchy sequence.

(b) Let CX be a completion of X, let x0j be the limit in CX of the sequence (xij)i,
for j ∈ N and, similarly, let xi0 be the limit of (xij)j, for i ∈ N. Then, if for every ε > 0,
there exist k, l ∈ N such that ‖xkl − xij‖ < ε for i ≥ k and j ≥ l, there exists x00 such that

lim
j

x0j = lim
i

xi0 = lim
i

xii = lim
i,j

xij = x00.

Proof. The proof of (a) is straightforward. Let us prove (b). For any given ε > 0, we
consider k, l ∈ N such that ‖xkl − xij‖ <

ε

6
for i ≥ k and j ≥ l. For j ≥ l, let i0 ≥ k be

such that ‖xij − x0j‖ <
ε

3
and ‖xil − x0l‖ <

ε

3
for i ≥ i0. Then

‖x0j − x0l‖ ≤ ‖x0j − xij‖+ ‖xij − xil‖+ ‖xil − x0l‖ ≤ ε

for i ≥ i0. This proves that (x0j)j is a Cauchy sequence and, similarly, (xi0)i is also a
Cauchy sequence. Let us observe that, by (a), (xij)i converges to x0j uniformly in i and,
similarly, (xij)j converges to xi0 uniformly in j. The remaining results are now easy to be
obtained.
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Theorem 3.2. Let (xij)i,j be a matrix in a normed space X, where (xij)i is a Cauchy
sequence for every j ∈ N, and

∑
j∈N

xij is, for i ∈ N, either uca or verifies the condition (ii)

in Theorem 2.2. The following statements are equivalent:
(1) If [(An)n, (Bn)n] is a pair of disjoint sequences of mutually disjoint elements of

φ0(N) such that Ai is a singleton for i ∈ N, there exists B ⊆ N and an infinite set M ⊆ N
such that (i) Ai ⊆ B and Bi ⊆ Bc for i ∈ M ; (ii) For every ε > 0, there exists k ∈ N such
that if p, q ≥ k, there exists l0 with

∥∥∥ ∑
j∈B∩[1,l]

(xpj − xqj)
∥∥∥ < ε for l ≥ l0.

(2) The sequence (xij)i is of Cauchy uniformly in j ∈ N.

(3) For any infinite set P ⊆ N, there exists an infinite set B ⊆ P such that for every
ε > 0, there exists k ∈ N such that if p, q ≥ k, there exists l0 with

∥∥∥ ∑
j∈B∩[1,l]

(xpj − xqj)
∥∥∥ < ε

for l ≥ l0.

Proof. We first prove that (1)⇒(2). If (2) is false, let ε > 0 be such that for every
k ∈ N, there exists i > k and j with ‖xij − xkj‖ > ε.

We can inductively obtain three sequences of natural numbers (jr)r, (mr)r, with j1 <

m1 < j2 < m2 < · · · , and (kr)r, (ir)r, with k1 < i1 < k2 < i2 < · · · , such that for r ∈ N,
the following properties hold:

(a) ‖xkrjr − xirjr‖ > ε.

(b)
∥∥∥ ∑

j∈C

(xkrj − xirj)
∥∥∥ <

ε

8
for C ⊆ {1, 2, · · · ,mr−1} and r > 1.

(c)
∥∥∥ ∑

j∈B

(xkrj − xirj)
∥∥∥ <

ε

8
for a finite set B ⊆ {mr,mr + 1, · · · }.

For r ∈ N, let Ar = {jr} and Br = {mr−1 + 1, · · · , mr} \ {jr}. By hypothesis, there
exists B ⊆ N and an infinite set M ⊆ N with the properties (i) and (ii) in (1). However, for
every r ∈ M , r < 1, and every l ≥ mr, we have

∥∥∥
∑

j∈B∩[1,l]

(xkrj − xirj)
∥∥∥ ≥ ‖xkrjr − xirjr‖ −

∥∥∥
∑

j∈B∩[1,l], j≤mr−1

(xkrj − xirj)
∥∥∥

−
∥∥∥

∑

j∈B∩[1,l], j≥mr

(xkrj − xirj)
∥∥∥ ≥ 3ε

4
.

This contradicts condition (ii) in (1).
We now prove that (2)⇒(3).
It is easy to check that the sequences (xij)j are uniformly convergent for i ∈ N. We

can inductively obtain two strictly increasing sequences of natural numbers (mr)r and (ir)r

such that

( i ) ‖xpj − xqj‖ <
1

(r + 1)2r+1
for p, q ≥ ir and j ∈ N.

(ii) ‖xij‖ <
1

(r + 1)2r+1
for j ≥ mr and i ∈ N.

Without loss of generality, we can assume that P = N. For any r ∈ N, we choose

jr ∈ P ∩ [mr,mr+1) and define B = {jr, r ∈ N}. Let ε > 0. If r ∈ N is such that
1
2r

< ε
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and p, q ≥ ir, then
∥∥∥

∑

j∈B∩[1,l]

(xpj − xqj)
∥∥∥ ≤

∥∥∥
∑

j∈B∩[1,l], j<mr

(xpj − xqj)
∥∥∥ +

∥∥∥
∑

j∈B∩[1,l], j≥mr

(xpj − xqj)
∥∥∥

<
1

2r+1
+

1
2r+2

< ε,

where l ∈ N.
It is obvious that (3)⇒(1). This completes the proof.

Corollary 3.2. Let (xij)i,j be a matrix in a normed space X, where (xij)i is a Cauchy
sequence, for j ∈ N, and

∑
j

xij is subseries convergent, for i ∈ N. The following statements

are equivalent:

(1) If [(An)n, (Bn)n] is a pair of disjoint sequences of mutually disjoint elements of
φ0(N) and, for i ∈ N, Ai is a singleton, then there exists B ⊆ N and an infinite set M ⊆ N
with the properties: (i) Ai ⊆ B and Bi ⊆ Bc for i ∈ M , (ii)

( ∑
j∈B

xij

)
i

is a Cauchy

sequence.

(2) The sequence (xij)i is of Cauchy, uniformly in j ∈ N.

(3) For any infinite set P ⊂ N, there exists an infinite set B ⊂ P such that
( ∑

j∈B

xij

)
i

is a Cauchy sequence.

Remark 3.1. Let L be a family in P (N) such that φ0(N) ⊂ L and has the following
property:

(c) For any pair [(Ai), (Bi)] of disjoint sequences of mutually disjoint elements of φ0(N)
and such that Ai is a singleton, for i ∈ N, there exists an infinite set M ⊂ N and a B ∈ L
such that Ai ⊂ B and Bi ⊂ Bc for i ∈ M .

Corollary 3.2 is also true if we substitute (1) by the following statement: There exists
a family L with the property (c) such that

( ∑
j∈B

xij

)
i

is a Cauchy sequence, for B ∈ L.

Let L be a family in P (N) such that φ0(N) ⊂ L and with the following property:

(d) for every sequence of mutually different singleton sets (Ai)i, there exists an infinite
set M ⊂ N such that

⋃
i∈M

Ai ∈ L.

In [3], it has been proved that (1)⇒(2) (in Corollary 3.2) remains true if (1) is replaced
by the following statement: there exists a family L with property (d) such that

( ∑
j∈B

xij

)
i

is a Cauchy sequence, for B ∈ L.
In the following example we obtain a family L with the property (c) that lacks the

properties (d), (a) and (b) mentioned in Remark 2.2.
We consider the family B ⊂ P (N) of the A ⊂ N such that

( i ) A and Ac have an infinite number of even numbers and an infinite number of odd
numbers.

(ii) The set {n ∈ N; {4n, 4n− 1} ⊆ A} is finite.

Let L = B∪φ0(N). We consider the pair of disjoint sequences [(Ai)i, (Bi)i] of mutually
disjoint sets, where Ai = {4i− 1, 4i} and Bi = {4i+2} for i ∈ N. It is obvious that if there
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exists A ∈ L such that {i ∈ N; Ai ⊆ A} is infinite, then A does not satisfy (ii), which is a
contradiction. However, it is easy to check that L satisfies the separation property where Ai

is a singleton; i.e. satisfies (d). We also have that the union of the terms on any subsequence
of ({2n})n∈N does not belong to L.

As a consequence of the former theorem, we can obtain an easy proof of the Basic
Matrix Theorem of Antosik and Swartz. We also prove that the converse result is also valid.

Corollary 3.3. Let (xij)i,j be a matrix in a normed space X such that, for j ∈ N,
(xij)i is a Cauchy sequence. The following statements are equivalent:

(1) For any infinite set P ⊂ N, there exists an infinite set B ⊂ P such that
( ∑

j∈B

xij

)
i

is a Cauchy sequence.

(2) The matrix (xij)i,j satisfies the following properties:

( i ) The sequence (xij)j is convergent for every i ∈ N.

(ii) (xij)i is a Cauchy sequence, uniformly in j ∈ N.

(iii) For any infinite set P ⊆ N, there exists an infinite set B ⊆ P such that
∑

j∈B

xij

is convergent, for i ∈ N.

Proof. We first prove that (1)⇒(2). If (2) is false, then there exist ε > 0 and three
strictly increasing sequences (kr)r, (ir)r and (jr)r of natural numbers such that

(a) k1 < i1 < k2 < i2 < · · · ,
(b) ‖xkrjr − xirjr‖ > ε for r ∈ N.

For p, q ∈ N, we define z2p−1,q = xkpjq and z2p,q = xipjq . The sequence (zij)j converges
to zero for i ∈ N. We can inductively obtain a sequence (Mi)i of infinite subsets of N,
Mi = {αij , j ∈ N} for i ∈ N, such that, for i ∈ N,

(1) Mi+1 ⊆ Mi,

(2) αi1 < α(i+1)1,

(3)
∑

j∈Mi

zij is uca.

It is obvious that if M = {αii, i ∈ N}, then the matrix (zij)i∈N,j∈M satisfies the
conditions of Theorem 3.2. This contradicts that ‖z2i−1,i − z2i,i‖ > ε for i ∈ N.

Let us prove that (2)⇒(1). Let P be an infinite set and, as before, let P ′ ⊆ P be such
that

∑
j∈P ′

xij is uca, for i ∈ N. By (iii), let B ⊆ P ′ be an infinite set such that
∑

j∈B

xij is

convergent. Theorem 3.2 let us conclude the proof.

By using arguments similar to those we have used in the former proof, the following
result can be proved.

Corollary 3.4. Let (xij)i,j be a matrix in a Banach space X such that (xij)i is a
Cauchy sequence for i ∈ N. The following statements are equivalent:

(1) For any infinite set P ⊂ N, there exists an infinite set B ⊂ P such that
( ∑

j∈B

xij

)
i

is a Cauchy sequence.

(2) The matrix (xij)i,j satisfies the following properties:
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(a) The sequence (xij)j converges to zero, for i ∈ N.
(b) (xij)i is of Cauchy, uniformly in j ∈ N.

References
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