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Abstract

In this paper the complete Lie group classification of a non-linear wave equation is obtained. Optimal systems and reduced
equations are achieved in the case of a hyperelastic homogeneous bar with variable cross section.
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1. Introduction

Starting from the well-known paper of Ames et
al. [1], concerned with the group properties of the
non-linear wave equation

uy = [f(u)uy],, (1.1)

in the last two decades, the search for symmetries of
one-dimensional non-linear wave equations has been
considered in many papers.

In this context, Torrisi and Valenti [2,3], general-
izing equation (1.1), have investigated on symmetries
of the following equations:

Uy = [f(x’u)ux]x’ (12)

g = [f (e + g(x, u)], (1.3)

* Corresponding author. Tel.: +39-95-738-3009; fax: +39-95-
733-7029.

E-mail addresses: marialuz.gandarias@uca.es (M.L. Gandarias),
torrisi@dmi.unict.it (M. Torrisi), valenti@dmi.unict.it
(A. Valenti).

where g and 4 are arbitrary functions of their argu-
ment, ¢ is the time coordinate and x is the one-space
coordinate.

Egs. (1.1)~«(1.3), after the introduction of the
non-local transformation u = v,, can be written as
follows:

Uy = f(vx)vxx, (14)
Uy = f(X, Ux)vxx: (15)
vy = f(0x)Uxc + g(x, vy). (1.6)

In [4], an attempt was done in order to collect many
types of equations previously discussed by considering
a wide class of non-linear wave equations of the form

Uy = f(x» Uy Wrx + g(X, Ux ). (1.7)

In that paper, by using the preliminary group classi-
fication approach [3], a partial classification was per-
formed, extending by one-dimension the Principal Lie
Algebra for each classes of equivalent equations found
there.
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Successively, Eq. (1.7) was studied in [6,7]. It was
still considered in [8], for classification through con-
tact group transformations.

Recently one of these classes,

Uy = g(ux)uxx + h(ux): (18)

was investigated in [9] and explicit forms of g and
h were obtained by extending the dimension of the
admitted Principal Lie Algebra by adding one vec-
tor. The approach followed in [9] was based on the
low-dimensional algebras method [10].

However, the problem to find the complete group
classification of Eq. (1.8) is still open.

An efficient method, developed in the last decade,
which can solve the group classification problem when
arbitrary functions are present in the equations, is
based on the moving frames theory (for a wide list of
references on this field see [11]).

In this paper we get the complete classification of
Eq. (1.8) by means of the classical Lie direct approach.
Moreover, by focussing our attention on some forms
of g and & suggested by a specific physical applica-
tion, the corresponding Lie algebras are specialized,
the optimal systems of subalgebras are constructed
and the corresponding reduced forms of Eq. (1.8) are
obtained.

The knowledge of the optimal system of subalge-
bras gives the possibility to construct the optimal sys-
tem of solutions [12,13] and permits the generation of
new solutions starting from invariant or non-invariant
solutions (see e.g. [14] for some applications to the
multidimensional hydrodynamics).

In fact, following [12], two solutions #; and u; are
said to be essentially different with respect to a group
of transformations G if u, does not belong to the or-
bit (u;, G) (that is the set of all those solutions gen-
erated by transforming u; by G) and, of course, u; ¢
(uz, G). Starting from the last definition it is possible
to separate the whole collection of invariant solutions
in classes of equivalence. This implies that each class
is characterized by a group of transformations G and
all elements of the class are the family of solutions
generated only from G. The list of the disjoint classes
is called the optimal system of solutions. So, by re-
calling that a non-invariant solution of a PDE, with
respect to an admitted Lie group of transformations
G, is mapped by G, in a family of solutions, it is easy
to affirm that we can generate not only new solutions

but essentially different solutions starting from the
optimal system of subalgebras.

The plan of the paper is the following. In the next
section we give the complete classification of Egs.
(1.8) (with g,, # 0). We construct, in Section 3,
the optimal system of one-dimensional subalgebras of
the Principal Lie Algebra and their associated reduced
equations. In Section 4, the case of a bar with variable
cross section varying by an exponential law is consid-
ered; for two well-known expressions of the tension
the additional generators of the optimal systems are
obtained and their associated reduced equations are
constructed. We present our conclusions in Section 5.

2. Lie group classification

We consider the class of non-linear wave equations

gu, 7 0. @2.1)

In order to give the group classification of this class,
by means of the classical invariant Lie criterion, we
consider the infinitesimal operator X of the Lie algebra
0 0 0
X=—-+—+n— 22
o T8 T (2.2)

where &!, &2 and 5 are functions of ¢,x and u.

The prolongation of the operator X, keeping only
the necessary terms, is

Uy = g(ux)uxx + h(ux)»

N 0 0 0
X=X+O-—+liz—+{a—, (2.3)
Ou, Ouyy Oty

where following the well-known monograph on these
arguments (see e.g. [12,13,15,16]), we have set

L =Dy(n) — uth(él) - ”th(fz),
o = Du(n) — wDe(E") — usDe(),
ln = Dt(Cl) - uttDt(‘fl) - Utth(éz)»

{22 = Di(L2) — upDx(E") — unDe(E), (2.4)

and the operators D, and D, denote total derivatives
with respect to ¢ and x.

The determining system of Eq. (2.1) arises from the
following invariance condition:

X(”tt — g(ux iy — h<ux>)|u[,:gu”+h =0. (255)
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After some calculations, the determining system aris-
ing from (2.5) leads to the following conditions:

1
él = Eazlz + at + ay,
& =y(x),

t 1 1
n= (az;_al—i—cs)u—i—cﬂx—f— 8(33t3+502t2

+cit + p(x),

1
(04 + 3 azux> Ju, = —2a29,
1
ﬁx+ §a1+057wx Uy guxzz(l//xfal)ga
+ ! hy, = ? h+
C4 ) arUy Uy — P a c3,

|:ﬁx + (%al +c5 — l#c)ux:| hux = (CS — %al)h

+ (‘ybxxux - ﬁxx)g + ¢, (2.6)

where ag,ay,az,c1,c2,¢3,¢4 and c¢s are constants,
while Yy and f are functions of x.

Obviously, for arbitrary g and 4, from (2.6) one
obtains the four-dimensional Principal Lie Alge-
bra Ly of (2.1), which is spanned by the operators
[4.9]

0
X Xo=—,X5= Xy=1t—. (2.7)
Ju

0
o
The complete Lie classification of the non-linear
wave equation (2.1), arising from conditions (2.6), is
showed in Tables 1 and 2.

By comparing these results with the six cases ob-
tained in [9], it is possible to ascertain that the cases 1,
2,4, 5, 6 in [9] correspond, respectively, to cases IV,
IX, VI, VII and III of Tables 1 and 2 in the present
paper. The case 3 in [9] is not obtained in this paper
because we assume a priori g, # 0. Finally, the gen-
erator X5 of case 6 in [9] is incorrect. It does not make
Eq. (1.8) invariant when the corresponding constitu-
tive forms of g and 4 are utilized.

3. Optimal system of the principal Lie algebra and
reduced equations

When the dimension of the Lie algebra, associated
to a group of invariant transformations of a PDE, is
greater than one, there are often, an infinite number of
subgroups. To each s-parameter subgroup corresponds
a family of group-invariant solutions. So that, in gen-
eral, it is quite impossible to determine all possible
group-invariant solutions of a PDE. In order to mini-
mize this search, it is useful to construct the optimal
system of solutions.

It is well known that the problem of the construc-
tion of the optimal system of solutions is equivalent
to that of the construction of the optimal system of
subalgebras [12,13]. Here, we will deal with the con-
struction of the optimal system of subalgebras of L.

Let G be a Lie group with L its Lie algebra. Each
transformation 7€ G yields an inner automorphism
T, — 11,7~ of the group G. Every automorphism
of the group G induces an automorphism of L. The
set of all these automorphism is a Lie group called
the adjoint group G*. The Lie algebra of G* is the
adjoint algebra of L, defined as follows. Let two in-
finitesimal generators X, Y € L. The linear mapping
AdX(Y) : Y — [X,Y] is an automorphism of L,
called inner derivation of L. The set of all inner deriva-
tions ad X (Y) (X, Y € L) together with the Lie bracket
[AdX,Ad Y] = Ad[X, Y] is a Lie algebra L* called
the adjoint algebra of L. Clearly L? is the Lie algebra
of GA.

Two subalgebras in L are conjugate (or similar)
if there is a transformation of G* which takes one
subalgebra into the other. The collection of pairwise
non-conjugate s-dimensional subalgebras is the opti-
mal system of subalgebras of order s.

The construction of the one-dimensional optimal
system of subalgebras can be made by using a global
matrix of the adjoint transformations as suggested by
Ovsiannikov [12].

In this paper we follow, instead, the method sug-
gested by Olver [13] which uses a slightly different
technique. It consists in constructing a table showing
the separate adjoint actions of each element of the Lie
algebra on all other elements. This table is usually
called the adjoint table.

Taking into account the commutator Table 3 and the
adjoint Table 4 here we show the non-trivial operators
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Table 1

Lie group classification. gg, kg, h1,4,m and n are constitutive constants

Case Forms of g and f Extensions w.r.t Ly
1 arbitra h=nh X—ti +xi}+ u+lht2 2
ry ¢, h = no, s=15 o 570 o
11 g =goe"™, h=hyuy + ho, m,hy #0 Xs=to + 2t
ot Ox
0
+Qu + hymt* + 2mx) =
ou
p n 0 1, 0
I g = go€"™ h=hye~*" 4+ hy, m,hy #0 Xs =x— + (u— =hot® + 2mx) =
0Ox 2 u
0 2m-—n) 0 {2(m —n)
Uy /m Uy /N Xs= t— — T x— -
v g=goe“™,  h=hie"" + h, > 6t+ 2m—n " ox m—n "
mhy,n#0, n#2m mhy P 2mn . i
2m —n 2m—n | ou
y 0 2 0
\'% g = goets/™, h=hy, m#0 Xs=t— + (h()l — 2mx) —,
ot Ju
0 o, 0
Xs :xa —+ (u — Ehot +2mx> a
0 0
VI g=go(4 + u:)72, X —x— — <lm2 +Ax> 2
Ox 2 ou
h=1log(A4 + ux)" + ho,
n#0
0 2m+1) 0
m Xs=t—+——F-x—
VIl 9=go(A +ur)", TR T T T a

h = log (A4 + u,)" + hy,

m#0,-2, n#0

< no o, 24 ) 0
+(2u+ ——t"+ ——x) —
m+2 m+2

of the optimal system of the Principal Lie Algebra:

Xo1 =aX) +Xo + bXy + X3

s 0 5

—ag o+ (brto) 5 3.1)
Xp=Xi+a+bX= 2 ral sl (32
L P P :

By applying the invariant surface condition, through
(3.1), we obtain

u=wl)— %abx2 + btx + cx, (3.3)

where the similarity variable 4 has the following
expression:

A=t—ax (3.4)

and the function @ must satisfy the following ODE to
which PDE (2.1) is reduced by (3.1)

(1 —d*g)o" + abg —h=0, (3.5)

with ¢ and % arbitrary functions of z = ¢ + b4 — aw’.
By applying the invariant surface condition, through
(3.2), we obtain

u=ow(i)— bt (3.6)
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Case Forms of g and f Extensions w.r.t Ly
m 0
=go(4 + ux)", Xs= —— x—
VIII 9= go(A + ux) Tomt2
b= hi(A 4 wex) "2 4 pg, 1 24 )
+ (u — —hot* + x) —
m#0,-2 2 m+2 Ou
IX g =gold + )", Xs= t%+2(m+_2n+2l)x~i { +22A wm”
m —2n "~ 0Ox m —2n
h=hi(4d+ u)" + ho,
m,n # 0, n?gLH 2(m+2—n)u7 nhy 2} K
2 m+2—2n m+2—2n ou
_ -2 3 1 A
X g=go(4 +u)"2, o0 ( 1, 2 A)g
5 atJr u+2 ot” + Ax o
h=higo(4 +ux)~" + ho,
0 0
X = hx (Y
6=¢ <é’x >6u
X1 g=go(d +u)", h=hy m # 0 Xs = g+<7£u+m+1ht273Ax> 2
ot m ou
0 2 2 2 0
Xe=x—+ m+ u—ﬂhoterfo —
0x m 2m m Ou
—4 N R
XIl 9= g0l + )™ Xo=t2+ (Yus dne+ Lax) 2
ST T\t gt ) G
h=hi(4+u)"> + ho,
0 1 0
Xe=12— + (tu+Atx + —hot’ )| —
6 01+<u+ x+20>au
0o 1 3., 0
X1 g=gd+u)"  h=h X=tgts (”*5"0’ *A"> o
0 1 0
Xe=1"— tu+ Atx + = hot ,
6 al+<u+ X+2o>au

0 1 1, , 0
X7—x$+5 <u—§h0t —Ax)%
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Table 3
Commutator table of the Principal Lie algebra

Xl X2 X3 X4
X] 0 0 0 _X3
X 0 0 0 0
X3 0 0 0 0
Xa —X3 0 0 0
Table 4
Adjoint table of the Principal Lie algebra
Ad X X X; Xa
Xi X1 X2 X3 Xi —eX3
X2 X X X3 X4
X3 X1 X X3 Xa
Xy X| +eXs X, X3 Xy

where the similarity variable 4 has the following
expression:

A=x—at (3.7)

and the function o must satisfy the following ODE to
which PDE (2.1) is reduced by (3.2)

(@ —g)o" —h+b=0, (3.8)

with g and 4 arbitrary functions of z = o'.

4. A physical case

In this section we restrict ourselves to the physi-
cal case of a bar with variable cross section [17], in
order to find the extensions of the optimal system of
the principal Lie algebra and the corresponding re-
duced equations for special forms of the constitutive
functions. However, it is possible to reach an equation
belonging to the class (2.1) in some engineering ap-
plications in which two parts of the same material or
two parts of different materials are attached together
by a third material known as adhesive (see e.g. [18]).

The equation of motion of a hyperelastic homoge-
neous bar, whose cross-sectional area is variable along
the bar, reads [17,19]

S'(x)
S(x)

puy =T, + T, 4.1)

where p is the constant mass density, u = y — x is
the displacement, y is the coordinate of the point P
in the present reference frame, x represents the co-
ordinate of the corresponding point Py of P in the
reference frame, T'(u,) is the tension and S(x) is the
cross-sectional area.

Moreover, Eq. (4.1), assuming that the cross-
sectional area is varying with an exponential law

S = Sye, (4.2)

with Sy and u constants, takes the following form:

1dT
Uy =— — g+ =T (43)
p duy p
Eq. (4.3) by setting
1dT
L (4.4)
p duy o

is included in (2.1).
Taking (4.4) into account, it is a simple matter to
verify that only the following cases:

e Case IV, with m = n;

e Case VII, with m = —1;
e Case IX, withm =n+ 1,
e Case X;

e Case XII;

can give an equation of the type (4.3).

In the framework of the previous cases we take
into consideration the following forms for the tension
function 7"

1.
T =Tolog (1l + uy), (4.5)

suggested by Capriz [20,21]. Then
_ ko
p(1 +uy)

So we fall in the Case VII with the following iden-
tifications:

T
h::gzglog(1+1&), g (4.6)

hy=0, A=1,

n="0 4.7)
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and Eq. (2.1) reads

uTo
Uy p(1+ux) + B0 Ylog (1 +uy). (4.8)

The additional operator X5 assumes the following
form:

0 ,uT() 0
Xs =1t 2 2x . 4.
5 t6t+<u+pt+ )au (4.9)

3 -3

3T Y (3T,

T=-T () <+u) +Tp, (4.10)
pvs) \pvg

which models the the ideal soft materials whose
main feature is the lagrangian speed of sound de-
creases monotonically to zero as u, increases with-
out bound [22,23]. Then

3 -3
T 3T, 3T, T
j— ok (g) (gﬂx) L+ T
p\rV PV p

(4.11)

4 —4
1 (37 3T,

g=— (°> (‘;Jrux) . (4.12)
Ve \pVo PV

So we fall in the Case XII with the following iden-
tifications:

3
T T 3T, 3T,
hozﬂ,hlzfﬂ 702 ’Azi(;
p PVs PV

1 /37\
20 4.13
go = V2 (pV()) ( )

and Eq. (2.1) reads

1 /3T\" /37, - To
utt:j — 72+ux Uy — ——
Vo \pVo PV p

3 -3
37T, 3T, T
><<02) (Oerux) L2 (414
PV PV p

The additional operators X5 and X5 assume the fol-
lowing forms:

o (1 3T, 37T, h
X5:t+<u+0'ut2+ 0 x)

ot 2 4p 20V37) ou’
(4.15)
0 3T0 To,u 0
Xo=0—+ (tu+ —nx+ -0 :
6 (%_'—(u—i_,olfozx+ 20" ) ou
(4.16)

4.1. Optimal systems and reduced equations

Since the optimal system of each case is an ex-
tension of the optimal system of the Principal Lie
Algebra, we take into consideration only the exten-
sions with respect to the results obtained in
Section 3.

1. By using law (4.5), taking identifications (4.7) into
account, the Lie algebra can be represented by the
set of all the generators {X;};_, given by (2.7) and
(4.9) while the commutator and adjoint tables are
Tables 5 and 6, respectively.

In this case, the optimal system of the Principal Lie
Algebra has an extension by one, whose operator
is
Xo3 = aXy + X5
0 0 uTo 0
=t = 2u+ —— 1 +2x
6t+a6x ( +p * )@u
(4.17)

By applying the invariant surface condition,
through (4.17), we obtain

u=r [w(ﬂ)—&—logt} - X, (4.18)

where the similarity variable 4 has the following
expression:

A=x—alogt (4.19)

and the function o must satisfy the following ODE
to which the PDE (4.8), after (4.6) and (4.7), is
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Table 5
Commutator table of the Lie algebra with g = uTy/p(1 + uy) and
h = (uTo/p)log (1 + uy)

X X X5 X X
X 0 0 0 X X+ 2R
X 0 0 0 0 23

X 0 0 0 0 23

Xi X 0 0 0 X

Xs  —X —Z“TTU)Q —2X; -2X3 -X4 O

Table 6
Adjoint table of the Lie algebra with g = u7y/p(1 + uy) and
h = (uTo/p)log (1 + ux)

Ad X X X Xy Xs
XX Yo X X—eXs X5 — el + 0X)
Xz Xl X2 X3 X4 X5 — 82X3
X3 X] X2 X3 X4 X5 — 28X3
Xy Xi+eXs5 X X Xy X5 — eXy
Xs S] Sz 628X3 e5X4 X5
. 2p+1
Where S| = Xjef — 2’;}T"XA; ;io (;;)T)! and S, = Xp —

—e)P
2 350 S (-2

reduced by (4.17)

+320 . (4.20)

2. By using law (4.10), taking identifications (4.13)
into account, the Lie algebra can be represented by
the set of all the generators {X;}% | given by (2.7),
(4.15) and (4.16) while commutator and adjoint
tables are Tables 7 and 8, respectively.

In this case besides the operators X,; and X, the
generators of the optimal system are

Xo3 = aX| + bX; + Xs

0 0
= +a)— +b~—
Cra)g +o5
3T0 T(),Lt 3 0
t — t —t | = 421
+<u+pV()2 X + 2p e (4.21)

Xos = bXs + Xg
0 0
= — +b—
TR
3TO T(),u 3 0
¢ — t — | = 422
+<u+pV02 X + 2 e (4.22)

0 0
Xs=bXo + Xs=t— + b—
05 2+ Xs (%Jr o

1 3Tu, 3T, \ 0
= t —, (4.23
+ (2u—|— 4p +2pV02x ou’ (4.23)

where a is a non-zero constant.
By applying the invariant surface condition,
through (4.21), we obtain

) 3T T
u=w(MVtt+a-— —(;x+ Rllape
oV 2p
3bT0 ‘4 aTo/l

Jr
paVs p

, (4.24)

where the similarity variable 4 has the following
expressions:

b t
A=x — — arctan (f) , a>0, (4.25)
a a

b t—a
A=x——1 , <0 4.26
* 2a o8 (t—i—a) ¢ ( )

and the function o must satisfy the following ODE
to which the PDE (4.14), after (4.11)—(4.13), is
reduced by (4.21)

4
[ 1 (3T0> _bz(w/)4‘| w//_aw(w/)4

AN
3
T, T
4 o (302) W =0 (4.27)
p \pV
0

By applying the invariant surface condition,
through (4.22), we obtain
37, 0 37, 0 b T oM

= o)t — ——x — —=, (428
U= s g, e (428

where the similarity variable 4 has the following
expression:

A=x—2 (4.29)

~ | o
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Table 7
Commutator table of the Lie algebra with g=(1/V3)(3To/pV0)*(3To/pVE +ux)~* and h=—(Tou/p)(3To/pVE)*(3To/pVE +ux) =3 + Tou/p

397

X X X X, Xs X

X 0 0 0 X X+ 58X 2Xs
37, 3Ty

X 0 0 0 0 i X

X3 0 0 0 0 11X Xy

Xy X3 0 0 0 —1x 0

Xs —x — ey, —soiz TVOZ 3 -1x I X, 0 X

Xs —2Xs —;—532 X, 0 —X 0

Table 8

Adjoint table of the Lie algebra with g = (1/V2)(3To/pV0)*(3To/pVE + ux)™* and h = —(Top/p)(3To/pVE)(3To/pVE + ux) > + Tou/p

Ad Xl Xz X} X4 XS X6

Xl Xl X2 X3 X4 — F,X} X5 — F(X[ + 32))!‘ X4) X(, — 28X5
X2 Xl X2 X3 X4 X5 — FZsz X3 X(, — Ps;% X4
X3 Xl X2 X3 X4 X5 — SX3 X(,

X4 Xl + F,X} X2 X3 X4 X5 + %HX4 X(,

X; S X + %3)(3 e2X; e*2X, X; e i Xs

Xe Xy + 2eX;s X + 3T° &X4 X3+ eXy X4 X5 + eXe X

Where §) = e2X) + 22 X [1+ 252

_zip)}'

yd
p=1 (p:—l)!(l

and the function o must satisfy the following ODE
to which the PDE (2.1), after (4.11)—(4.13), is re-
duced by (4.22)

4
1 3T
— 0 7b2(wl)4
Vo pVO
3Ty

3
T
T (Y,
p o \pVs

By applying the invariant surface condition,
through (4.23), we obtain

u=o()Vi- > -

3Tob
iz /\4
VOZ (CU)

(4.30)

xt Jot 2 6

2p
where the similarity variable /4 has the following
expression:

Tob
;P (4.31)

J=x—blogt, (4.32)

and the function o must satisfy the following ODE
to which the PDE (2.1), after (4.11)—(4.13), is re-
duced by (4.23)

1
Vi

(

T

3T

0

5. Conclusions

4
> o bZ(w/)4
0

Ja4

3
<3T02) o' =0.
PVs

CO(C()/ )4
4

(4.33)

In this paper, following the classical Lie method,
the complete Lie group classification for the class of
non-linear wave equations (2.1) is obtained.

We show that the equation, which models the
behavior of a hyperelastic homogeneous bar whose
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cross-sectional area is variable along the bar, falls
in this class when the expression of the varying sec-
tion is given by an exponential law. In this physical
case, by considering two special forms of the stress
function, the optimal systems are constructed and the
corresponding reduced equations are obtained.

Of course it is also possible to construct the optimal
systems and to obtain the corresponding reduced equa-
tions for all the cases in the classification reported in
Tables 1 and 2. We omitted them for sake of brevity.
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