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Abstract. In this paper, we give the explicit construction of certain components of
the space of holomorphic foliations of codimension one, in complex projective spaces.
These components are associated to some algebraic representations of the affine Lie
algebra aff(C). Some of them, the so-called exceptional or Klein—Lie components, are
rigid in the sense that all generic foliations in the component are equivalent (Example 1).
In particular, we obtain rigid foliations of all degrees. Some generalizations and open
problems are given at the end of §1.

1. Introduction
It is known that the space F (v, n) of singular holomorphic codimension one foliations of
degree v > 0 on CP(n), n > 3, can be considered as an algebraic subset of the space
of 1-forms on C"*! whose coefficients are homogeneous polynomials of degree v + 1
(cf. [2, 4-6]). Some of the irreducible components of this algebraic subset have been
described: for example, the logarithmic components, which correspond to foliations
defined by closed meromorphic 1-forms (cf. [2]). Other components are the rational
(cf. [5]) and the pull-back components (cf. [6]). For v =0, 1, 2 the complete decomposition
of F (v, n) in irreducible components was obtained in [S].

In this paper, we present new components of F (v, n), n > 3, related with some special
representations of the affine Lie algebra aff(C) := {eq, ez, [e1, e2] = e>} in the algebra of
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polynomial vector fields of an affine chart C> ¢ CP(3). These new components include

as a particular case the ‘exceptional component’ of F (2, n), described in [5].

To obtain our result we follow three steps.

(1)  We construct families of foliations Fg3 C JF(v, 3), where P denotes a discrete
invariant, arising from representations of the affine algebra.

(2)  We find sufficient conditions in order to prove stability under deformations of some
of these families, i.e. we prove that for certain values of ‘P the deformation of a
generic foliation F € Fuy is still a foliation in Fiy.

(3) We get codimension one foliations in CP(n), n > 4, by pull-back of the foliations
just constructed and prove that we also have irreducible components in F (v, n).

In the first step the families are geometrically described. To do that, we consider the so-
called Klein—Lie curves. They are characterized by the fact of being the rational projective
curves fixed by an infinite group of projective automorphism. In CP(3) such curves, up
to an automorphism in PGL(4, C), can be parameterized by I'(¢ : s) = (t? : t9sP~9
t"sP7" . sP), where 1| <r < g < p are positive integers with gcd(p, g, r) = 1.

For each ¢ # 0 such that £ + r € {0} UN, we have a representation of the affine Lie
algebra py : aff(C) — X(C), determined by the two vector fields s, := (1/£)¢(d/9t), and
x¢ := t¢11(9/91). Consider the linear semi-simple vector field on C3

S 0 + 0 + 0 (1)
=px— — +rz—.

PYoy T TS
Suppose that there is another polynomial vector field X on C3 such that [S, X] = £X, and
so that

1
Yi(se) = ZS(VU))’ v« (xe) = X (y (1)),

where y(t) = (t?,19,1") is the affine curve I' N C3. Then the algebraic foliation
F = F(S, X) on C? defined by the 1-form Q@ = igix(dzi A dzo A dz3) is associated
to a representation of the affine algebra in the algebra of polynomial vector fields in C3,
and it can be extended to a foliation on CIP(3) of certain degree v.

We explicitly give several examples in §2, all in the case »r = 1. Note also that both s,
and x; are complete vector fields on C just in the case £ = —1. This is what happens
in Example 1, where S and X are complete and the flow of § is periodic: both are
necessary conditions for the existence of an action of the affine group on C? associated
to the foliation.

We define

Fp,q,r);L,v) ={F e FW,3) | F=F(S, X) in some affine chart}

and we show that they are irreducible subvarieties of F (v, 3). We also show that if
F € F((p,q,r); £, v) then the tangent sheaf T'r is isomorphic to O & O(2 — v).

In order to carry out the second step, we need some technical results. Let us first give
some definitions.

Definition I. Let  be an integrable 1-form defined in a neighborhood of p € C3. We say
that p is a generalized Kupka (GK) singularity of w if wp = 0 and either dwp # 0 or p is
an isolated zero of dw.
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The local structure of a foliation near a GK singularity is well known. When dwp # 0
it is of Kupka type and it is locally the product of two foliations: a singular one in
dimension two and a non-singular one of dimension one (cf. [10, 15]). When p is an
isolated singularity of dw, the singularity is logarithmic, degenerate or quasi-homogeneous
(cf. possibilities 2a, 2b and 2c and Theorem A of §2.1 and [4] and [12]).

We also prove that GK singularities are stable under deformations (cf. Proposition 1).

Definition 2. A codimension one holomorphic foliation F in a complex three manifold M
is GK if all the singularities of F are GK.

We show, as a consequence of the stability of GK singularities, that GK foliations are
stable under deformations. In fact, we first note that the local structure of GK singularities
implies that the analytic tangent sheaf of a GK foliation is locally free. Using well-known
results on holomorphic vector bundle theory (Theorem B), we can prove the following
theorem.

THEOREM 1. Suppose that F((p,q,r); L;v) contains some GK foliation. Then
F((p,q,r); £; v) is an irreducible component of F (v, 3).

The families of foliations of Example 1 in §2 provide irreducible components of
F(v,3),v > 2. As we will see, these families correspond to f((v2+v+1, v+1,1); —1;v)
and all of them contain GK foliations. In fact, any component like that is the closure of an
orbit of the natural action of PGL(4, C) on F (v, 3).

On the other hand, for each p > 3, the foliations in the family F((p, 2, 1); —1; p)
are never GK, so that Theorem 1 does not hold in this case. In fact, as we will see
in §2.2, any foliation in F((p, g, 1); —1; p) has a meromorphic first integral, which in
the case of F((p, 2, 1); —1; p) can be written in homogeneous coordinates of CP(3) as
fP/g%, where f and g are homogeneous polynomials, dg(f) = 2 and dg(g) = p.
In the notation of [5], such a foliation belongs to R(2, p) C F(p,3), which is an
irreducible (rational) component of F(p, 3) (cf. [5]). On the other hand, it is not very
difficult to prove that a generic foliation in R(2, p) has no quasi-homogenous singularity.
Hence, F((p, 2, 1); —1; p) is not an irreducible component of F(p, 3), if p > 3 (see also
Remark 4).

Theorem 3 states that given (p, g, r) positive integers such that p > g > r, the
set {(£, v)} such that the family F((p, g, r); €; v) contains some GK foliation is finite.
This motivates the following problem.

Problem 1. Given three positive integers p > g > r > 1, are there (¢, v) such that
F((p,q,r); £; v) contains a GK foliation?

The examples in §2.2 are GK foliations in CP(3), all of them belonging to
some F((p,q,r);£;v). Consequently, the tangent sheaf for these examples splits.
This motivates the following questions.

Problem 2. Is it true that T splits for any GK foliation 7 on CP(3)? More generally,
let F be a codimension one foliation on CP(3) such that for any p € CP(3) the sheaf of
germs of vector fields at p tangent to F is free with two generators. Does Tz split?
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We observe that all examples that we have of GK foliations on CP(3) have at most two
quasi-homogeneous singularities. A natural question is the following.

Problem 3. Are there GK foliations on CP(3) with more than two quasi-homogeneous
singularities?

Finally, concerning the third step, in §3.2 we consider foliations on CIP(n), n > 4, which
are pull-backs of GK foliations on CIP(3) by a generic linear rational map f: CP(n) —
CP(3). Denote by F((p, q,r); £; v;n) C F(v,n) the set of foliations so obtained from
F((p.q.r). ¢ v),

FUp,q,r);tvsn):={F | F=f"G,GeFp,q,r),¢t )}
We prove the following.

THEOREM 2. Let F be a foliation on CP(n), n > 4 and i : CP(3) — CP(n) be a linear
embedding of a 3-plane in a general position with respect to F. Suppose that G = i*(F)
is a GK foliation in F(v, 3) and that it is generated by two one-dimensional foliations
on CIP(3). Then there exists a linear rational map f: CP(n) — CP(@3) such that
F = f*(G). In particular, F((p, q,r); £; v; n) is an irreducible component of F (v, n).

2. Preliminary results and examples
Notation. Throughout the paper, we consider (z1 : z2 : z3 : z4) as homogeneous
coordinates in CIP(3). The basic affine open subsets will be

E1={(1:w:v:u)|(u,v,w)e(C3} E2={(r:1:s:t)|(r,s,t)e(C3},
Es={(r:s:1:0)|(rns0)eC} Ey={x:y:z:1)] &,y 2 €C.

2.1. Generalized Kupka and quasi-homogeneous singularities. Letp > g >r > Obe
relatively prime integers and S be the semi-simple vector field on C3 defined as in (1) by
S = px(9/9x) + qy(9/dy) + rz(39/9z). We say that a vector field X, holomorphic in a
neighborhood of 0 € C3, is S-quasi-homogeneous of weight £, if we have the following
Lie bracket identity: [S, X] = £X. Remark that necessarily £ + r is a non-negative integer
and X is a polynomial vector field. In fact, if X = P;(9/9x) + P»(3/9y) + P3(3/9z), the
condition that X is S-quasi-homogeneous of weight £ is equivalent to the fact that, after
giving weights p, ¢ and r to the variables x, y and z, respectively, the polynomials Py, P>
and P3 are weighted homogeneous of degrees £ + p, £ + g and € + r, respectively.
Moreover, S and X give a representation of the affine Lie algebra in the algebra of
polynomial vector fields. If we suppose that S and X are linearly independent at generic
points, then these vector fields generate an algebraic foliation on C3, which is given by
the integrable 1-form Q = isix(dx A dy A dz). Since 2 is a polynomial 1-form, this
foliation can be extended to a singular foliation of CP(3), which will be denoted by F(£2)
or by F(S, X). Observe that S extends to a holomorphic vector field on CP(3) and that
its trajectories are contained in the leaves of F(£2). On the other hand, in general, the
vector field X is meromorphic in CIP(3), but the foliation defined by it on C3 extends to a
foliation on CPP(3), which will be denoted by G(X), whose leaves are also contained in the
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leaves of F(£2). Remark that the singular set of F(2), denoted by sing(F (£2)), is invariant
under the flow of S, exp(¢S) := S;. This follows from the relation

Ls(Q=mQ, m=C+tr(S)=C+p+q+r 2)

as the reader can check. Relation (2) also implies that if pg ¢ sing(S), then F (L) is, in
a neighborhood of pg, equivalent to the product of a foliation in dimension two by a one-
dimensional disk. In fact, let (U, (u, v, w)) be a holomorphic coordinate system such that
S|y = 90/0u. Then it is not difficult to see that the integrability condition and (2) imply
that

Qu,v,w) =e™QO0, v, w) =™ (A, w)dv + B(v, w)dw),

which proves the assertion.

In the affine chart C? C CP(3), where S is as in (1), the leaves of F () are ‘S-cones’
with vertex at 0 € C3, that is, immersed surfaces invariant by the flow of S. If sing(F(£2))
has codimension two, then each of its components is the closure of an orbit of S. Now we
impose a condition which implies the local stability of this kind of singularity by small
perturbations of the form defining the foliation.

Let w be an integrable 1-form in a neighborhood of py € C3 and p be a holomorphic
3-form such that up, # 0. Then dw = iz(u), where Z is a holomorphic vector field.
The integrability of w is equivalent to iz (w) = 0. It is not difficult to see that if pg is a GK
singularity of w, then we have two possibilities as follows.

1.  Z(po) # 0. In this case we have a singularity of Kupka type, that is the foliation is
locally the product of a singular foliation in dimension two by a non-singular one of
dimension one.

2. Z(po) = 0 and po is an isolated singularity of Z. In this case, there exists a
neighborhood U of pg such that all singularities of w in U \ {po} are of Kupka type.
Let L := DZ(po) be the linear part of Z at po and A1, A2, A3 be the eigenvalues
of L. Note that A1 + Ap + A3 = 0. This implies that we have three sub-cases.
2a. A1, A2, A3 # 0. In this case, if we take pg = 0, the second jet of w at pg is of

the form

2 dx dy dz
Ji(w)o =ayzdx +bxzdy + cxydz = xyz a7 + b7 + c? ,
where A\ =c — b, Ay =a —cand A3 = b — a. When a, b, ¢ # 0 it is proven
in [4] that there exists a germ of vector field X at pg such that [X, Z] = 0 and

ixiz(dx Ndy ANdz) = fo,

where f (po) # 0, so that the foliation is locally generated by an action of C2.
It is also proven in [4] that if the triple (a, b, c) satisfies some conditions of
non-resonance, then there exists a local coordinate system (x, y, z) such that
w = xyz(a(dx/x) + b(dy/y) + c(dz/z)). For this reason we say that the
singularity is of logarithmic type (even if  is not equivalent to its 2-jet).

2b.  One of the eigenvalues, say A3, is zero and the other two satisfy A1 = —Ap # 0.
We call this type of singularity degenerate.
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An example of this situation is @ = xydz + 7" (axdy + bydx), where
a-b-(a—>b)#0andn > 2. In this case, if we take u = dx A dy A dz then
we get dw = iz where

3 3 3
Z=x(1—bn"H— -yl —anz" H— + b — a)"—.
ox dy 9z

Note that 0 € C? is an isolated singularity of Z with multiplicity mult(Z, 0) =
n and that the eigenvalues of DZ(0) are 1, —1, 0.
We observe that this case does not happen in the singularities of the examples
of §2.2.

2c. A1, A2, A3 = 0. In this case, the germ of Z at py is nilpotent (as a derivation in
the local ring of formal power series at po).

Definition 3. We say that pg is a quasi-homogeneous singularity of w if pg is an isolated
singularity of Z and the germ of Z at py is nilpotent.

This definition is justified by the following result (cf. [12]).

THEOREM A. Let py € C3 bea quasi-homogeneous singularity of an integrable 1-form w.

Then there exist two holomorphic vector fields S and Z and a local chart (U, (x,y, 7))

around pg such that x(po) = y(po) = z(po) = 0 and:

(a) w=uaigiz(dx ANdy ANdz),x € Qr anddw = iz(dx Ndy N dz);

) S =px@/9x)+ qy(d/9y) +rz(3/0z), where p, q and r are positive integers with
ged(p.g,r)=1;

(c) po is an isolated singularity for Z, Z is polynomial in the chart (U, (x,y, z)) and
[S,Z] =4£Z, where £ > 1.

Definition 4. Let py € C? be a quasi-homogenous singularity of . We say that it is of
type (p, q,r; L), if for some local chart and vector fields S and Z, the properties (a), (b)
and (c) of Theorem A are satisfied.

Remark 1. Let pg be a quasi-homogenous singularity of type (p, g, r; £) of an integrable

I-form w. If S and Z are as in Theorem A, then the multiplicity of Z at the singularity

po, mult(Z, po) (also called the Milnor number), is given by

E+pl+gl+r)
pqr

mult(Z, po) =

3)

In particular, pgr must divide (£ + p)(£ + g)(€ + r). The proof of this fact can be found
in [12].

We can now state the stability result.

PROPOSITION 1. Let (25)sex be a holomorphic family of integrable 1-forms defined in a
neighborhood of a compact ball B = {z € C3; |z| < p}, where ¥ is a neighborhood of
0 € C*. Suppose that all singularities of Q in B are GK and that sing(dQp) C int(B).
Then there exists € > 0 such that if s € B(0, €), then all singularities of Qg in B are GK.
Moreover, if 0 € B is a logarithmic or quasi-homogenous singularity of type (p, q,r; £)
then there exists a holomorphic map B(0,€¢) > s — z(s), such that z(0) = 0 and z(s)
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is a GK singularity of Qg of the same type (logarithmic or quasi-homogenous of the type
(p,q.r; L), according to the case).

Proof. Let u = dx Andy Adz and Z; be such that d2; = iz . Since all singularities of €
in B are GK, we get that the singularities of Z in B are isolated and that the singularities of
0 which are not singularities of Z are of Kupka type. Let sing(Zo)NB = {p1, ..., pr} C
int(B) with the Milnor numbers m; = mult(Zy, p;), j = 1,...,r. Itis well known that
mult(Zo, pj) = PH(Zop, pj) > 0, the Poincaré-Hopf index of Zy at p;. Hence, there
exists €] > 0 such that if |s| < €] then the singularities of Z; in B are isolated and

r
Z mult(Zs, p) = ij.
j=1

pesing(Zs)

In particular, the singularities of Z; in B are isolated, so that all singularities of 2 in B
are GK.

Now, since the integrability condition for €2, is equivalent to iz €y = 0 and the
singularities of Z; in B are isolated, it follows from the parametric De Rham division
theorem (cf. [7] and [3]) that there exists a holomorphic family of 2-forms (6s)seB(0,¢))
such that w; = iz 6;. Since we are in dimension three, we have §; = —iy 1, where
(Xs5)seB(0,e) 1s a holomorphic family of vector fields. Note that

Qs =iy, izu =ix,(dQ) = Lx, Qs = Qs = Ly (d2) = dSQ;. (%)

The last relation above implies that, for s fixed, the set sing(Zs;) N B = {p € B |
dQ2s(p) = 0} is invariant under the flow of X;. Since sing(Z;) N B is finite, we obtain that
sing(Zs) N B C sing(Xs) N B, otherwise Z; would have non-isolated singularities.

Let us suppose that 0 is a logarithmic or quasi-homogenous singularity of type
(p,q,r;£) of Qo. If we can guarantee that 0 is a non-degenerate singularity of X,
that is such that det(DX((0)) # 0, then we can assert the existence of an analytic map
B(0,€¢) > s — z(s) such that z(0) = 0 and z(s) is a non-degenerate singularity of X
for all s € B(0,¢€). Since sing(Z;) C sing(Xy), in this case we can assert that all the
singularities of Z; that appear by bifurcation of 0 must be at z(s). This gives the map
s > z(s) of the statement. Before proving this fact, let us observe that X and X} are
vector fields satisfying () if and only if X} = X + fsZs, where f; is holomorphic.
This fact follows from iz i(y1_x u = 0 and the division theorem.

Suppose first that O is singularity of logarithmic type of €29. We can not assert a priori
that 0 is a non-degenerate singularity of Xo. However, we can take, instead of X, a vector
field of the form X; = X; +aZs, a € C. Since det(DZy(0)) # 0, it is possible to choose
a € C* such that det(DX(l) (0)) # 0. Note that z(s) will be a logarithmic singularity for 2,
since det(DZ;(z(s))) # 0 (for small |s]).

Suppose now that 0 is a quasi-homogenous singularity of ¢ of the type (p, g, r; £).
Let us prove that det(DX((0)) # 0. Since Zj is nilpotent, by Theorem A there exists a
germ of vector field S at 0 € C3, such that [S, Zo] = €Zo, Q0 = aisizoi, o € Qy,
d20 = iz,(n) and DS(0) = px(9/90x) +qy(9/9y) +qz(3/9z) := Sp. Set DX(0) = Ap
and DZp(0) = Bp. Note that Xg = oS + fZy, where f € O3, so that Ag =
aSo + f(0)By. On the other hand, the relation [S, Zo] = £Z( implies that [ Sy, Byp] = ¢ Bo.



994 O. Calvo-Andrade et al

Consider a basis of C? such that the matrices of Sy and By are Sy = diag(p, g, r) and
By = (bij)1<i,j<3, respectively, and BoSo — SoBy = £By, £ > 0. If we assume that
p = q = r > 0, then a straightforward calculation gives that b;; = 0 for j > i. Hence,
det(Ap) = det(aSp) # 0. This implies also that the eigenvalues of Ag are ap, ag, ar.

Fix § > 0 and € > O such that, for |s| < €, X has a unique singularity z(s), with
|z(s)] < &, where s + z(s) is analytic and det(D X;(z(s))) # 0. Recall that Zy has an
isolated singularity at 0. By Remark 1, we have

P+O@+0OT+20 -

p.q.r
Therefore, if € and § are small, then, for |s| < €, Zs has at most mult(Zy, 0) singularities
in the ball B(0, §). As we have seen before, sing(Zs) N B(0,5) C sing(Xs) N B(O0, §).
This implies that sing(Zs) N B(0, §) = {z(s)} and mult(Z;, z(s)) = mult(Zy, 0).

Let us prove that the germ of Z; at z(s) is nilpotent for |s| < €. Set Ay = DX (z(s))
and By = DZ;(z(s)). Since mult(Zs, z(s)) > 1, at least one of the eigenvalues of By is 0,
and so their eigenvalues are b(s), —b(s), 0, where b(s) € C. On the other hand, for |s| < €,
det(Ay) # 0 and so all eigenvalues A are non-zero. We are going to use () to prove that
if € > 0is small then b(s) = 0, so that By is nilpotent, if |s| < €. Since iz (u) = d€2,, we
get from () that

mult(Zyp, 0) = 1.

iz, () = Lx,(iz,(n) = itx,,z,(w) + iz, (Lx, (1))
= i[x,.z,1(n) + div(Xy)iz, (1)
— [Xy, Zs] = (1 — div(Xs)) Zs i= hy Zs
= [As, Bs] = g(s) By, (%)

where g(s) = hg(z(s)). Note that g(0) = ho(0) = af := B # 0, because
[Xo, Zo]l = [aS + fZo, Zo]l = (al — Zo(f))Zo = g(0) = al — Zo(f)(0) = al = B.

If we take € > 0 small enough then g(s) # 0 and det(Ay) # 0, for |s| < €. Suppose for
a contradiction that b(s) % 0 for some |s| < €. In this case, we can write A; and By in
matrix form, in some basis of C3, as By = diag(b(s), —b(s), 0) and Ay = (aij)1<i, j<3, SO
that () is equivalent to

BsAs — AsBs = g(s)By = g(s)b(s) = b(s)ai1 —anb(s) =0 = g(s) =0,

because b(s) # 0. This contradicts g(s) # 0 and shows that b(s) = 0. Therefore, B; is
nilpotent for |s| < €.

Now, it follows from Theorem A that z(s) is a quasi-homogenous singularity of €.
It remains to prove that it is of the type (p, q,r; £). Let Sy be as in Theorem A, so
that a(s)is;iz, (n) = Q, als) € Qi, [Ss, Zs] = L(s)Zs, £(s) € Z4, DSs(2(s))
is semi-simple and their eigenvalues are positive integers, say p(s), g(s), r(s), where
gcd(p(s), q(s),r(s)) = 1 and p(s) > g(s) > r(s). With the same argument that we have
used for s = 0, we have X; = a(s)S; + f5Zs, where fs € O3(z(s)) and DX;(z(s)) = A;
has the same eigenvalues as a(s).DS;(z(s)). Since the function s +— Ay is analytic,
the functions s — a(s)p(s) € Q4,5 > a(s)g(s) € Q and s — a(s)r(s) € Q4
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must be constant. Therefore, p(s) = p, q(s) = ¢, r(s) = r and a(s) = « (since
gcd(p(s), q(s),r(s)) = 1 and we have chosen p > ¢ > r). Hence, the eigenvalues of
Ss are p, q,r. Finally, by (%) we have [X;, Z;] = hyZ; and, with the same proof as
in the case s = 0, hg(z(s)) = a(s)l(s) = al(s) € Q4. Since s — hy(z(s)) € Q4+
is analytic, we get that wf(s) = «f, and so £(s) = €. This finishes the proof of the
proposition. O

Let us state two consequences of Proposition 1. The first follows immediately from the
proposition.

COROLLARY 1. Let Fy be a codimension one GK foliation on a compact complex
threefold M. Then there exists a neighborhood U of Fy in the space of codimension one
foliations, such that any F € U is GK.

COROLLARY 2. If po is a GK singularity of a foliation F, then the sheaf of germs of
vector fields at po tangent to F is locally free and has two generators.

Proof. In fact, if F is defined by w in a neighborhood of pg, then we can write dw = izu
and w = ixiz(u), where pp, # 0 and the germ of Z at po has an isolated singularity
at po. Let Y be a germ of vector field such that iy (w) = iyixiz(n) = 0. This implies
that Y = aX 4+ bZ where a and b are holomorphic outside sing(w). Since sing(w) has
codimension two, it follows from Hartog’s Theorem that a and b can be extended to a
neighborhood of po. d

Remark 2. Let po be an isolated singularity of a codimension one foliation F on a
threefold (for instance, a Morse singularity). Then the sheaf of germs of vector fields at
po tangent to F is not locally free. In fact, it follows from Malgrange’s theorem (cf. [14]),
that F has a local holomorphic first integral. This implies the assertion, as the reader can
check (see also [11]).

Remark 3. If F is a GK foliation on M, the tangent bundle of F, Tr, is a rank two
vector bundle over M. Moreover, there is a morphism 7 : Tr — T M with the following
property. If U C M is an open set and o : U — Tr is a holomorphic (respectively mero-
morphic) section of Tx|y then w o 0: U — TM is a holomorphic (respectively
meromorphic) vector field tangent to F. Conversely, if X is a holomorphic (respec-
tively meromorphic) vector field on U tangent to F, then there exists a holomorphic
(respectively meromorphic) section o of T on U such that 7 o 0 = X. Let us also
observe that, when p € sing(F) then dim(ker(rr,)) = 1if p is a Kupka singularity,
whereas dim(ker(rr,)) = 2 if p is a logarithmic or quasi-homogenous singularity.

This motivates the following definition.

Definition 5. We say that a codimension one foliation F on a complex threefold M is
generated by two foliations of dimension one, say G; and G, if for any p € M there
exists a neighborhood U of p and holomorphic vector fields X and X» on U such that the
following occur.
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(a) GjisdefinedinU by X;,j=1,2.
(b) Fly is defined by the 1-form w = ix, ix, u, where p is a non-vanishing 3-form
on U. In particular, we have that G| and G, are tangent to F and that:
(bl) If p € M\ (sing(G1) U sing(G2)) and T,G1 # T,G» C TpM, then T, F =
Tpgl > Tpg2;
(b2) sing(F) = sing(Gy) U sing(G2) U D, where

D = {p € M \sing(G1) Using(92) | TpG1 = T G2}

PROPOSITION 2. Let F be a GK foliation on M and Tr be its tangent bundle. Then the
following occur.
(a) To any line sub-bundle L of Tx corresponds a foliation by curves Gy on M with the
following properties:
(1) G istangent to F;
(2) sing(Gr) C sing(F).
(b) Tr splits as a sum of two line bundles if and only if F is generated by two foliations
of dimension one.

The proof of the proposition is straightforward and is left for the reader.
In the next section we will see some examples of GK foliations on CP(3). In all
examples the bundle 7'~ splits. This motivates Problem 2 in §1.

2.2. Examples. This section is devoted to describing some examples of GK foliations
on CP(3). Each example is generated by two foliations of dimension one, G; and G,
in the sense of Definition 5. One of these one-dimensional foliations, say G, will be
generated by a global vector field S on CP(3), which in some affine coordinate system
(x,y,2) € C c CP@3)is like in (1): S = px(3/dx) + qy(3/dy) + rz(d/dz), where
p,q,r € N, ged(p,gq,r) = 1and p > g > r. On the other hand, G, will be of degree
d > 1, so that the foliation will be of degree v = d + 1.

Being foliations in F((p,q,r); £;d + 1), all the examples that we give share a
geometrical pattern that we now explain. As the singular locus of the foliation is invariant
by a global vector field in CPP(3), it is globally fixed by an infinite group of projective
automorphisms: that given by the flow of S. Each curve in the singular locus has to be of
a very special type.

Klein and Lie showed (see, e.g., [9]) that a curve CP(n) fixed by the action of an infinite
group of projective automorphisms is rational algebraic. If it is of degree p > n, it
is obtained as an adequate linear projection of the rational normal curve I', C CP(p),
i.e. CP(1) embedded as ', (s : 1) := (7 : tP=ls : ... 1 tsP71 1 §P). Forn = 3, they
showed that the projected curve could be written, after a change of coordinates, as (in the
affine open set Ey)

yp,q,r(t) = (tps tqs tr)7

where p > g > r > 1 are positive integers. A curve so parameterized is fixed by the
projective transformations x’ = a?x, y' = a?y, 7/ = o’ z that correspond to changing ¢ by
at, and fixing the points A = (1 : 0: 0:0) and B = (0 : 0 : 0 : 1). Finally, note that if
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the numbers p, ¢, r admit a greatest common divisor k > 1, then the curve (Klein—Lie) is
a degree p/k one, counted k times. In this case we can substitute the parameter ¢ by a new
parameter ¢'.

Letus write I'p 4 1= ¥p.q.r C CP(3). When p > g > r,T', 4 - is smooth at B if and
only if r = 1, whereas it is smooth at A if and only if p — g =1, so that "}, ; , is smooth
if and only if p — g = r = 1. Moreover, whenr = 1 and p > g 4+ 2 > 4, it has the point
A as its only (cuspidal) singularity. On the other hand, if > 1, B is also a singular point
of I'p g.r-

Let us insist on the fact that not every cuspidal rational algebraic curve is a Klein—Lie
curve. In particular, not all the cuspidal rational curves with the same degree and number
of cusps are projectively equivalent (see, e.g., [8]).

Let ¢ be the coordinate on C and consider the vector field ¢(d/d¢) on C. The vector
field (yp,q,r)«(¢(3/0t)) can be extended to Clas S = px(9/9x) + qy(9/3y) +rz(3/93z).
On the other hand, ()/p,q,r)*(t“rl (0/0t)), £ +r > 0, can be extended as a polynomial
vector field X which is S-quasi-homogeneous, if certain arithmetical relations hold among
p.q,r and £. When r = 1, which is the case that we consider in the examples, this
extension can be done so that X is S-quasi-homogeneous of weight £. Thus we can define
a foliation generated by the subfoliations given by S and X, which will be of degree v if
the foliation generated by X is of degreed = v — 1.

Example 1. Klein—Lie foliations with one quasi-homogeneous singularity.

We give examples that extend one found in [5], giving rise to the so-called exceptional
components. They appear in a family that we denote as Klein-Lie foliations in CP(3).
Klein-Lie foliations are not always GK, but for each degree there is exactly one which
is GK, and that has just one quasi-homogenous singularity.

Klein—Lie foliations in C* and polynomial actions of aff(C) x C> — C3.

We are going to study the families 7 ((p, ¢, 1), —1,d + 1) for some d, which we are able
to choose. Recall that if ¢ is the coordinate on C, the two basic complete vector fields
on C, that are the infinitesimal generators of the action of aff(C), are #(d/d¢) and (9/0¢).
As noted above, the vector fields (yp 4,1)«(2(3/0d1)) and (yp,4,1)%(3/31), can be extended
as

: D0
= X — — —
Prox TP % T

and
X :p( Z t,--z"yj>i —|—qz‘1*li + 9 where Z Tj =1
L / ax dy ' 0z e W
i+qj=p—1 i+qj=p—1
The vector fields S and X, are complete, are linearly independent outside the curve
¥p,q,1 and they satisfy the relation [S, X;]=—X;, thus they generate an action of

aff(C) x C3 — C3. To define a foliation associated to it, we consider the polynomial 1-
form

w;,q,l =igix, dzAdy Ndx =q(y — 24V dx

+p (Z tijz”rlyj —x) dy + pq (zqflx — Z Tijiyj+1) dz,
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which has degree dg(a)p q.r) = dg(X7)+1. The relation da)’ bl = (p+q)ixr dxAdyndz
implies that y, 4.1 is the Kupka set of the foliation represented by a) 0.1 and it has
transversal type n = —pv du + qu dv. Moreover, the diffeomorphism

t
br(v,u, 1) = <v+p2t,~j/ s’(u+sq)-’ds,u+tq,t>
0

which is the time ¢ of the flow of the vector field X;, with initial condition (v, u, 0),
satisfies the relation ¢} (w —pvdu + qu dv. Therefore, the foliation has a rational
first integral

g ) =

(y —zh? fr

(0 =Yz y)? gl
where ¥/ is a polynomial of degree p on the variable z and depending on the parameters
Tij-

Now we study the extension to CIP(3) of the foliations obtained above. It is given by the
homogeneous 1-form @ a)p g1 = @1 dzi1 + wr dzs + w3 dzz + w4 dz4, obtained from w®
Note that, by means of the action of PGL(4, C) on a)
we refer to all of them as Klein—Lie foliations in CIP(3).

The degree of the foliation defined by @ a) 01 isd+1=max{qg,i +j+1]1; #0}.
Moreover,

T =

Pq,1°

g1 We geta family of foliations:

+1
w] = qZ4(z4zz - z4 - q)

d—i— 1
w) = pz4 ( Y “nijzy ai e - foZl)
d—q+1 g-1_ d—i—j i _j+1
= pqu( T =) Ty Tidd )

d— +1
w4—(p(q—1)2r,,z AT (0~ 9zdz —q(p - D2 z'§x1)

withl <g <d+1<p.
On the other hand, if ® = pGdF — qF dG, where F|g, = f and G|g, = g are
homogeneous of degree g and p, respectively, we obtain

+qg—d—2
Zf - a); .1
Remark 4. The hypothesis that F((p, q,r),£,d) contains a GK foliation is actually
necessary for the conclusion that it is an irreducible component of F(d, 3). The last
equation implies that F((p, 2, 1), —1, p) C R(2, p), the rational component [5], and
Theorem 1 is not true for these families, since the foliations in R(2, p) are not GK.

In order to study the singular set, observe that one of the following possibilities holds:
(1) g=d+1landa+b <d,wherep—1=bg+a, 0<a<gq;
(2) g =d + 1 and there is a unique pair (io, jo) with 7, # 0 and jo = d — io;
(3) g < d and there is a unique pair (ig, jo) with 7;,;, # 0 and jo = d — io.

In all cases, the hyperplane {z4 = 0} is invariant by the foliation defined by @ a) HPRE
Concerning its singular locus, it is the union of I', 41 and the set {z4 = w4(z1, 22,
73, 0) = 0} which, according to the possibilities discussed above, is:
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() (M =24 =0} Ufz1 = 24 = O);
d—i d—i
@) {z‘;“ 24 =0} U {za = p(q — Digua—inzy " —q(p — Dz1z§ " = 0);
G) (' =u=0uEP =u=0.
To study the foliation around the point (1 : 0 : 0 : 0), we choose its affine open
neighborhood E; and calculate the rotational of the form which represents the foliation

Mgt = Pp.q1lEs
Mgn == (P@ = DY w7 w4 (p = gudv — g(p — Du = w ) du

+p (Z Tl_judfifjJrlwiJrlvj . ud+1) dv

+ pq (ud7q+2wq71 _ Ztl_judfifjJrlwiijrl) dw.

Its exterior derivative is dﬁ; g1 = Qf,’;,q D du /\dw+Q(p 97 qw /\dv+Q£)ﬁ’q’1) dvndu,
where

W = q(pd+2) — ut T 4 p(p — qd + 1) Y wjut Tt
Nt =plg+p—1 Y wu'" I wivl,
WY = (p—q+pd+ D’ =Y pd—p—q+3mut T Iw ]
and the rotational is given by
R - _Q(pqr) +Q(pqt) _|_Q(pqt)a
Tp.g.1 Jw v
The only case in which the rotational above has isolated singularities is when g = d + 1
and there is just one 7;; different from zero (case 2), that correspondingtoi = Oand j = d,
which is 1. In that case, the Klein—Lie foliation is GK and the vector field X is given by
2 d 9 d 0 0
=d+d+ 1)y’ —+d+ 1" —+ —,
0x dy 9z
and the point A = (1 : 0 : 0 : 0) is a quasi-homogenous point of the type (d>+d + 1, d* +
d,d*; d*). By changing to the affine coordinates Eo = {(r : 1 : s : 1)|(7, 5,1) € C3} and
E3s={(r:s:1:0]|(rs,t) € C3,it can be shown that all points in CP(3)\{(1 : 0: 0 : 0)}
are of Kupka type and that sing(F) is the union of T'j2, ;. 44,1 With the two curves
{z3=z4=0}land {z4 = (d(d + 1) + 1)(d — 1)zd"’1 d-Ddd+1+ 1)21131 = 0}.
We leave the details for the reader.
Recall that the foliation has a meromorphic first integral F', which in the affine chart E

can be written as
(y —z9)?
(x +zP h(y/z9))4’

d
h(t) = Zhjtj
j=0

is the solution of ¢ (t — 1)A/(¢) = p(t? + h(1)).
In all the other cases, we can check that there is a one-dimensional set of singular points
on which the rotational vanishes, so the corresponding Klein—Lie foliation is not GK.

F(x,y,2) =

where
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Example 2. Let us consider the curve y32,1 and the extension of the vector field
(y3.2.1)«(t(9/01)) as S = 3x(d/dx) + 2y(d/dy) + z(9/dz) and the polynomial vector
field X = P +z>R, where R = x(3/9x) + y(3/dy) + z(3/3z) is the radial vector field on
C3and P = Pi(3/0x) + P»(3/0y) + P3(3/3z), with

Pi(x,y,2) = ax> + bxyz +cy’
Py(x,y,2) =dxy +exz® + fy*z “)
Pi(x,y,2) = gxz+ hy> +iyz>.

We consider this set of polynomials parameterized by (a, b, c,d, e, f, g, h,i) € .
It is not difficult to see that [S, X] = 3X and so X is a weighted S-quasi-homogeneous
degree 3 polynomial vector field extending (y3,2,1)*(t4(8 /dt)). The foliations defined by
S and X on CIP(3) generate a codimension one foliation of degree four on CP(3), which
will be denoted by F(P).

We take P in such a way that d(ip(dx A dy A dz)) = 0, which is equivalent to
div(P) :== Pix + P2y + P3; =0,0ort02a +d + g = b+ 2f 4+ 2i = 0. In this case, if
Qp = isix(dx Ady Adz), then Qp defines F(P) in the affine chart Ey. A straightforward
calculation (using div(P) = 0), gives dQ2p = iz, (dx A dy A dz), where

Zp =9P + 72(9R — 65).

As the reader can check, the set

Ag={P|2a+d+g=b+2f+2i=0

and Zp has a non-isolated singularity at 0 € Eg =~ C3,

is an algebraic subset of codimension three of C°. Therefore, if P ¢ Ag then F(P) has
a quasi-homogenous singularity at 0 € Eg. Moreover, sing(F(P)) N Ep contains seven
integral curves of S,say I';, j =1,...,7, whereI'¢ = (y =2=0), 7 =x =y =0)
and the others are generic trajectories of S of the form I'; = {(ozjt3, ,Bjtz, 1) |t € C},
aj, Bj #0.

Now, let us see how Fp looks in the chart Ey = {(1 : w : v : u) | (u,v,w) € C3}.
In this chart we have S = —S§7, where

3 9 3
Sy = 3u— 4 2> p 5
I P ©)

Since X has a pole of order two at (u = 0), the foliation F (P) is generated in this chart by
Sy and X := u?X. Observe that

[S1, X1]1= =[S, x2X] = =S(x"2)X — x2[S, X] = 3X;.

This implies that X; is of the same type as X, that is X; = Q + mw>R, where
Q = 01(3/9x) + 02(3/dy) + Q3(3/9z) and Q1, Q2, Q3 are as in (4) (by changing
x — u,y —> v,z — w and the parameters (a,...,i) — (a’,...,i")). In other
words, the point (1 : 0 : 0 : 0) € E is a quasi-homogenous singularity of F(P) for
a generic P. It is possible to verify, by taking other affine charts, that 7(P) is a GK
foliation with two quasi-homogenous singularities, the points pp := (0: 0: 0: 1) € Ep
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and py = (1 : 0 : 0 : 0) € E;. Moreover, sing(F(P)) = UZZOF_, where
IF'o={(1:w:v:u) € E | u=v =0} and the points in sing(F(P)) \ {po, p1}
are of Kupka type. We leave the details for the reader.

Example 3. In this example we take again the curve y3 2,1 and S = 3x(9/9x)4+2y(3/0y)+
z(3/0z), as in Example 2, and

3 3 3
X = (ay* + bxz)—— + (cx +dy z)g + (ey + fzz)a—z, (6)

so that [S, X] = X.

The foliation generated by S and X on CP(3) has degree three in this case. It is defined
in the chart Eg by the form Q = igix(dx A dy A dz). We will denote this foliation by
F(S, X). If we take X in such a way that div(X) = 0O, thatis b +d + 2f = 0, then
dQ2 =iz(dx Ndy A dz), where Z = 7X. As the reader can verify, if we take X ¢ A,
where

A ={X| Xisasin (6) and abcdef (acf + bde) = 0},

then 0 € Eg ~ C3 is an isolated zero of d€2, that is a quasi-homogenous singularity of
F(S, X). For generic X ¢ A, sing(F (S, X)) N Ep has three components: 'y = (x =
y = 0) and I'1, I'2, which are the closure of two trajectories of S, not contained in the
coordinate planes.

If we change coordinates to the chart £y = {(1: w: v :u) | (u,v,w) € C3}, we find
that F (S, X) is generated in Ej by S = —S], where S is as in (5) and

0 0
X1 =uX = (—buv — auwz)— + (euw + (f — b)v2 — avwz)—
ou av

0
+ (cu + (d — b)vw — aw3)—.
Jw

Therefore, 7 (S, X) is represented in this chart by Q| = ig,ix, (du AdvAdw). On the other
hand, we have d21 = iz, (du A dv A dw), where Z; = 8X — div(X1)S1. As the reader
can check, this implies that under generic assumptions on the coefficients a, b, ¢, d, e, f,
the point 0 = p; € E| is an isolated singularity of Zj, so that it is a quasi-homogenous
singularity of F(S, X). In this chart, the plane (# = 0) is invariant for F(S, X) and

sing(F (S, X) N Er = T\ {x =0P U T2\ {x =0)) U3 UT4UTs,

where '3 = (u = v =0), 4 = (u = w = 0) and I'5 is a parabola in the plane (u = 0) of
the form {(0, at?, 1) | t € C}.

We observe that the curves I'g, 4 and T's meet at the point (0 : 0 : 1 : 0), which is
a singularity of logarithmic type for F (S, X). It can be proved, by changing variables to
other affine charts, that sing(F (S, X)) = U;=o Fj and all points in sing(F (S, X)) \ {(0 :
0:0:1),(1:0:0:0),(0:0:1:0)} are of Kupka type.

2.3. Some remarks about the construction of the examples. In this section we discuss
the possibility of constructing families of foliations GK in CP(3), generated by two one-
dimensional foliations, say G and G, as in §2.2. We suppose that G; is the foliation
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defined in the affine chart Eg = {(x : y : z : 1) | (x,y,2) € C3} by the linear vector
field S = px(d/0x) + qy(9/dy) + rz(d/dz), where p,q,r € N, p > g > r > 0 and
ged(p,q,r) = 1. If p = g = r = 1, then it is possible to construct GK foliations
of any degree. Take a homogeneous vector field of degree d on Ey, say X, so that
[S, X] = (d — 1)X. The foliation generated by S and X in CP(3) is defined on Ej by
the form Q2 = igix (dx A dy A dz). This type of example is considered in [3] and for
generic X it is GK. On the other hand, in the case where the integers p, ¢ and r are not
equal, the situation is not so clear and we do not have a complete picture of all possibilities
if we fix p,q,r. Nevertheless, in the case where p > g > r, the number of possible families
of foliations is finite, as we will see.

Consider S asin (1) and p > g > r > 0. Let us suppose that there is a one-dimensional
foliation G, of degree d, which in the chart Ey is defined by a polynomial vector field X
such that [§, X] = £X, where £ > 0. We denote by F (S, X) the foliation on CIP(3), which
in the chart Ey is generated by S and X. Observe that 7(S, X) € F((p,q,r); £;d + 1).

THEOREM 3. If p > q > r > 0 are fixed, then the set
P={d,?)|d>0,£>0and F(p,q,r; {;d+ 1) contains a GK foliation}
is finite.

Proof. Observe that S has four singularities in CIP(3), the points po = (0:0:0: 1) € Eo,
p1=010:0:0:00€E;,pp=0:1:0:0)and p3 = (0:0:1:0). The eigenvalues
of S at these points are, respectively, (p,q,r), (—=p,q — p, v — p), (p —q,—q,r — q),
(p — r,q — r,—r). Note that only in the first two sets do the eigenvalues have the same
sign. As a consequence, the points p, and p3 cannot be quasi-homogeneous singularities
for a foliation F € F((p,q,r); €;d + 1).

The idea is to use (3) for the multiplicity of an isolated singularity of a quasi-
homogenous vector field in Remark 1. We prove that the existence of a GK foliation
F e F((p,q,r); ; d+1)implies the existence of a one-dimensional foliation G of degree
d with the following properties:

(i)  po and p; are isolated singularities of G;
(i) @G is defined in the chart E( by a vector field Y such that [S, Y] = ¢Y.

Let us suppose the existence of G satisfying properties (i) and (ii) and prove the theorem.
Since py is an isolated singularity for Y, it follows from (3) that

L+pl+qg)l+r)
pqr '

o = po(d, £) :=mult(Y, pg) = @)

On the other hand, G is defined in the chart E1 = {(1 :w : v :u) | (u,v, w) € (C3}, by the
vector field Y;, where ¥ = u¢~1'Y = x~4+1Y in Ey N E;. It follows that

[S, Y] = S~y + x9S, Y1 = (¢ — pd — )Y).

Note that, in the chart £, we have

S 0 ( ) 0 ( ) 0
=—pu——(p—1r)v— —(p — q)w—,
Plon — P v P TPY,
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so that if we set S| = —S, then [S1, Y] =(p(d —1)—0)Y|.Setqy=p—r,ri=p—gq
and ¢; = p(d — 1) — £. We assert that £; > 0, unless Y1 (p1) # 0.

In fact, suppose by contradiction that Y1(p;) = 0 and £; < 0. Let Y| = A(d/du) +
B(9/dv) + C(3/9w). Since p; = (0, 0, 0) is an isolated singularity of G, we must have
C # 0, so that there is a non-zero monomial of the form uv?we in C. Now, the relation

[S1, Y1] = £1Y1 implies that §1(C) = (£1 4+ r1)C and so
pa+qib+ric=4~414+r <r.

However, the above relation is not possible ifa +b +c¢ > 1 and p > g1 > r; > 1. This
contradiction implies that £; > 0, unless C is a constant. Observe that if C is a constant,
then Y1(p1) # 0. In fact, if C # O this is clear and if C = 0 then p; would not be a
singularity of Y1, otherwise it would not be isolated.

In the case where Y1 (p1) = 0, we get from (3) that

L +p)r+qg) +r1)
pqir ’

Note that when Y (p;) # 0 then n; = 0 and (8) is still true. Since G has degree d, we
must have (cf. [13]):

w1 = p1(d, £) := mult(Yy, p1) = (8)

po+ur <d®+d*+d+1. )

Let us see how [9] implies the theorem. First of all we write (9) as a function of £ and ¢;.
Since £ + ¢1 = p(d — 1) we have

PHd*+d+1=d-1)>+4d-1D*>+6d—-1)+4

1 1
F[(e +00)° +4p+)> + 6>+ 1) +4p°] = FG(@, o).
Therefore, (9) is equivalent to F(¢, £1) < 0, where

F(, 1) = p*quri(€+p)(L+q)(L+r)+pPqrli+p) L1 +q) (i +r)—qqirrn G, £1).

Let us consider first the case £, £ > 0. Note that F (£, £1) is a degree three polynomial in
(¢, £1) and its homogeneous term of degree three is

F3(,€1) = p*qin €3 + p*qre3 —qqirr (€ + €)%,

ASSERTION. If{,¢1 > 0and p > q > r > 0, then there exists C > 0 (which depends
onlyon p,q,r) such that F3(€,£1) = C({ + 61)3.

Proof. Suppose that £1 > 0, £ > O and set y = £/€;. Then F3({, £;) = 6?.f(y), where

fO) = p*qiry’ + p*qr — g qir ri(y + 1)>. Observe that £(0) = gr(p* — qir1) > 0
and

1P o) = prainy? —qqurn(y + 1)
so that f/(0) < 0 and f’(y) = 0 has a unique positive root yo = ./q7/(p — /qr). As the

reader can check, by calculating f” and f'”, the point yj is the positive minimum of f(y).
Since

fOo) =

2p3qr (q +r )
—J/qr ) >0,
p—var\ 2 VI
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we have f(y) > f(yo) = a > Oforall y > 0, so that F5(¢, £1) > aé?. Similarly, there
exists 8 > 0 such that F3(¢, £1) > ,863, if £ > 0and ¢, £1 > 0. It follows that

F3(€,8) = Yot} + 1803 > ce + ¢)°
forsome C > 0and ¢, 41 > 0. O

Now, since F (¢, £1) — F3(¢, £1) is a degree two polynomial in (¢, £1), there exists
p > Osuchthatif £, ¢; > 0and £+ ¢; > p,then |F (€, £1) — F3(L, £1)]| < (C/2)(Z+Zl)3,
which implies that F (¢, ¢1) > (C/2)(€ + )3,if¢,¢; > 0and £ + ¢, > p. It follows
that the number of pairs (¢, £¢1) € N2 which are solutions of F(,¢1) < 0 is finite.
Since £ + £1 = p(d — 1), the number of pairs (¢,d) € N2 which are solutions of ©)]
is also finite.

Let us consider now the case Yi(p;) # 0 and £; < 0. In this case, we have
1+ p)1 + q1)®1 4+ r1) = 0 and so the inequality F (€, £1) < 0 is equivalent to
H(, 1) <0, where

H(t, €)= p*(L+ P+ @) +1) —qrG(L, &),
Note that the homogeneous part of degree three of H is
Hy(t, &) = pPE@—qr(e+6)° = (PP =€ = (PP —qr)(+€1)* = (p*—qr)p*(d—1)’.

Since C = p?> — gr > 0 we can apply the same argument as before to conclude that the
number of pairs (£, d) which are solutions of (9) is finite.

It remains to prove the existence of a foliation G satisfying (i) and (ii). We prove that
there are two foliations Gy and G; of degree d such that:

(iii) p; is an isolated singularity of G;, j =0, 1;
(iv) §j is defined in the chart E; by a vector field X ; such that [S;, X ;] = £;X;, where
So=Sand ¢y =~¢.

If we have two foliations like above, then the generic foliation in the pencil G, =
Go + ag satisfies (i) and (ii), as the reader can check. Recall that G, is the foliation that
in the chart Ey is defined by X, = Xo + axd1x,.

Let us construct Gg. Consider a foliation 7 € F((p,q,r);¢;d + 1). Then it
has degree d + 1 and is defined in the chart Eg by an integrable 1-form €2 such that
dQ2 = iz(dx ANdy A dz), po = 0 1is an isolated singularity of Z and [S, Z] = {¢Z.
Since F has degree d + 1, the form Q2 has degree d + 2, so thatd < dg(Z) < d + 1.
If dg(Z) = d, then the foliation G(Z) on CIP(3) defined in the chart Eg by Z has degree
d and we take Gy = G(Z). Let us suppose that dg(Z) = d + 1. In this case we must
have div(Z) = 0, so that if Z;41 is the homogeneous part of Z of degree d + 1, then
div(Z44+1) = 0 and [S, Zg+1] = €Z441. As the reader can check, these relations imply
that Z;11 = g(mR — nS), where R is the radial vector field on Cm=1¢+ p+q+r,
n = d + 3 and g is a homogeneous polynomial of degree d such that S(g) = fg. Let us
write Z = P+ g(mR —nS), where dg(P) <d, P = A(d/dx) + B(9/dy) + C(9/9dz) and

d d ]
Z=(A+m— np)xg)a + B+ (m— nq)yg)g +(C + (m — nr)zg)a—z.
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Observe that if X is small then O is an isolated singularity of Z 4+ AgR. Take A in such a
way thatm — np + A, m —nqg + X, m — nr + A # 0. In this case, the vector field

¥ A n 0 n B n 0 n A n 0
= _— X — _— — —_— o

0 m—np+ A § ox m—nqg+ A 8y ay m—nr+ A 82 9z

has an isolated singularity at 0. Moreover, [S, Xo] = £X¢ and the foliation defined by Xo

on CPP(3) has degree d. The construction of G is similar and this finishes the proof of
Theorem 3. a

Remark 5. When p = 3, g = 2 and r = 1, then the unique possibilities are those of
Examples 1 (with d = 1), 2 and 3. In fact, in this case, if we set k = d — 1 > 0, we have
01 =3k — £ and

F(£,3k — ) = 3[A(k) > — B(k)t + C(k)], (10)

where A(k) = 3k + 4, B(k) = 12k + 9k% and C(k) = 7k> + 10k — k — 4. On the
other hand, the inequality F (£, 3k — £) < 0 implies that for a solution (k, £) we must have
B2 —4AC > 0. Since

B? —4AC = —(k —2)(k+2)(k + Bk + 4)

we get that the unique possible solutions are k € {0, 1,2}, thatis d € {I, 2, 3}. If we
substitute these values of k in (10) we get the following possibilities for £ and £

k=0 = £=1,0,=—1
k=1 = £,¢ €{1,2}

which give exactly the values of (d, £, £1) of the examples.

The above result has motivated Problem 1 in §1.

3. Proofs of Theorems I and 2

3.1. Proofof Theorem 1. In this proof we assume that (p, g, r) # (1,1, 1). We observe
that the case p = ¢ = r = 1 is essentially proven in [3], as was remarked in Example 3
of [4]. Let F € F((p, q,r); £; v) be a GK foliation on CPP(3). Observe that F is generated
by two one-dimensional foliations of CP(3), say G; and Gy, the foliations defined in the
chart E¢ by the vector fields S and X, respectively. As we have seen in Proposition 2, this
implies that its tangent bundle 7'~ splits as the sum of two line bundles T = L & Lo,
where L corresponds to the foliation G; and Ly to G». Moreover, the corollaries of
Proposition 1 imply that there exists a neighborhood ¢/ of F such that any foliation in
U is GK, so that its tangent bundle splits locally.

Remark 6. Since (p,q,r) # (1,1,1), S is a global vector field in CPP(3) with singular
set of codimension greater or equal than two. Therefore, L is a trivial line bundle, that is
Ly ~ CP@3) x C = O(0) = O. On the other hand, if d is the degree of G,, we have that
Ly >~ O(1 — d) (cf. [1]) and that the degree of Fisv =d + 1.
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Since F(d + 1, 3) is finite dimensional, it is sufficient to prove that for any holomorphic
curve ¥ >t = F € F(d +1,3), suchthat 0 € ¥ C C and Fy = F, then
Fr € FU(p,q,r); £;d + 1) for small |¢].

Let (F;)rex be a holomorphic family of foliations on F(d + 1, 3), parameterized in an
openset 0 € ¥ C C, where Fy = F. We take X so small that for any r € X, F; is GK and
TF, splits locally. Moreover, (T, );cx is a holomorphic family of rank two vector bundles
over CP(3). We prove first that T, is isomorphic to Tr = T, if |¢] is small. To do that,
we essentially use the following theorem.

THEOREM B. (Kuranishi [17]) Let E — X be a holomorphic vector bundle over a
complex compact manifold X. Then there exists a versal deformation space S of E.
Moreover, the tangent space of S at E is isomorphic to HY(X,End(E)), where End(E)
is the sheaf of endomorphisms of E.

In order to conclude that for small |¢], it is TF, >~ Tz, by theorem B, it is sufficient to
prove that H'(CP(3), End(T'z,)) vanishes. However, the dimension of that vector space is
zero, as End(T'x) = T]*_-0 ® Tr,, where T]*_-0 = O ® O(d — 1) is the dual bundle of Tz,
(cf. [16]).

Now, let (F;);ex be a holomorphic family of foliations such that F = Fy €
F((p,q,r); £;d + 1) is GK. It follows from Remark 6 and the results above that if ¥
is a small neighborhood of 0 € C, then T, ~ O @ O(1 — d) forallt € X. On the
other hand, Proposition 2 (b) implies that F; is generated by two foliations of dimension
one, say G1(¢) and G»(t), where G (¢) corresponds to the factor O and G,(¢) to the factor
O(1 — d). As a consequence, Gy (¢) is generated by a global vector field S(z) on CP(3).
Now, Proposition 1 implies that S(¢) has a singularity whose eigenvalues, say A1, A2, A3,
are multiples of p, g, r, so that we can suppose without loss of generality that A; = p,
A2 = g and A3 = r. Consider an affine coordinate system (U (t) = C3, (x, y, z)), where
S(t) = px(3/dx) + qy(3/9dy) + rz(d/0z). Let Q(t) be a polynomial integrable 1-form
which defines F; in this chart. We assert that

Ls(t) = L+ p+q+r)Qt). (11)
In fact, since Gi(¢) is tangent to F;, we have ig)2(t) = 0. This implies that
Ls2(t) = isq)d2(t). On the other hand, it follows from the integrability condition,
Q) AdQ(t) =0, that Q(¢) Aig) d2(t) = 0, which implies that Lg)Q () = A(1)Q(1),
where 1: C3 — C* is holomorphic. Now, the eigenvalues of the operator @ +— L S
are integers, so that A(f) is a constant. Since 2(0) = Q = isix(dx A dy A dz), where
[S, X] = £X, we have LsQ = (£ 4+ tr(S))Q2 = (£ + p + g + r)S2, which proves that
M0) =€+ p+ g +r = A and the assertion.

Now, let X (1) be the vector field in C3 = U (¢) defined by ix ) (dx Ady Adz) = dQ2(2).
It follows from (11) that

Mxny(dx Ndy ANdz) =1dQ(t) = Lsd2(t) = Lsi)(ix@)(dx Ady A dz))
=ise),x)dx Ady ANdz) +ix ) (Lsq(dx Ady A dz))
= i@, xn)dx ANdy Adz) +1r(S() dQ2(t)
= [SO), XO]=A—tr(S@))X @) =£X(1).
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This implies that 7; € F((p,q,r);£,d + 1) for small |¢| and finishes the proof of
Theorem 1 as F((p, q,r); £;d + 1) is an irreducible algebraic subset of F(d + 1, 3).
Indeed, recall from the description of the foliations in F((p,q,r); £;d + 1) that in
order to define such a foliation, we need to choose an affine open C3 C CP(3)
(or equivalently a point in the dual projective space CP*(3)), fixing linear coordinates
on it and choosing (up to multiplication by the same constant) the coefficients of the
vector field X. This shows that there is a surjective map from a dense open subset
U c CP*(3) x GL(3,C) x CV onto F((p,q,r); ¢;d + 1), for a certain N. So the
irreducibility of the last algebraic subset follows from that of U.

Furthermore, to parameterize F ((p, q, r); £; d 4+ 1), we should analyze the map above
in order to detect which elements in U give rise to the same foliation. Note that for a fixed
affine open subset, a linear change of coordinates of the form x’ = ax, y/ = By, 7/ = yz
takes S to 8" = px’(3/3x") + qy’(8/9y") +rz’(3/37") and X to an S’-quasi-homogeneous
vector field X’ of weight £. As the open affine C3, the coordinates (x, y’,z’) and the
vector fields §’, X’ define the same foliation, we should factor the group GL (3, C) by the
subgroup of diagonal invertible matrices. O

For Klein—Lie foliations we have the following result, extending the existence of the
exceptional component in [5], that corresponds to the case d = 1.

COROLLARY 3. Let d > 1 be an integer. There is an N-dimensional irreducible
component

Fd+d+1,d+1,1;d+1;-1)

of the space F(d + 1, 3) whose general point corresponds to a GK Klein—Lie foliation with
exactly one quasi-homogenous singularity, where N = 13 ifd = 1 and N = 14 ifd > 1.
Moreover, this component is the closure of a PGL(4, C) orbit on F(d + 1, 3).

Proof. This is an immediate consequence of Theorem 1, the study of Klein—Lie foliations
in Example 1 and the analysis of the parameterizations of the sets 7 ((p, q,7); £; d + 1).
Indeed, if F is a foliation in F(d(d + 1) + 1,d + 1, 1; d 4+ 1; —1), then in an affine open
subset we have that it is determined by the vector fields

3 3 3
S=@*+d+1)x— +@d+1)y— +z— and
0x dy 9z

2 d 9 d 9 0
Xop=ad"+d+1)y" —+Bd+1)z" —+ —.
ox dy 0z

Note that X, the S-quasi-homogeneous vector field of weight —1, is uniquely defined up
to the choice of the non-zero constants @ and 8 (we take the last coordinate, which is
necessarily a constant, to be 1). The dependence locus of S and X, which is the singular
set of the foliation F in C3, is the Klein—Lie curve (atd2+d+l, BrétL 1), After the linear
change of coordinates given by x = ax’, y = By, z = 7/, the foliation in C3 is
exactly that described in Example 1, whose singular locus is the curve y,2 g4 g41,1() =
(1’ +d+1 4d+1 ) The extended foliation in CP(3) is GK and was studied in Example 1:
it has just one quasi-homogenous singularity, an invariant hyperplane (that at infinity,
CP(3) \ C3) and we also know its singular locus. O
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3.2. Proof of Theorem 2. We observe that the second statement of the theorem is a
direct consequence of the first and of Theorem 1, so that we only prove the first.

We perform the arguments in homogeneous coordinates. Let 7 : C"*1\ {0} — CP(n)
be the natural projection. Given a codimension one holomorphic foliation F on CP(n)
of degree d, then the foliation F* = 7*(F), on C"*! \ {0}, extends to a foliation on
C"*!, which can be defined by a polynomial 1-form Q = Z?:O Aj(z) dzj satisfying the
following properties (cf. [5]).

(i)  Aj is ahomogeneous polynomial of degree v =d + 1 forall j =0, ..., n.
(ii) Z?:O 7j.Aj(z) = 0.

(iii)) 2 A dQ = 0 (integrability condition).

(iv) m(sing(f2)) = sing(F) and codc (sing(2)) > 2.

(v) If Uy is the affine chart (zo = 1), then F|y, is defined by 2, = |y, .

Moreover, if CP(k) >~ E C CP(n) is a linearly embedded k-plane, 2 < k < n, non-
invariant for F, where 7 ~1(E) = E*, then:
(vi) 7*(F|g) = F*|g~ is defined by Q|g=.

Now, suppose that n = 3 and that F is generated by two one-dimensional foliations,
say G; of degree d;, j = 1, 2. We have the following.

LEMMA 1. Inthe above hypothesis, let Q2 be as before. Then there exist polynomial vector

fields X j on C* j = 1,2, with the following properties.

(a)  The components of X j are homogeneous of degree d;.

(b)  The two-dimensional foliation on C* \ {0}, 7*(G i), extends to C* and is generated
by X ; and the radial vector field on C*:R= Z;ZO 2;(9/9z)).

() Q=igix,ix,(dzo Ndz1 Ndza A dz3).

Proof. The existence of vector fields X;, j = 1, 2, satisfying (a) and (b), is well known
(cf. [13]). Since G| and G, generate F, we must have ix_/SZ =0, j = 1,2. We also have
ir(R2) = 0 (from (ii)). Let ® = igix,ix,(dzoAdz1 Adzo Adz3). It follows from Definition
5 and (b), that codc(sing(®)) > 2 and that for any p € c* \ sing(®) we have T,,(F*) =
ker(®(p)) = ker(2(p)), where T,(F™) denotes the tangent space to the leaf of F*
through p. This implies that ® = A2 outside sing(®), where A s 0 is some holomorphic
function on C* \ sing(®). Since cod(sing(®)) > 2, A extends to a holomorphic function
on C*, which of course is a homogeneous polynomial. Now, it follows from dg(G;) = d;,
that dg(F) = d; + da, and so dg(2) = d; + da + 1 = dg(®). This implies that A is a
constant. Now, if )~(1 =2"1X, thenQ = iRi;(] ix,(dzo Ndzy Adzp A dz3), which proves
the Lemma. O

We have the following consequences.

COROLLARY 4. Let F, F*and Q = igix, ix,(dzo Ndz1 Adza Adz3) be as in Lemma 1.
Then for any p € C* the sheaf of germs of holomorphic vector fields at p which are tangent
to F* is free and generated by the germs of R, X| and X, at p.

The proof is similar to the proof of Corollary 2 and is left for the reader.

COROLLARY 5. Let F, F* and Q be as in Lemma 1. Let (Vy)qea be a covering of C*\ {0}
by Stein open sets and (Xqop)v,z0 be an additive cocycle of holomorphic vector fields
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such that for any Vopg # 0, Xap is tangent to F*; that is, ix,,Q = 0. Then for any
a € A there exists a holomorphic vector field X on Vy such that Xy is tangent to F* and
Xop = Xpg— Xqon Voy N Vg = Vyg # 0.

Proof. Let X1 and X3 be asin Lemma 1, so that Q@ = igix, ix,(dzo Adz1 Adza N dz3).
It follows from Corollary 4 that if Vg # ¢ then there exist fo{ﬁ € O(Vup), j =0,1,2,
such that

Xo[/fi = fo(l)ﬂR + falﬂX1 + fo%ﬂXZ

Clearly, (f;)v,s0 is an additive cocycle for j = 0,1,2. Since H'(C*\ {0}, 0) = 0,
there exist collections (fof)aeA, where fo{ € O(Vy), j =0,1,2, such that fo{ = fﬁj — fo{
on Vog # 0. If we set Xo = fOR + f1X1 + f2X», then X, is tangent to F* and

Xop = Xp — Xo- O
Now, we consider the case in which F|g is GK.

LEMMA 2. Let F be a codimension one foliation of degree d on CP(n). Suppose that
there exists a 3-plane E as in (vi) before Lemma 1 and that F|g is GK. Let F*, E*
and Q be as before. Then, for any p € E* \ {0}, there exists a local coordinate
system around p, say (U, (t,u,v)), wheret: U — C, u = (uy,uz,u3): U — C3 and
v=(V1,...,05-2): U— C" 3, suchthatt(p) =0, u(p) =0, v(p) = 0 and:
(@ E*=(@=0)
b) Qlu =€V aju)du;.

In particular, F*|y is locally equivalent to the product of a codimension one foliation
on C* by a non-singular foliation, say P, of dimension n — 3, which is given in this chart
by (t,u) = const.

Proof. The lemma is a consequence of [10] and [3]. First of all, observe that Lg(2) =
(d + 2)<2, because €2 is homogeneous of degree d + 1. This implies that

R¥(Q) = !Pq, (12)

where Rs(q) = €*q is the flow of R. Let p = (po, ..., pn) € E*\ {0}. After a linear
change of variables in C"*!, we can suppose that E* = (z4 = --- = z, = 0) and
p=(1,0,...,0) € E*. Let H be the hyperplane (zo = 1) of C"*!. Since R is transversal
to H, there exists coordinate system (¢, x): V — D x C", where V = {R;(¢) | s € D,
q € H}, suchthat R = (3/9t), H = (t = 0) and p = 0, in this chart. It follows from (12)
that

Q(t, x) = '@, (13)
where

n
w= Z wj(x)dx;
Jj=1

depends only on x = (x, ..., x,). We can suppose also that E N H = E*N H is the plane
Ey = (x4 = --- = x, = 0). Note that (v) and the hypothesis imply that all singularities of
w|Eg, are generalized Kupka. We have three possibilities.
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I  Q(p) = (0) # 0. In this case, we have w| g, (0) # 0; thatis, 7* is transversal to Eg
at 0. In fact, since w(0) # 0, F has a holomorphic first integral in a neighborhood
of 0, say f, so that w = gdf, where g(0) # 0. Now, w|g,(0) = 0 implies that
df1g,(0) = 0, and so f|g, has an isolated singularity at 0, which is not possible
(see Remark 2). As the reader can check, this implies the lemma in this case.

)  w|g,(0) = 0 and dw|g,(0) # 0. In this case, 0 is a Kupka singularity of w|g, and of
. The Lemma follows from the arguments in [10] or [15] in this case.

) w|g,(0) = 0, dw|g,(0) = 0 and O is an isolated zero of dw|g,. In this case, the
lemma follows from Theorem 4 of [3]. O

Now, Lemma 2 implies that there exists an open covering (Uy)gea of E* \ {0} with the
following properties.
(vil) Uy = Vg x Wy, where V, is a Stein open subset of E* and W,, is a polydisk in Ccn3,
(viii) F*|y, is the product of a codimension one foliation on V,, by a non-singular foliation

P, of dimension n — 3, transversal to E*.

We suppose that E* = (z4 = --- = z, = 0) and use the notation z = (x, y), where
x = (x1,...,x4) = (zo,...,zz)and y = (y1,..., yu—=3) = (z4,...,2n). Since Py is
non-singular of dimension n — 3 and transversal to E*, by taking a smaller Uy, if necessary,
we can suppose that it is generated by n — 3 holomorphic vector fields, say YD}, ey Yo’j_3,
of the form

. 9 ,
Yi(x,y) = P + X/ (x,y), where

Yj
. 4. . 9 4

Xl (x,y) = ZAé’i(x, y)8_xi and Aé,i € O(Uy). (14)

i=1
LEMMA 3. Forany j = 1,...,n — 3, there exists a constant vector field Z; on crloof

the form
Z= 4 y a2 (15)
J ayj P— ! 8xi

1

such thatiz;S2(q) = 0 forany q € E*andany j € {1,...,n —3}.

Proof. Fixj € {1, ...,n—3} and consider the covering (U, = Vi X Wy)yec4 and the vector
fields Y3 as in (14). Consider the additive cocycle of vector fields (X, B Vp0 ON E *\ {0},
where X, (x) = Ylg' (x,0) — Y (x,0) = X{g (x,0) — X} (x, 0). Clearly, X is tangent to
F*|gx if Vap # 9. It follows from Corollary 5 that we can write Xo g = Tp — T, Where Ty,
is holomorphic on V,, and tangent to F*|g«. Since Yof (x,0) + T (x) = Yg(x,0) + Tg(x)
on Ve # ¥, there exists a holomorphic vector field Z along E* \ {0}, such that
Z(x) = Yo{ (x,0) + Ty (x) if x € V. It follows from Hartog’s theorem that we can
extend Z to a vector field on E*, which we again denote by Z. Let Z(x) = ZISO:O ZK(x)
be Taylor series of Z at 0 € E*, where Z¥(x) is a vector field with polynomial coefficients
homogeneous of degree k. Since Yy is tangent to F* and Z,, is tangent to F*|y,, we have
iz()2(q) = 0 for any g € E*. Now, since the coefficients of Q are homogeneous of
the same degree, we get that i ,0€2(¢) = 0 for any ¢ € E*. Finally, observe that Z0isa
constant vector field as in (15), which proves the lemma. O
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Let us finish the proof of the first part of Theorem 2. We prove that there exists a linear
change of variables on C"*! of the form (x, y) = L(u, v) = (u + b(v), v) such that

4
L*(Q) = Za)j(u)duj.
j=I

This clearly implies the first part of Theorem 2.

Let Z;, j = 1,...,n — 3, be as in (15). Consider the linear change of variables
(x,y) = L(u,v) as above, givenby y = vand x; = u; + Z:’;ﬁ a§v,~, j=1,...,4
As the reader can check, we have L*(Zj) = d/dvj forall j = 1,...,n — 3. Therefore,

returning to the old notation, we can suppose that Z; = 9/dy;.

ASSERTION. Let (x,y) € C* x C"3 be a linear coordinate system such that
E*=(y=0)and Z; = 3/dy;, j =1,....,n —3. Then Q = Z;l‘:l wj(x)dx; in this
coordinate system.

Proof. Let us suppose first that n = 4, so that y € C and Z| = 9/0dy. Write
v
Qx,y) =)y )
k=0

where v is the degree of Q2 and the coefficients of €2; are homogeneous polynomials of
degree v — k in x. We can write

Qi(x) = Q) + fr(x) dy,

where
4
Q) =) g () dxi
i=1
and f, g,’; are homogeneous polynomials of degree v — k, i = 1, ..., 4. We want to prove

that Q = 98. First of all, observe that fy = 0, because fo(x) =iz, Q(x,0) = 0. Let us
suppose by induction that Q; = Ofor j = 1,...,k — 1, k < v, and prove that Q; = 0.
In this case, we have

Q= Q)+ Q)+ fidy) (mod Y1) and dQ =dQ+ky ldyAQ) (mod y¥),
so that the integrability condition gives us

0=QAdQ2=Q)AdQ)+ky* 'Q) A dy A Q)  (mod y¥).
Since 98 = Q|+, itis integrable, 98 /\dﬁg = 0, and we get 98 Ady N Qg = 0. However,
the forms Q(} do not contain terms in dy, and so 98 /\Qg = 0. This implies that Qg =10,

where A is holomorphic, because cod(sing(Qg)) > 2. On the other hand, the fact that the
coefficients of Qg are homogeneous polynomials of degree v — k, while the coefficients of
98 are of degree v > v — k, implies that . = 0 and so Qg =0.

Let us prove that f; = 0. We use the vector fields YO} =d/dy + Xé, o € A,asin (14).
We can write for (x, y) € Vi x W, that

o0
Yo, ) =Z1+ Yy X j(x)
j=0
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where the vector fields X, ; contain only terms in d/dx;, i = 1,...,4. Since iYcl Q=0

and iz, 98 =0, we get

o
0= iyig R0, ») =iz, 2, ) + Y yix, ;0Q(x, y)
j=0
k .
= fi@) + Yy ix, ;) (mod <11,
j=0
as the reader can check. This implies that iXo(,_/ 98 =0forj =0,...,k—1 and

Ji + l'xa,ng = 0. For Vg # 0, set Xop(x) = Xg(x) — X k(x). Clearly, (Xaﬁ)vaﬂ?gyj
is an additive cocycle of vector fields. Moreover, ix,, 98 = 0, so that we can apply
Corollary 5 to obtain vector fields Ty, on V, such that Xo = Tg — Ty, on Vg # 0 and
i, 528 = 0 for all @ € A. This implies that there exists a vector field X on E* \ {0} such
that X|y, = —(Xa.k + To) for all « € A. By Hartog’s theorem, X can be extended to E*.
On the other hand, as the reader can check,

ixQ = fi. (16)

However, f; is homogeneous of degree v — k and 98 is homogeneous of degree v > v —k,
so (16) implies that f; = 0. This finishes the case n = 4.

The general case can be reduced to the above by taking sections. In fact, since
iz/.Q(x,O) =0,j=1,...,n—3, wecan write

n—3
Q.Y =@+ Y @+ Y Y fixady.

I<|o|<v i=11=|o|=v
o ,
where 0 = (01,...,0,-3), Y7 = y/'...y,"3 . lo| = o1 + -+ + 0,3, fL and the
coefficients of Qg are homogeneous polynomials of degree v — |o| and Qg contains only
terms in dxi, ..., dxs. Let v = (v1, ..., vy—3) be a non-zero vector of C*~3 and consider

the linear immersion L: E* x C — E* x C'3 ~ Cn+! given by L(x, w) = (x, wv).
We have

v n—3
L*(Q) :Qg(x)—i—Zw”[ Z v“Qg(x)—i— (Z Z v”v,'f(i(x)) dwj|.
k=1 |o|=k i=1 |o|=k

It follows from the case n = 4 that

Z v“QS(x):O; YoeC'3: Vi<k<v — Qg:O; Vo # 0.
|o|=k
This implies that
Qx,y) = Q)+ Yy fi()dyi = dQ(x,y) = dQQ(x)
i,o

+ Y 7 dfi) Adyi + ) wijdyi Ady;.
i,0

i<j
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Now, by using the integrability condition and collecting in 2 A d2 = 0 the coefficients of
the terms containing only the factors dx; A dx; A dy,, we get that

YoV @QYAdf + 1Y) Adyi =0

i,0

— dfi AQ) = f1dQY; Vi,o; 1<|o|<v,1<i<n-3.

The last relation implies that f; = 0, for all i, 0. In fact, we have seen in the proof of
Lemma 2 that Lg(Q) = (v+1)20, so thatig(d Q) = ig(dQY) +d(ir Q) = Lr(Q)) =
v+ 1)528. Hence,

iRMAfEAQY =ir(fldQ)) = v —lofi=w+Dfl = fl=0,

because f; is homogeneous of degree v — |o|. This finishes the proof of the assertion and
the theorem. a
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