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Abstract

Making use of the theory of symmetry transformations in PDE we construct new solutions of the Davey—Stewartson
(DS) equation. First, among its reductions one can find a time independent like-DS equation. Starting with the ex-
pressions of the well-known coherent structures of the DS equation, we can obtain solutions of this time independent
equation. From these solutions, families of solutions of DS equation depending on three arbitrary functions on ¢ are
obtained. Besides, new solutions can also be constructed by applying some elements of the symmetry group to known
solutions of the model.

Among the solutions constructed using both approaches, one can find source and sink solutions, solutions describing
the creation, the diffusion or annihilation of a dromion (or in general, a set of localized structures), finite time blow-up
processes, instantaneous source solutions, and coherent structures moving at arbitrary velocities along arbitrary
curves.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

One of the best known 2+ 1 dimensional integrable systems that have been found to exhibit solutions describing
processes of interaction of exponentially localized structures is the Davey—Stewartson equation. An integro-differential
equation that can be written as a system of differential equations in the form:

g, + qu + @y +2q(Uy + U,,) =0,

1
lal’ = 4U,. W

Among its applications, it is known as a model for water waves [4], ferromagnetism [10] or internal gravity waves [7],
to cite a few.

An important property of (1) is that the evolution associated to this equation conserves the mass for localized
solutions. Indeed, if we define the mass as

1
w=s [ gl ava,
;

it is easy to see that
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dMm i o = -
— == [ V(¢"Vq—qVq")dxdy.
& 2/Rz (¢'Vq —qVq')dxdy
Consequently, if ¢ is a localized solution of (1) it satisfies that dM /d¢ = 0.
The basic solution of this equation is the dromion [2]. It is a localized structure that moves at a constant velocity in
the plane. Its analytic expression is given by
a(x, 1)

q(x7y7t):mv U(x’yvt):lnf(x’y7t)7 (2)

where

‘L'(x,y, t) =14+ dlepm(x+p1/t) erzePZR(y*PZIt) 4 dSepm(x+puf)+sz(y*pz:t)’
1, 1 i
o(x,y,0) = aprexp | 5pi(x +put) + 302y = put) + 7 ([ + a1

with py, p», a, being arbitrary complex parameters, d;, d, arbitrary real constants and

2
pr=Re[p], py=Imlpl, i=1,2 and d; =dd, +ﬂ\a|2.
4p1rpar

We plot this solution in Fig. 1, for the choice of parameters py =1 —i, py =1+3i,dy =d> = 1,a =1 + 2i. The main
property of the dromion, is that in solutions describing interacting processes, dromions emerge from the interaction
changing their form [6,9,12]. For example, solutions describing processes of fusion and fission of dromions have been
presented in [8]. Other basic solutions of (1), also coherent structures, can be found as degenerated cases of (2) and (3).
In this sense we have the kink, which is a localized on a ray, and corresponds to the choice of the parameters d; = 0,
d;,d; # 0, with i, j, k different, and the one dimensional soliton which corresponds to d; = d; = 0, d; # 0. A kink so-

lution can be seen in Fig. 2, for the same parameters than the previous dromion but d, = 0.
On the other hand, most of the 2 + 1 dimensional integrable systems that have been studied from the point of view of
the theory of symmetry transformations in PDE have been found to admit infinite dimensional groups of symmetries
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Fig. 2. Kink.
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(see for example [5,17] for the KP equation or [3] for the Davey-Stewartson equation). Making use of these groups, new
solutions with interesting properties have been constructed [13,14].

In this work, we apply the techniques of this theory (they are thoroughly described, for example, in [1,15,16]) to (1)
in order to find new solutions of this system. Making use of them together with some known solutions of (1) we can
construct new solutions. Among these, we find source solutions, solutions describing diffusion processes, finite time
blow-up, dromions and other coherent structures travelling to arbitrary velocities along arbitrary curves, etc.

The work is organized as follows: in Section 2 we recall the results of [3] for the symmetry group of transformations
admitted by (1) and obtain the reductions to PDEs in two independent variables. In Section 3 we use both, the re-
ductions and the elements of the symmetry group in order to construct new solutions of (1) with interesting properties.
Finally, we summarize in Section 4 the main results in the work.

2. The symmetry group

In this section we recall some of the results in [3] for (1) and compute the reductions to PDEs in two independent
variables. We must point out that in [3] the reductions are obtained for the elements in an optimal system. Then,
solutions related to other reductions can be obtained by applying the elements of the group. However, as we see below,
the expressions of the solutions found from the reductions are more manageable and easier to interpret than those
obtained by applying the elements of the group. For this reason we prefer look for the reduction related to the general
element of the symmetry group.

The general element of the Lie algebra of the symmetry group of transformations of (1) [3] is given by

() + 1a(g) + Va(h) + Va(m) + Vs(m)

with

1 o 1 0 o 1 ., d
nif) = Ef/(t)x6_x+§f/(t)y@ +f(f)a—t+@/’ (1) +y4)@

1, 1, 2 3 0 1, 2 3 1, 0

+ (=300 g0 w2k (G OW - 37 0w) o
8 1,00 1., 8 1, d

Va(g) = glt) 3+ 5,78 (t)@—zxg (ywo + 538 (oz
0 1,0 1, 9 1, 3
Vi(h) = h(t) ay—§-24y h (t)aU 2yh (t)wav-l-zyh (t)ua

1 0 0
Vi(m) = —m/ ()x* — — m(t)wa + m(l)va,
Fam) = (35 02— PIm (o) 4 om(t) + yms(0) ()
5 {3 X =y )m xn; yn3 ng U’
where we have put ¢ = v + iw, with v and w real functions of the independent variables. It is clear that the group element
generated by Vs(n) transforms a given solution of (1), ¢(x,y,t), U(x,y,t), into the solution

! (x* — ) (£) + xma(t) + yma(£) + na(2).

‘](x7y7f)7 U(%%ﬁ"‘ﬁ

From the point of view of the applications, one is usually interested in |g(x,y, t)|2. Thus, we can consider that the
transformation generated by Vs(n) is trivial, and we take as the general element of the Lie algebra:

() +1a(g) + Va(h) + Valm) ()

with Vi (f), Va(g), V3(h) and Vi(m) given by (4).

The symmetry group can be integrated from (5) and (4) [3], and in this way, given a solution of (1), a new solution
can be obtained, by applying to the first one an element of the group. Due to the involved expression of the general
element of the group (see [3]) and due also to the fact that we can use the composition operation in the group, we just

provide here the expression of the new solution Q(X, Y, T) U(X, Y, T) in terms of the known solution g(x, y,t), U(x,y,t),
in the cases g = h=m =0 and f = 0, respectively. In the first case we have
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e m:( ) " exp[‘wwum]q(mr),

t 8 f(T) ©)
f” SO 20" O =0 va L s
UX,Y,T) [ () X +Y)+Ux,p,1),
where
7) ~(1/2) f() 7(1/2). o B
and
LS|
= g
On the other hand, if f#0 and g, h, m are arbitrary functions, one finds
O(X,Y,T) = exp [i(%gg(( ))X2 i};(( ))Y2 +m(T)s)}q(X—g(T)s,Y—h(T)s7 7),
=~ X)) (X —sg(T)'m(T) 1 (X*"(T)  Y*H'(T)
01D = e = a6 e ) )

T 4
6 (Y — sh(T)) } +UX —sg(T),Y —sh(T), T).

2.1. Reductions to equations in two independent variables

Solutions of (1) invariant under the action of the symmetry group can be found as solutions of PDEs in two in-
dependent variables, the reduced equations. Next, we look for these reduced equations.

Reduction 1. If /%0 the similarity independent variables are given by
rey,t) = (07 = (1),

9
63 0) = (07— (o), ©)
where
v &) o h(D)
gl(t) 7f(t)3/27 hl(t) 7f(t)3/2'

The dependent variables of (1) ¢, U are given in terms of the similarity dependent variables ¢; and U; by

o053 = s e i (0 + 5 (f(r)'“x & (r)) 70+ <f(t)”2y - m(r)) 7t

n (f(t)fl/zx —a() (g1 0@ [ (t)) N (f(t)*”?y_ hl(t)) (h,(t)f’(t) AOL (t))”

4 2 4 2
XQI(r(x7y7t)7s(x>y>t)) (10)
with
a0 — / <3f'<r><gl Q) + D) , OOV , SO O - hOH(D) i) ) u
and {an

B L m() FO)g @)\ AFOK @) x3( (g (1) +f (t)gi’(t))
Ux,y,t) = Uy (r(x,»,t),s(x,, 1)) +x <4f(t) — 16 > — 16 + NGO
P(ORO+FORO) 2rwr - 70!

- 24, /1 (1) 3841 (1)

(o 4"+ (O)x + )y + os(0), (12)
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where o (¢), 02(¢) and a3(¢) are certain functions of # with complicated expressions in terms of f, g; and #;. From (1), it is
clear that we do not need these expressions. Now, introducing (9)—(12) into (1) we obtain the reduced system:

q1rr + q1ss + qu(Ulrr + Ulss) = 07 (13)
lg1* = 4U,.
Reduction 2. If /' =0, g,h#0, the similarity independent variables are given by
r(x,y,1) = h(t)x — g(1)y and ¢,
while dependent variables of (1) ¢, U are given in terms of the similarity dependent variables ¢; and U; by

4(x,y,1) = exp {i(% (i ((;)) 2 Z((g y2> + %xﬂ a1 (r(x, v, 1), 1),

Ulx,y,t) = ! (g”(t) x4 h”(t)y4> Jri m/(t)x3 + Ui (r(x,p,1),1).

S 9%\ g A0 12 g(1)
Introducing these expressions into (1) we obtain the reduced system
. 2 2 ANEAOBNA0) h(t)m(t) ifgw Ko\ m@e)'|
607 4407+ 200 41+ 53 ) 225 o+ 5 (56555 g(ty}" >

91 |2 = —4g(Oh(1) Uy,

that can be easily transformed into a single equation of the form

: 2 2 g’ +h) o () K@) h(6)m(z)
191, + (g(t) +h(t) )qlrr _qu|ql| +l{r(g(l‘) + h(t) > + 2 g(t) :|111r
ifg0 KO\ _m@)'|
y {2 (5 +i) el ()

Note that in the particular case that g and 4 are constant and m = 0, Eq. (14) becomes the nonlinear Schrodinger
equation in 1+ 1 dimensions.

Reduction 3.If f = & = 0, g #0, the similarity independent variables are y and #, while the dependent variables of (1) ¢,
U are given in terms of the similarity dependent variables ¢; and U; by

g0, L m()

Ueor ) =56 et ™ Y12 g0~ T V00, 1s)
q(x,y,t) = exp [1(% i((tt)) X+ %x)} g1 (v, 1).

Introducing these expressions into (1) it is found the trivial solution ¢ = 0 and U given by (15) with U, an arbitrary
function of y and ¢.

Reduction 4. If /' = g = 0, h £0, the similarity independent variables are x and ¢, while the dependent variables of (1) ¢,
U are given in terms of the similarity dependent variables ¢; and U; by
1w , 1 me)

_ 1 p)
U(x7y7t)_96 h(t)y +12 h(t)Xy+U1(x7t)7

q(x,y,1) = exp [i(% Z((:))yz + %y)]ql(% t).

Introducing (16) into (1) we find the solution

1) = exp H% Z((tt)) Vit %y + i (v t))} 2";'(3’)))5
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and U given by (16), with ¢,, U; satisfy the equation

i . 1 ¢ 2 -
by, —)—C(Iﬁu + qbfx —ip, + 22U +F " m(t) m'(7)

(e 2 m'(1)

)

if m' Z0. In the case m’ = 0 the reduction leads us to the trivial solution ¢ = 0 and U given by (16) with U; an arbitrary
function of x and ¢.

3. New solutions

In order to construct new solutions we can proceed in two ways. We can start with the reduced equations and look
for solutions of these equations, or we can apply the elements of the symmetry group of (1) to known solutions of this
system.

3.1. Solutions associated to the reductions

Let us start with the reduced equation (13). It is clear that this equation is satisfied for any solution of (1) inde-
pendent on ¢. Then, if we start with a solution of (1) that does not depend on ¢, using (9)—(12) we obtain a new family of
solutions of (1) which depends on four arbitrary functions of .

As we point out in Section 1, a well-known solution of (1) is the dromion. From (2) and (3) it is clear that if we
choose the parameters p; and p, real parameters we obtain

iot 77 : 1
q(x,y,t) =e"q(x,y), U(x,y,t) =U(x,y) witha= Z(pf +p3).

Then, it is easy to see that ¢ (r,s) = §(r,s), Ui (r,s) = U(r,s) — (r* +5%), is a solution of (13). In particular we have

apze(l/z)(ﬂl"'*'ﬁzﬂ)
1 4+ dien” + dyers + dyepir+rs’ (17)

1
Ui(r,s) = In[l + die"" + dye?” + dye" 2] — i(pf +p) (1% + 7).

qi(r,s) =

On the other hand, other coherent structures, solutions of (1) are exhibited in [11]. These solutions are bound states
among the basic coherent structures for the DS equation, the dromion and the kink. By choosing in these solutions,
some of the arbitrary complex parameters as real constants, we obtain that ¢ and U are of the form

. -~
1ot

q(x,y,t) = e“g(x,y), U(x,y,t) = U(x,y), consequently, proceeding as in the previous case, we get the solution of (13)

a(r,s) 1
ql(r>s):1_(r7s)> Ul(r,s)zlnr(r,s)—3—2(p%+p§)(72+s2)7 (18)
where
pir paS P —pP3
,8) = — 1 +dy——e™"
a(r,s) aexp[ 7 + 3 ]pz( 4p1+p3 )

2 2
H(a5) = |+ die™ + dieP + doe™ + s+ dydye s 4y dy PP 3)2 oo 4 gy, PP 3)2 glprim)rims
1+ p3) (p1+ps)

(19)

with &y = did> + &* % and py, py, ps, di, d>, dy, a real arbitrary constants. Now, from (9) and (10) we have that our new
family of solutions satisfies

lgCe v, ) = 7O a1 (@) Px = gi(0), S0Py = m(0) (20)

with ¢, given by (17) or (18) and (19) and £, g;, A, arbitrary functions on ¢. In order to analyze this family of solutions
we start by considering two particular cases
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The case g, =0, hy =0
In this case (20) takes the form

a2, O = £ lar (£ (0", ()7 (21)
It is easy to see that these solutions have the properties:
e Iflim, ., f(¢) =0 then
lg(x,», t)|2 — Co(x,y) as t— 1,
where C is a fixed constant. Indeed, that is a consequence of

[ JatwyoPotnasty = [ lars)Po (s rr0's) ards.
R R~

Note that the same property holds if we replace ¢, by +co.
e Iflim,., f(¢) =1 then

lq(x,», [)|2 — |q1(x,y)\2 as t— b

(and the same property holds if we replace #, by +o0).
o If lim,, f(¢f) = oo the amplitude of our solution tends to zero as t — #;, in fact, the solution is diffusing into the
plane as t — #;. As in the previous limits, the same property holds if we replace #; by to0.

Taking into account the previous properties, it is clear that a great variety of solutions can be exhibited by choosing
the arbitrary function f(¢) in an appropriate way. Some examples are:

e If wechoose f(¢) = e, the solution (21) behaves as a nonlocalized solution of amplitude tending to zero as t — —oco
(it can be interpreted as the radiation), as ¢ increases the solution becomes exponentially localized, in particular for
t=0 it coincides with the static solution ¢(x,y) (given by (17) or (18) and (19)), and as ¢ — oo,
lg(x,», t)|2 — C(x,y). Thus, this solution can be interpreted as a sink solution. We plot this solution, corresponding
to q1, Uy, (17), in Figs. 3-5 for the choice of the parameters p; = p, = %, dy = d, = a = 1 and the values of ¢, t = -3,
t =0 and ¢ = 5, respectively.

It is clear that if we take f(r) = ¢ the solution is a source solution in which |g(x,y,?)|> — Cd(x,y) as t — —oo and
describes a diffusion process as t — oo.

o If we choose f(f) =1 —t and consider ¢ € [0, 1) the solution describes a finite time blow up process. In fact, the so-
lution corresponds initially to (17) (or (18) and (19)) and |g(x, y, t)\2 — Co(x,y) ast — 17. Fort = 1, q(x,y,1) stops
being a solution of (1). We plot this solution with ¢; and U, given by (18) and (19), and the parameters p; = p, = %,
p=1d =dy=1,dy=3,a=1,in Figs. 6-9. We take t =0, t = 0.5, t = 0.95 and ¢ = 0.99 respectively.

e If we choose f(¢) = 1 + £ the solution (21) describes a diffusion process for both limits ¢ — 4-co. It can be seen as the
process of first, the creation of the localized structure from the radiation and then, its diffusion to radiation again.

The case f =1
In this case (20) takes the form
lg(x, 3,0 = g1 (x — &1(6), = b (1), (22)

which describes a coherent structure corresponding to (17) (or (18) and (19)), moving to an arbitrary velocity along an
arbitrary curve on the plane.

The general case

If f, g and A, are arbitrary functions on ¢, the solution describes an structure with an evolution that, depending on
the choice of f consists in processes as those previously discussed, and besides, moves along an arbitrary curve to an
arbitrary velocity (depending on the choices of g; and /4;). We point out that in the case of collapse (blow up at a point),
one finds

|q(x7yvt)|2_’Cé(x+gl(tl)7y+hl(tl)) as t—t,

if lim,_,, f(¢) = 0, i.e. the collapse is in this case at an arbitrary point.
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Fig. 6. Solution (21), (18) and (19), with f(¢) =1 —¢ for t = 0.

3.2. Solutions associated to the action of the symmetry group elements

We can also construct new solutions of the Davey—Stewartson equation, by applying the symmetry groups admitted
by (1) to its known solutions. Note, in this sense, that a lot of solutions of (1) have been obtained (see for example
[2,6,8,9,11,12]).
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Fig. 8. Solution (21), (18) and (19), with f(¢) = 1 — ¢ for t = 0.95.

Fig. 9. Solution (21), (18) and (19), with £ () = 1 — ¢ for ¢ = 0.99.

From (8), it is clear that if we choose an element of the symmetry group with /' = 0 and we start with a solution
q(x,»,t), U(x,y,t), we have for the new solution

|Q(X7 Y, T)|2 = |q(X 7Sg(T)v YﬁSh(T)vT”Za

i.e., the action of the transformation is just a translation at an arbitrary velocity and on an arbitrary curve.
Let us consider some examples with f#£0, g=h=m = 0.

Example 1. /(1) =e™'.

In this case we have

1 T2 i ose’ 2y e =12y (1 _ caT\=(1/2) T
0,7, 1) = (1 =se ) exp | o o (X +Y)}q<(1 se 1) Px (1 —se ) Py, T 4 In(1 — se ))7
2 _2se T v=(1/2) —T\—=(1/2) -T
W(X +Y)+U((17Se ) X,(l*Se) ) Y,T+1n(lfse ))

~ s’e

UX,Y,T) =

(23)
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o Ifs>0,(23) gives us a solution of (1) for 7 € (Ins, co0) satisfying

0(X, Y, )] — Co(X,Y) as T — (Ins)",

0X, Y, 1) — |g(X,Y,T)] as T — .

Thus, (23) is a instantaneous source solution, verifying that for 7' — oo, the solution we have started with, is re-
covered. In order to illustrated this solution we start with the solution in [8] that describes a process of fusion between
two dromions. This solution [8] corresponds to

‘C(X,y, t) =14+ 26,\'—21 + Se*! + e2(}*—21) + 4e(.r—21)/26(x—1)/2 cos (% _ %) 4 e(x—ZI)/Ze((x—z)/z + 3ex—21ez(y—21)
4 Sexfz‘CZ(nyt) + 4e(x72t)/26(:(7[)/262(,\/72):) cos (% _ %) 4 Ze(xfh)/Ze(xft)/ZeZ(yfzt). (24)

From the preceding discussion and the previous formula it is clear that the solution (23) with s > 0 and |g|, U
determined by (24) describes a process in which two dromions travelling with velocities (2,2), (1,2) emerge from an
instantaneous source, and later, interact experimenting a fusion process. We plot this solution in Figs. 10-15 for s = ¢~
and t = —4.999, —4.9, —4.5, -3, —1 and 5 respectively.

e Ifs < 0, the amplitude of (23) tends to zero as T — —oo, while |Q(X, Y, T)| — |¢(X,Y,T)| as T — oo. If for example
we start with the dromion solution (2) and (3), then (23) describes the creation of a dromion.

Example 2. (1) = £2.

Now, we have

2

! . (25)

(1+4sT)?

0(X,Y,T)| =

X Y T
1 14+sT'1+sT’1+sT

e ForT e (—o0,— él), the creation of a certain set of structures (depending on the choice of ¢) and afterwards a finite
time blow-up.
e ForTe (fi,oo) the solution is an instantaneous source solution, with a diffusion process as T — 0.

Fig. 11. Solution (23) and (24) with s = e~ for t = —4.9.
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Fig. 15. Solution (23) and (24) with s = e~ for ¢ = 5.

Example 3. (1) = 1.

For this choice of f/ we find

2
1

X, Y, T =
|O(X,Y,T)| (1= 272"

s r —23\1/2
fI((l — 2ST72)1/47(1 7st72)1/4,T(1 —2sT7%) >

405
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In this case we see that |O(X,Y,T)| — |¢(X, Y, T)| in both asymptotic limits 7 — +o0o0. Moreover, depending on the
sign of s and the range of 7, (26) describes the following processes:

o Ifs <0, T € (—00,0) an annihilation process (the amplitude of the solution tends to zero as T tends to the finite value
Ty = 0).

o Ifs<0, T € (0,00) the creation of the structures given by ¢(X,Y,T) in the limit 7 — oco.

e Ifs>0, T € (—0co,—V2s), a blow-up at finite time.

o Ifs>0, T c(v2s,00), a instantaneous source solution.

4. Conclusions

In this work we have made use of the theory of symmetry transformations in PDEs in order to construct new
solutions of the Davey—Stewartson equation. Using these techniques, we obtain solutions which describe interesting
processes. For example, we can find:

e Sink solutions. Solutions verifying |¢(x,y,?)]* — C(x — X0,y — ) as t — oc.

e Source solutions. Solutions verifying |¢(x,y,?)|* — C(x — X0,y — ) as t — —oo.

e Solutions describing blow-up at a point, at finite time, i.e. |g(x,y,)]> — CI(x — X0,y — ) as t — t.

e Solutions describing the creation of some localized structures (for example a dromion, or a set of interacting drom-
ions) from an instantaneous source, i.e. |g(x,v,?)|> — CI(x — x0,y — o) as t — £;.

e Solutions describing the creation of some localized structures from the radiation, and eventually its diffusion, i.e.
lg(x,y,0)]* — 0 as 1 — Foc.

e Solutions describing the creation or annihilation of some localized structures, i.e. |g(x,y, )| — 0 as t — 7.

e Coherent structures moving at arbitrary velocities, along arbitrary curves.

Note that these techniques are also be applied to other integrable models which admit infinite dimensional groups of
symmetries. For example, solutions with properties similar to the solutions in this work have been constructed for the
2+ 1 dimensional BKP equation [14]. Also using these approaches we have constructed new solutions of the KP
equation [13].
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