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Abstract

Making use of the theory of symmetry transformations in PDEs we construct new solutions of a 2+ 1 dimensional
integrable model in the BKP hierarchy.

First, we analyze its reductions and we obtain a BKP equation independent on time. Starting with a solution of this
equation we find a family of solutions of the 2 + 1 dimensional BKP equation. These solutions depend on three arbitrary
functions on ¢.

On the other hand, new solutions can also be constructed by applying some elements of the symmetry group to
known solutions of the model.

We observed that the solutions found by using both approaches describe interesting processes. Among these so-
lutions we present source and sink solutions, solutions describing the creation or the diffusion (or both) of a breather,
finite time blow-up processes, finite time source solutions, line solitons and coherent structures moving at arbitrary
velocities.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Among the 2+ 1 dimensional integrable systems that have been found to exhibit solutions describing processes of
interaction of exponentially localized structures, one can find the 2+ 1 BKP system, i.e.

9t = Qoo + @y + 6(quir), + 6(qu2),»

Uly = (qx, Ux = {y.

(1)

This system [3,8] is one of the first members of a hierarchy of integrable systems emerging from a bilinear identity
related to a Clifford algebra which is generated by two neutral fermion fields.

Note that (1) can be written as an integro-differential evolution equation, by taking into account that from the two
last equations of (1) one has that

'y
i (1) = / e, 1) dy + 0 (5, 1),
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MZ(X,J/J) = /qu(ivyvt)dé—'-aZ(yJ)'

In this way #, and @, play the role of potentials for the dependent variable of the evolution equation: ¢(x, , 7). In [9]
it is proved that (1) admits exponentially localized solutions travelling at constant velocity and presenting an internal
oscillation, these solutions are referred to as breathers.

The analytic expression of this solution (see [9]) is given by

q(x,y,t) = 0,0, loga(x, y, 1),
i (x,p,0) = 0} loga(x, y, 1),  us(x,,1) = 0} log a(x, ,1),
a(x,y,t) = 1 + a) exp[2ky (x — v12)] + a2 exp[2ka(y — vat)] + bexp[2kp(x — vi1) + 2k;(y — vat))]
+ explky(x — v1t) + ki (v — vat)|Refic expli(kix — K2y — ot)],

where

. ) . ) k1k2
ké = Re(K'), k; = Im(kj)7 J=12, b=aa+ 11 12
Akepky

ef?,

v =— [(k/f]k, j=12 o=-Im[k") - &),

ai, a, are arbitrary real parameters and &/, j = 1,2 and ¢ are arbitrary complex parameters. We plot this solution in
Figs. 1-3 for the choice of the parameters k' = 1 4 2i, k> =1 —2i, a; =10, a; = 20, ¢ = 5— 4i, and for 1 = 0,1,2 res-
pectively.

Moreover, it is also proved (see [9]) that in solutions describing interaction processes of breathers, they manifest
dynamical properties similar to the dromion solutions of the Davey-Stewartson equation [5-7], for instance they
change their form under interaction.

It is also worth noting that the evolution associated to (1) conserved the mass, defined by

M= / g(x,y, 1) dxdy
RZ

for localized solutions. It is a consequence of the fact that the right-hand side of (1) is a divergence.

Fig. 2. Breather (2) for = | and the above parameters.
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Fig. 3. Breather (2) for + = 2 and the above parameters.

On the other hand, most of the 2 + 1 dimensional integrable systems that have been studied from the point of view of
the the theory of symmetry transformations in PDEs have been found to admit infinite dimensional groups of sym-
metries (see for example [4,14] for the KP equation or [2] for the Davey-Stewartson equation). Making use of these
groups, new solutions with interesting properties have been constructed [10,11].

In this work, we apply these techniques to (1) in order to find new solutions of this system. More specifically, we get
the symmetry group admitted by (1) and the corresponding reductions to two independent variables PDE. Making use
of both, symmetry group and reductions, together with some known solutions of (1) we can construct new solutions.
Among these solutions we find sink and source solutions, solutions describing diffusion processes, finite time blow-up
solutions, coherent structures travelling to arbitrary velocities, along arbitrary curves, etc.

2. Reductions and equations of the group

In order to find the Lie algebra associated to the Lie group of symmetry transformations of the (2 + 1)-dimensional
BKP equation, we look for vectorial fields of the form:

0 0 0 0
V= é](x,y, t7q7ul7u2)a+ fz(%)@ taqau|7u2)6+ 53(x7y7 ta%uhMZ)aJF ¢l(x7y7 tv‘I:”l»“Z)@

0
+ ¢2(xay7 t7q7u17u2)7+ ¢3(x7y7 f»%”h“z)

6u1 671427

which leave invariant the third prolongation of the system (1). Using the algorithmic techniques (see for example
[1,12,13]) we find that the general element of the Lie algebra has the form

Vi(f) + Va(g) + Va(h),
where
1, 8 1, 0 o 2., 0
Vi(f) :gf/(f)xa+§f’(f)y@+f(f)——g
2 1 d 2 1 d
(= 370m = g7 0n) g (=570 = g0y ) 5

o 1, .0
Va(g) =805~ ¢8 (’)a_ul’

o 1., .0
Vs(h):h(f)a*yfgh(f)afm,

with f, g and & being arbitrary functions on the time variable ¢.
This general element of the Lie algebra has been obtained by making use of the program YaLie, for MATHEM-
ATICA, by Diaz. This program can be found in the web site: http:/library.wolfram.com/infocenter/MathSource/4231/


http://library.wolfram.com/infocenter/MathSource/4231/
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2.1. Reductions to equations in two independent variables

Solutions of (1) invariant under the action of the symmetry group can be found as solutions of PDEs in two in-
dependent variables, the reduced equations. Next, we look for these reduced equations.

Reduction 1. If /0 the similarity independent variables are given by

r=f0"x—g(0), s=r6)"x—m@) (4)
where

, (1) . h(t)

&m:jgw ) =

The dependent variables of (1) g, u;, u, are given in terms of the similarity dependent variables ¢, v; and v, by

g, p.0) = f(t) Vi (r,s),

_ —2/3 L f(9 1 /
w(x,y,0) = £(0)" Vo (r, ) —EWX —gf(f)gl(f)7 (5)
w(x,y,0) = £(1)" P vs(r,5) — % f{z—g?“ y= éf(t)h’l ().

Now, introducing (4) and (5) into (1) we obtain the reduced system

91 + q1sss + 6(‘]101),. + 6(Q1l72)5 = 07 (6)

Uis = q1rs U2y = {is-

Reduction 2. If f =0 and g #0 the similarity independent variables are

h(1)
=—<x—y and ¢,
"

while the dependent variables can be written as

Q(xd” t) = ql(r7 t)v

)= o) = e o) =)=

In terms of these variables (1) takes the form

g1+ (1= m(0)) g1 — 6m(t)(v1q1), + 6(v2q1), + n(t)g1 = 0,

U1y + m(t)qlr - 07 (7)
()03 + g1 — ¢ (1) + n(m(2)) =0,
where
_h &0
"=t "= g

Clearly (7) can be further simplified. In order to do that we need to distinguish the cases m %0 and m = 0.

Case 2.1. If m#0, from the two last equations in (7) we obtain

1)1(}", t) = _m(t)QI(r7 t) + ml(t)7

vy(r,t) = —%ql(r, 1) —O—éW}f-ﬁ-nl(l),
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with m; and n; arbitrary functions on ¢. Substituting these expressions in the first equation in (7) we have that

qu + (Zn(t) + Z((Z’)) )ql + 6(n1 (1) — m(t)my (1)) q1, + (n(t) + m'(t) )rql,.

120 = Y+ (1= () i =0 )

Case 2.2. If m =0, (7) can be trivially solved and we get

qi(r,t) =p(t), vi(r6) =w(t), va(rt)= *é <n(t) Jrp/(l‘) >r+w2(t),

where p, w;, w, are arbitrary functions on ¢.

Reduction 3. If /' =0, g = 0, 2 #0 the independent similarity variables are x and ¢ while the dependent variables can be
written as

g, v, t) = qi(x,0), wi(x,y,t) =v1(x,t), wr(x,y,t) = va(x,8) — 6h(t)y'

Introducing this change of variables into (1) one obtains

t
g1 = Qe + 6(q1v1), — %t))(h, qix =0, 5, =0

and consequently

qi1(r,t) = p(t), wvi(rt) = é (Z/((tf)) n };l/((tt)) )x +wi(t), va(r,t) =wy(1),

where, again, p, w; and w, are arbitrary functions on ¢.

2.2. Integration of the group

From the expression of the arbitrary element of the Lie algebra we can obtain the equations of the symmetry
transformation group, by solving a system of ordinary differential equations with respect to the parameter of the group.
In this way, starting with a known solution of (1) and applying elements of the symmetry group, new solutions can be
constructed. Due to the composition operation in the group, it is enough by computing the expression of the new
solutions in terms of the starting solutions, for elements with f arbitrary, g = 0, # = 0 and elements with g, & arbitrary
functions and ' = 0. In order to get the equations of the transformation associated to ¥;(f) we have to solve the system

&), xO)=x

Ty, v =y

s, 1) =1

%:_ggf’(T)7 0(0) =g,
%:—%Ulf’(T)fllngf"(T), Ui(0) = i,
du, 2

! 1 1" —
E—*gsz(T)*ﬁYf (1), Ux(0) = u.

From the solution of this system we obtain that if ¢(x,y, ), u;(x,,1), u(x,»,¢) is a solution of (1) a new family of
solutions is given by
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o, v.,T) - (%%)W%@%x
. (’%) - M
where
x(&;)”3x,y—(ﬂ2)wyy,r—¢%mn—w (10)
and
=] 7

Proceeding in the same way with the group element associated to the Lie algebra element V>(g) + V3(h), we obtain
that the new family of solutions is now given by

Q(X> Y,T)= q(X _Sg(T)v Y _Sh(T)7 T)7

Ui(X,Y,T) = u(X — sg(T),Y — sh(T),T) — %g’(T), (1n
Us(X, Y, T) = us(X — sg(T), Y — sh(T),T) — %h’(T).

3. New solutions

In order to construct new solutions we can proceed in two ways. We can start with the reduced equations and look
for solutions of these equations, or we can apply the elements of the symmetry group of (1) to known solutions of this
system.

3.1. Solutions associated to the reductions

Let us start with the reduced equation (6). It is clear that this equation is satisfied by any solution of (1) independent
on t. Then, if we start with a solution of (1) that does not depend on ¢, using (4) and (5) we obtain a new family of
solutions of (1) which depend of three arbitrary functions on ¢.

It is easy to see that in order to find a time independent solution, we can start with the breather solution (2) and
choose the complex parameters &/, j = 1,2 such that (¥/)’, j = 1,2 are imaginary numbers and (k')* = (k?)*, i.e

(VLY e VL

with a being an arbitrary real parameter. Thus, we obtain the solution of (6) given by:
q1(r,s) = 0,0, loga(r,s), wvi(r,s) =0 loga(r,s), uva(r,s)=2loga(r,s)
a(r,s) = 1 + a, exp[V/3ar] + a> exp[—v/3as] + bexp[V3a(r — s)]

Re [ic exp Ba(r - s)” ,
Jef?

5 ai,a; € R, ¢ € C arbitrary constants. Now, from (13) and using (4) and (5) we find the family of

(13)
+ exp

3
Ta(r —)

with b = aap; —
solutions of (1)

gty 0) = £ Py (107 x =100y = () (14)
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with ¢, given by (13) and f, g, h; arbitrary functions on ¢. In order to analyze this family of solutions we start by
considering two particular cases:
The case gy =0, hy = 0. In this case (14) takes the form

o) = 0 (107 P s 7). (15)
It is easy to see that these solutions have the properties

e Iflim,., f(¢) = 0 then
q(x,y,t) — Co(x,y) ast—t,

where C is a fixed constant. Indeed, that is a consequence of
/ q(x,y,0)9(x, ) dxdy = / () (1) r.f(0)'s) drds.
R R

Note that the same property holds if we replace #; by +oco.
e Iflim, ., f(¢f) =1 then

‘I(X:J’:I)H‘h(x:)’) ast—1n

(and the same property holds if we replace £, by +o0).
e Iflim, , f(¢) = oo then the amplitude of our solution tends to zero as ¢t — #, in fact, the solution is diffusing into the
plane as ¢ — ;. As in the previous limits, the same property holds if we replace #; by +oo.

Taking into account the previous properties, it is clear that a great variety of solutions can be exhibited by choosing
in appropriate way the arbitrary function f(¢). Some examples are:

e If we choose f(¢) = e/, the solution (15) behaves as a nonlocalized solution of amplitude tending to zero as t — —oo
(it can be interpreted as the radiation), as ¢ increases the solution becomes exponentially localized, in particular for
¢t =0 it coincides with the static soliton (13) and as 1 — oo, g(x,y,¢) — Cd(x,y). Thus, this solution can be inter-
preted as a sink solution. It is clear that if we take f(¢) =e¢' the solution is a source solution in which
q(x,y,t) — Cd(x,y) as t — —oo and describes a diffusion process as t — co. These facts can be appreciated in Figs.
4-7 where we plot solution (13)—(15) with f(¢1) =e™',a =1, a; = 10, a; = 20, ¢ = 5 — 4i, and we have chosen t = -2,
t =0, t =3 and ¢ = 8 respectively.

e If we choose f(f) = 1 — ¢ and consider the solution for ¢ € [0, 1) the solution describes a finite time blow up process.
In fact, the solution corresponds initially to (13) and g(x,y,7) — Cd(x,y) ast — 1-. Fort = 1, g(x, y,t) stops being a
solution of (1). We plot this solution in Figs. 8-11, for the same parameters that in the previous case, and for ¢t = 0.2,
t=0.5,¢t=0.9 and ¢ = 0.999, respectively.

<
l‘%/ I

-0.02

Fig. 5. Solution (5), (13) with f(t) =e™, g=h =0 for t = 0.
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Fig. 6. Solution (5), (13) with /(1) =e™, g=h =0 for t = 3.

0.025

-0.025
-0.05b

Fig. 10. Solution (5), (13) with (1) =1—¢, g=h=0 for t =0.9.

Fig. 11. Solution (5), (13) with f(f) = 1 —¢, g = h = 0 for t = 0.999.
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e If we choose f(¢) = 1 + £ the solution (15) describes a diffusion process for both limits ¢ — 4-cc. It can also be seen
as the process of first, the creation of the coherent structure from the radiation and then, its diffusion to radiation
again.

The case f = 1. In this case (14) takes the form
‘](XJJ):‘h(x_gl(f)’y—gz(l))a (16)

which describes a coherent structure corresponding to the statical localized solution (13) moving to an arbitrary velocity
along an arbitrary curve on the plane.

The general case. If f, g, and hy are arbitrary functions on ¢, Then, the solution describes an structure that depending
on the choice of f describes processes as those previously discussed, and besides, moves along an arbitrary curve to an
arbitrary velocity (depending on the choices of g, and ;). We point out that in the case of collapse (blow up at a point),
one finds

q(x,y;0) = Colx+&i(n),y + m(n)) ast—n,

if lim,_,,, f(¢) = 0, i.e. the collapse is in this case at an arbitrary point.
Another possibility for constructing solutions of (1) is looking for solutions of (8). It is worth to noting that for the
choice of the arbitrary functions n = m; = n; = 0, m = ¢ (constant), Eq. (8) is the KdV equation

1
qi+ 12(62 —;)qlqlﬂr(l —)qum = 0. (17)

Taking into account the similarity variables that lead us to these reduction, we have that if ¢, (r,¢) is a solution of
(17) then

1
qx,y,t) = qi(ex —y,0), wi(x,y,t) = —cqi(cx — y, ), uz(x7y7l):—gq1(cx—y7l)

is a solution of (1). Thus, (1) admits /ine solitons and interaction processes among line solitons as solutions.

3.2. Solutions associated to the action of the symmetry group elements

We can also construct new solutions of (1) by applying the symmetry groups admitted by this system to its known
solutions. In this sense, we note that large families of solutions of (1) are obtained in [9]. These solutions describe
processes of interaction of breathers, in which the interacting structures change their forms under the interaction, al-
though they conserve their velocities. The simplest of these structures is the breather (2). On the other hand, equations
(9), (10) or (11) allow us to construct new solutions starting with the known ones. In fact, let us present some examples.

Example 1. If we choose f(t) = e, g = h = 0 the new solution is given by
0X, Y, T)=(1-se )P xq((1—se ). X, (1—se ")y, T+In(l —se 7)), (18)

where g(x, y,t) is the solution we have applied the group element and s is the group parameter (we do not provide the
expression of the potentials U;, U,, as they are involved, easy to find from (9) to (10) and they are not useful for our
discussion). Now, from (18) we find:

o If >0, T €(—o0,lns), we have that Q — 0 as T — —oo for each (X,Y), while O(X,Y,T) — Co(X,Y) as
T — (Ins)". Thus, if we take ¢ as (2) the solution describes the creation of the breather and then, its finite time
blow-up to a point.

o Ifs>0,T € (Ins,c0), taking into account that Q(X, Y, T) ~ g(x,y,t) as T — oo, we have the creation of a breather
from a finite time source.

e Ifs < 0(18)is asolution of (1) for T € R. We also have that as T — —oo, O — 0 for each (X, Y), provided that g is a
bounded solution, while as ' — oo

OX,Y,T) ~q(x,y,1).

Thus, for example if we choose for ¢ the one breather solution, Q describe the creation of the breather from
the radiation. We can also obtain a solution in which the radiation evolve in several breathers interacting among them, if
we take for ¢ a solution (see [9]) describing an interacting process among some breathers. We plot solution (18), (2) in
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Figs. 12-14 for the choice of parameters a; = 1, a, =2, ¢ = —i, ki =1 - 21, k, = % —1i,s=—1landfort=-5¢t= -1
and ¢ = 10 respectively.

Example 2. Another example can be obtained by taking f(¢) = 1+ ¢, g = h = 0. In this case we have

_(
Q. 1.T) = (1 + (tans)T)*?

(19)

secs)*? (secs)? (secs)® T tans
(1+ (tans)T)* " (1 + (tans)7)** 1+ (tans)T )’

o If T € (—oo, —cotans) we have that the amplitude tends to zero as T — —oo while

OX,Y,T) = Cé(X,Y) as T — (—cotans) .

Thus, the solution describes the creation of a localized structure (or a set of localized structures, depending on our
choice of ¢), and later a finite time blow-up to a point
e If T € (—cotans,co0) we find

O(X,Y,T) — C3(X,Y) as T — (—cotans)”,

where C is a fixed constant and provided that g is a localized solution. We also have that as 7 — oo the amplitude of
our solution tends to zero. Thus, if for example we choose for ¢ the one breather solution, (19) describes a processes
in which a breather emerges from a source at a finite time and afterwards a diffusion process takes place. This solution
is illustrated in Figs. 15-17 for the same parameters of the breather than in the previous solution, s = §and ¢ = —0.9,
1, 10.

Fig. 12. Solution (18), (2) for t = —5.

0.1

-0.05
-0.1

5
0 3 5 5

Fig. 13. Solution (18), (2) for t = —1.

110 115

30
25 20 105

Fig. 14. Solution (18), (2) for # = 10.
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10

-15

20 40

Fig. 15. Solution (19), (2) for t = —0.9.

Fig. 17. Solution (19), (2) for ¢t = 10.

Example 3. Finally, if we choose /' = 0, g, & arbitrary functions, from (11) it is clear that the action of the group element
only modifies the two components of the velocity of the possible structures in the solution. The difference with (16) is
that we can apply (11) to any solution (interaction processes among breathers, interaction processes among line soli-
tons, other solutions discussed in this work,...) and not only to time independent solutions.

4. Conclusions

In this work we have made use of the theory of symmetry transformations in PDEs in order to construct new

solutions of a well known 2+ 1 dimensional integrable model, the BKP equation. Using these techniques, we char-
acterize solutions which describe interesting processes. For example, we can find:

Sink solutions. Solutions verifying ¢(x,y,t) — Cd(x — xo,y — ) as t — oo.

Source solutions. Solutions verifying g(x,y,t) — Cé(x — x9,y — )p) as t — —oo.

Solutions describing blow-up at a point, at finite time, i.e. g(x,y,t) — Co(x —xo,y — ) as t — ¢, .

Solutions describing the creation of a breather from a source at finite time, i.e. g(x,y,?) — C3(x —xo,¥ — o) as
t— 1.

Solutions describing the creation of a breather (or in general a set of interacting breathers) from the radiation, and
eventually its diffusion.

Solutions describing the creation of a set of breathers which interact among them.

Line solitons and interaction processes among them.

Coherent structures moving at arbitrary velocities, along arbitrary curves.

Note that these techniques can also be applied to other integrable models which admit infinite dimensional groups

of symmetries. For example, we have constructed in this way new solutions of the KP equation [10], of the Davey—
Stewartson equation [11].
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