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PROLONGATIONS OF VECTOR FIELDS AND THE
INVARIANTS-BY-DERIVATION PROPERTY

C. Muriel* and J. L. Romero*

For any given vector field X defined on some open set M C ]RQ, we characterize the prolongations X, of
X to the nth jet space M n > 1, such that a complete system of invariants for X,, can be obtained
by derivation of lower-order invariants. This leads to characterizations of C°°-symmetries and to new

procedures for reducing the order of an ordinary differential equation.
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1. Introduction

One of the most-used methods for reducing the order of a given ordinary differential equation

Az, u™) =0 (1)

is based on the existence of Lie symmetries (see [1]). The Lie symmetries of Eq. (1) are vector fields

X = §(x,u)% + n(x,u)agu (2)

defined on some open subset M C R? such that the usual prolongation of X to the nth jet space M ™

" 9] 9] "L oy 0
X 25(%“)% +77(5€7U)% + > (@, ul ))%a
i=1 g

where n(9 = D, (n*=1) — D, (&)u;, satisfies the invariance condition

X(")(A(x,u("))) =0, Az, u™) = 0. (3)

The Lie method of reduction for (1) associated with a given Lie symmetry X is based on the existence
of a complete system of functionally independent invariants for X (™ that can be obtained by successive
derivations of invariants of X (). If y(z, u) is an invariant of X and w(x,u,u;) is an invariant of X, then
wy = (Dyw)/(Dyy) is an invariant of X ), and so on. The set {y,w,wy,...,w, 1} is thus a complete
system of invariants of X (™. By invariance condition (4), original equation (1) can be written in terms of
these invariants as an (n—1)th-order reduced equation,

Ay, w™ D)y =0.
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It is well known that there are order reductions for ordinary differential equations that do not come
from the existence of Lie symmetries. Some examples can be seen in [2] and [3].

In this paper we characterize the different ways of prolonging a vector field that lead to a similar
reduction process. The equations in the mentioned examples can be reduced by this new method.

In Sec. 2, we obtain several characterizations of the prolongations

X =&, )0z + n(z, w)du+ Y nf (z,ul)ou;
=1

for which a complete system of invariants can be calculated by derivation of lower-order invariants.

In a natural way, these new prolongations lead to the concept of C*°-symmetries [3]. These symmetries
are characterized in Sec. 3 and the corresponding method of reduction is described in Theorem 4.

In Sec. 4, we also prove that a large class of reduction processes are special cases of our method. Finally,

this reduction method is applied to an equation that lacks Lie symmetries.

2. Main results

We let X be vector field (2) on M C R? and let

0 0 - N
* = = * ()y_ 2
X =¢&(z,u) % + n(z,u) 7 + ;:1771- (z,u )aui (4)
be an arbitrary prolongation of X to M. For k =1,...,n, X} denotes the corresponding projection of

X to the kth jet space M®),

Definition 1. Let n € N. We say that X has the ID (invariants-by-derivation) property of the nth
order if whenever f = f(z,u) is an invariant of X and go = go(z,u, u1) is an invariant of X7, the function
gr = Dagr—1/(Dzf) is an invariant of X7 | for k=1,...,n —1 and the set {f, go,...,gn—1} constitutes a
complete system of functionally independent invariants of X .

We suppose that X' has the ID property of the nth order and let {y = y(x,u), a = a(z,u)} be such
that X (y) = 0 and X (o) = 1. We consider the system of local coordinates on M (™)

{y7a7a17a27"'7an}7 (5)
where ay, = Dyag—1/(Dyy) and ag = a for k € {1,...,n}. We let

0

* a *
—l—rl(y,a,al)—+---+Tn(y,a,...,an)a

X*
" (90[1

" da

be the expression of X in terms of (5).
We next prove that if X} has the ID property of the nth order, then the infinitesimals r}; for k = 2,...,n
are completely determined by rJ.
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We evaluate the Lie bracket [ X5, D,] in terms of coordinates (5),
(X5 Dyl (y) =0,
(X0 Dyl(a) = Xp(a) = r1(y, a, ),

(X7, Dy)(en) = XJ(a2) — Dy(X; (1)) =15 (y, o, 01, 02) — Dy (1} (y, 0, 01)),

(X, Dy) (@) = Xi(an) = Dy (X3 (1)) =

= T:L(yv Q... 7an) - Dy(’/’:;_l(y, Q... ,Oén_l)).
Let w = w(y, a, a1) be an invariant for X that is functionally independent of y. In this case, Ow/day #
0, and we have
ow . Ow
=0. ]
9a "8 (8)

Because X; has the ID property of the nth order, we also have X} (w,) = X;;(Dy(w)) = [X};, Dy](w) = 0.
Therefore,

* * * ow
a1 T (r3 = Dy(rl))% =0. (9)

We observe that if 7 = 0, then necessarily X = X, and X is hence the ordinary Lie prolongation
of X. We can therefore assume that 77 is not a null function. If we multiply (8) by —r and add (9) to the
resulting equation, we obtain

ow ow
— 2 e
(r?) Jar + (13 — Dy(r})) s— Fa; 0

Because dw/0ay # 0, we have
ry = (Dy +17)(r7)-

Because X has the ID property of the nth order, it follows that X *(w;) = 0. Therefore,
e et —r:=0. 10
+ ST (10)
By the ID property, we also have X} (wz) = X} (Dy(w1)) = [X}, Dy](w;1) = 0. Hence,

8uu « 8w1 5w1(

Gt o Gt (1) + Gk (5~ D, (r3)) = 0. G)

If we add Eq. (11) and the result of multiplying Eq. (10) by —r}, we obtain

8’[1}1

G (<rirs + 15 = Dy(13)) =0,
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and because Ow;/das # 0,

r3 = riry + Dy(r3).
Therefore, r5 can be written as

r3 = (Dy +17)(r3).

By thus proceeding, we find that the infinitesimals of X in (6) are necessarily given by

Tho1 = (Dy +17)(ry), k=1,...,n—1

Therefore,

X5 = 3Dy + )R (1)

k=0
By (7) and (12), we have also proved that X* satisfies

B (12)

(X5, Dyl = i X5

We have proved that if X has the ID property of the nth order, then the function ] determines the
entire prolongation X in the variables {y, «,...,a,}: if X(y) =0 and X («) = 1, then the function r7 is
the coefficient of 9/0ay in the vector field X.

We now analyze the above results in terms of the coordinates {x,u,us,...,u,}. Because D, =

(1/Dyx)D,, we have
1 1 1 X (Dyx)
X Dyl=—I[X" D X =—|Dy=—=—riX}— ”7D =

*

- Dyz " Dyx Dyx

& X _TTX;(ZU)"‘Dy(X;(gC)) Dy — AX* 4 uD

where A denotes the function r}/(Dyx) in terms of the coordinates {z,u,u1} and p = —(D, + A) (X} (2)).
Hence, we have proved that if X is any given vector field (2) in M C R?, X(y) = 0, X(a) = 1, and
ry = r}(y,a, a1) is an arbitrary function, then the prolongation X of X = 9/0« given by (12) is such that

in terms of the coordinates {z,u, ..., up}.

Conversely, we now prove that if X satisfies (13) for some A € C®(M®) and p = — (D, + \) (X} (x)),
then X* has the ID property. Let f = f(z,u) and g = g(z,u®) € C®°(M®) be two functionally
independent invariants of X ;. We have X (f(z,u)) = X} (g(z,u®™)) = 0 and

X; (ng) = o (Daf  Xi(D29) ~ Dug Xi(D21) =

Dy f D, f)
= (Djf)2 (sz [X5, D2](g) — Dag - [X;,Dz](f)) =

We have thus proved the following result.
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Theorem 1. Let X be vector field (2) defined on M, and let X; be a prolongation of X to M)
of form (4). Then X has the ID property of the nth order if and only if X} satisfies (13) for some
A€ C®(MW) and p = —(Dy + \)(X}(z)).

We now verify that Eq. (13) uniquely determines the coefficients 1} of X in terms of £, i, and A. We
first apply the first term in Eq. (13) to each of the coordinate functions of {z,u, uy, ..., u,},

[szDw](x) = —Dw(f(x,u)),
(X7 Da](u) = Uik(xau(l)) - D, (ﬂ(xau)),

[X:;v DI](ul) = 773(357“(2)) — Dy (nr(xvu(l)))a

(X D) = i (1, ) = Do (7 (2, u)),

X Dal(un) = 5 (2, ul™) = Dy (s (1)),

If we now apply the second term in Eq. (13), which can be written as ¥ = A(X} — &(x,u)Dy) —

Dy (&(w,u)) Dy, to each of the coordinates of {x, u,u1,...,u,}, we obtain

Y(z) = —Ds(¢(@,u)),
Y (u) = Mn(z,u) = &(z,u)ur) — Da(&(x,u))us,

Y(up) = )\(nf(x,u(l)) —{(z, u)U2) - D, (5(;16, u))m,

(15)
Y(ul) = )\(Wr (xv u(Z)) - f(ﬁ, u)uiJrl) - Dw (g(xv u))uiJrla
Y (tn-1) = A1 (2, u™D) = €, w)an) — Do (§(a, w) .
Equating the second terms in Egs. (14) and (15), we obtain
i (2w Y) = Dy (7 (2, ul)) = Do (6(2, 1)) uigs + A0 (2,u?) = €2, w)uis) (16)

for i =0,...,n — 1. Expression (16) is the motivation for the following definition [3].
Definition 2. Let X be vector field (2) defined on M, and let A € C°°(M ™)) be an arbitrary function.
The M-prolongation of X of the order n, denoted by X (™! is the vector field on M defined by

n

o . N0
XN (m)] f(m,u)% + Zn[k,(l)] (x,u(z))%, (17)
i=0 !
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where n*©(z,u) = n(x,u) and

O (g, DY) = D, (n[A,(i—l)] (x,u(i—l))) — Dy (&(z,u))u; +

_|_)\( I\, (i— 1)](x7u(i*1))—§(g:,u)ui), 1<i<n.

Definition 2 and Theorem 1 allow giving different characterizations of the A-prolongation of a given
vector field X.

Theorem 2. Let X be vector field (2) defined on M. Let X be a prolongation of X to the nth jet
space M ™). The following conditions on X are equivalent:
1. X' has the ID property.
2. [X;, Dg] = AX} + pD, for some function A € C°(MW) and p = —(Dy + N)(X;:(2)).
3. X = XM for some A € C°(MM).
4. If @ = X (u) — X(z)uy is the characteristic of the vector field X, then

X =2 (Da+ V' (@~ + X (@)D

for some A € C>®(MW).

Proof. The equivalence of conditions 1 and 2 is given by Theorem 1. In the paragraphs preceding
Definition 2, we proved that conditions 2 and 3 are also equivalent. We now verify that 3 < 4. Clearly,
Eq. (17) can be written as

n[)"(i)] (x,u(i)) = (D, + N (n[k’(i_l)] (z, u(i_l))) —(Dz+ ) (§(x,u))uZ =
= (Ds+\) (77[&(1'71)] (z, u(ifl))) —(Dz+ ) (ﬁ(x,u)ul) +&(z,w)uipr =

= (Dy + N (O @, V) — (@, u)u;) + (2, u)uig

for 1 <4 <n. For i — 1, the previous formula becomes

D @, u ) — (e, w)us = (Dy + ) (P2 (@, ul2) — €, u)ui).
Hence, by recurrence,

1O, ul?) = (Do + X) (D)) = () + &, wuis =
(Dy + A Z(UW 2 (@, ul=2) — £(@, whui1) + €@, wuigy = - =
(Da + ) (g™ — &(z, u)ur) + E(z, wuipr =
= Dz + N)(Q) + &(, w)uigr.

This proves the equivalence of conditions 3 and 4.
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3. Applications to order reductions of ordinary differential equations

As we have seen in the previous section, the A-prolongation of a vector field X produces a vector field
X)) on M(™) that has the ID property of the nth order. Because that property is the basis of the Lie
method for reducing the order of ordinary differential equations, it is natural to expect a useful role of
A-prolongations in obtaining reduction processes. We consider the vector fields that admit a A-prolongation
for some A\ € C°(M ™) that leaves the equation invariant [3].

Definition 3. Let A(z,u(™) = 0 be an nth-order ordinary differential equation with (z,u) € M C
R2. A vector field X defined on M is a C°°(M™)-symmetry of the equation if there exists a function
A€ C°(MM) such that

Xl (A(x,u("))) =0, Az, u™) =0.
In this case, we also say that X is a A-symmetry of the given equation.

Our next result presents a characterization of C°(M())-symmetries based on the second characteri-
zation of the A-prolongation given in Theorem 2.
We suppose that the equation A(z, u(")) = 0 can be written locally in the explicit form

Up = F(z,u™Y), (18)
With this equation, we associate the vector field defined on M (1)
0 0 9]
A=— — 4.4 F (n—=1) )
oz tu ou tet Fla,u )3un_1

Theorem 3. If a vector field X is a C>(MW)-symmetry of Eq. (18) for some A € C*°(M™M), then

(XD 4] =\ x D=l 4 (19)

for = —(Dy + N\) (X (x)) € C (M(l)). Conversely, if

0
(’9ui

) n—1 )
X* = i * O]
= g X i)
is a vector field defined on M (™~1) such that [X}, A] = X X} + u - A for some A\, u € C®°(MW), then

0 0
X = (e, u)—
€($5 U) ax + T]O (ﬂj, U) au
is a A-symmetry of Eq. (18), and X = XH(n=1],

Proof. We observe that D;(x) = A(x) and Dz(u;) = A(u;) for i = 0,...,n — 2. Theorem 2 proves
that the values of the two terms in (19) coincide on the set {z,u,...,u,—2}. On the other hand,

(XD Al (uyq) = XD (=D (A(up—1)) — A(X[M"*l)](unfl)) =
= x(r-1)] (F(xju(nfl))) _ A(n[%(nfl)](x’u(nfl)))’
XMy, = D, (n[)"(”*l)] (x,u("*l))) — Dy (&(z,w))un + 2
+ /\(np“("*l)] (z, u(”fl)) — &(x, u)un)
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Because X is a A-symmetry,

XMy, ) = xP =1 (F(x’u(nq)))’ Up = F(z,u™Y).
Hence, the second equation in (20) says that
X (=] (F(z, u(”*l))) = A(np“("*l)} (z, u(”*l))) — A(&(z,u)) F(x, w4
+ /\(np“("*l)] (z, V) — &(z, u)F(z, u("*l))) =
= A(n{%(n—l)] (x,u(”_l))) + /\(77[%("—1)] (z,u 1) 4 uF(x,u(”_l))).
Therefore,
(XD Al (wy_y) = )\(n[&(n—l)] (z,u™ D) + ﬂp(x,u(n—l))) =
CAXPO-D ) § pF (@ u™ D) = (A XD A (),

and we obtain (19).

We now prove the converse assertion. If we apply both terms in [X* A = A X 4+ p- A to z, we
find that necessarily p = —(D, + A)(&(z,u)). Hence, by Theorem 2, we have X, = X*(=DI Because
(X}, Al(un—1) = AX (up—1) + ppA(un—1), we obtain

X;(F(x,u(”_l))) — A(n[%(n—l)] (x,u(”_l))) + A (=Dl (=)
— (Dz(ﬁ(x,u)) + A(x, u)) - F(x, u(”_l)). (21)

To verify that X satisfies

Xl (un — F(x, u(”*l))) =0, u, = F(x, u(”*l)), (22)
we evaluate
XMy = P, u®™)) = Dy (g, u™)) = un Da ((,w) +
+ )\(n[)"("_l)] (z, u("_l)) —&(x, u)un) — x )] (F(x, u(”_l)))

for u, = F(z,u™ V). By (21), we obtain (22). Therefore, X is a A-symmetry of the equation.

Our next objective is to show how a C°°(M™))-symmetry can be used to reduce the order of an
ordinary differential equation.

Theorem 4. Let X be a A\-symmetry, where A € C°(M™), of the equation A(z,u(™) = 0. Let
y = y(x,u) and w = w(z,u,u;) be two functionally independent invariants of X» ("], The general solution
of the equation can be obtained by solving an equation of the form A,(y,w™ V) = 0 and an auxiliary
equation w = w(z,u, uy).

Proof. Lety = y(z,u) and w = w(z, u,u;) be two functionally independent invariants of X ()] such
that w depends on uy. By Theorem 1, wy = D,w/(D,y) is an invariant for X which is functionally
independent of y and w because w; depends on us. From w; and y, we construct a third-order invariant for
X by derivation, and so on. Therefore, the set {y,w,w1,...,wy—1} is a complete set of functionally
independent invariants for X)) Because X is a € (M®))-symmetry of the equation by hypothesis,
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this can be written in terms of {y, w, w1, ..., w,—1}. The resulting equation is a (n—1)th-order equation of
the form

A (y,w" V) =0. (23)

We can recover the general solution of the original equation from the general solution of (23) and the
corresponding first-order auxiliary equation

w = w(x,u,u).

4. C°°-symmetries and order reductions

In this section, we show that many of the known reduction processes for ordinary differential equations
can be obtained via the above method as a consequence of the existence of C*°-symmetries of the given
equations.

Theorem 5. Let
Ay (z, u(”)) =0 (24)

be an nth-order ordinary differential equation. If there exists a transformation

y=y(z,u),
(25)
w = w(z,u,u),
where Ow/0uy # 0, such that (24) can be written in terms of the variables (y,w) as
Az(va(nil)) =0, (26)

then there exists a C*°-symmetry X of Eq. (24) such that (26) is the corresponding reduced equation.

Proof. Let o € C*°(M) be such that the functions y and « are functionally independent. We set
a1 = Dya/(Dyy) € C°(MM) and consider the local coordinates (y, a, ;) on M), We determine a vector
field of the form

0 0
X = f(yva)a_y + Tl(yva)a_a

and a function A(y, o, ay) € C°(M™W) such that X is a A-symmetry of the equation and the functions y
and w are invariants of XMl
We set & = 0 and = 1 and determine X from the condition XM (w) = 0. Because

x99

Oa Ooy

by Definition 2, we deduce that A = —(0w/da)/(0w/dan).

We prove that the vector field X = 9/0« is a Ad-symmetry of the equation for the function A =
—(0w/da)/(0w/day). We set w; = dDw/dy™ for 1 <i < n—1. It is clear that the set {y,a,w, ..., wp_1}
is a system of coordinates in M™) . From the construction of X and ), it follows that {y,w,...,wy_1} are
invariants for the vector field X*()! and therefore X*(™] = 9/0a in terms of the new local coordinates.
Because Eq. (24) can be written in terms of these local coordinates as Eq. (26) by hypothesis, we obtain

X (A (y, w D)) = o

da

(Az(y, w("_l))) =0.

1573



This proves that X is a A-symmetry of the equation.

To verify that (26) is the reduced equation that corresponds to the A-symmetry by Theorem 4, it
suffices to observe that the reduced equation can be obtained by writing the equation in terms of the
complete system {y,w, ..., w,_1} of invariants of X ()],

Example. We consider the second-order differential equation

Ulgy — 2u§ + vlupr —utz? — P —uw? =0. (27)

This equation has no Lie symmetries, which is proved in the appendix. The Lie reduction method therefore
cannot be used to reduce its order. But it can be shown that by the transformation w = u,/u—2zu, Eq. (27)
becomes

wy = w? + 1. (28)

By Theorem 5, this reduction corresponds to the existence of a A-symmetry of the equation. We calculate
a vector field X and a function A such that X (z) = 0 and X™Ml(w) = 0. Then ¢ = 0 and by Definition 2,

n (—— _ x) + (D (n) + An) (%) —0. (29)

It is clear that if we choose n = 1, then A = ux + u,/u satisfies (29). By Theorem 5, X = 9/0u is a
A-symmetry of Eq. (27) for A = ux + u,/u. This can also be explicitly proved by verifying the equation in
Definition 2. In this case, we have

0

gy

xN@)] 33 + (ux + u_uz) 38 + (“ + 3ug + u’z? + @)

U U u

If we let A denote the left-hand side of (27), we can verify that

Xl = 2,
u

ie, X = 0/0u is a A-symmetry of Eq. (27). By construction,  and w = u,/u — zu are invariants of

XTI and Eq. (28) is the reduced equation that corresponds to X. It is also clear that Eq. (28) can be
integrated in quadratures.

5. Conclusions

The classical Lie method for reducing the order of ordinary differential equations with a Lie symmetry
X is based on the existence of a complete system of invariants for the prolongation X (") that can be
calculated by derivation of lower-order invariants.

We have characterized the prolongations of vector fields with that property. The invariance of the
equation under any of these prolongations leads to the concept of the C'*°-symmetry. As proved in Theo-
rem 4, an algorithm for reducing the order of the equation is associated with these new symmetries. Many
of the known reduction processes for ordinary differential equations can be obtained via the above method
as a consequence of the existence of C°°-symmetries of the given equations.
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Appendix

We here prove that Eq. (27) has no Lie symmetries. A vector field

0 0
X =p(x, u)% + r(x,u)%

is a Lie symmetry of Eq. (27) if the infinitesimals p and r satisfy the determining system

el : 20y 4 UPyy = 0,

e2: 2puu3x + ruuu2 — 2pmu2 —2ryu+2r =0,

ed: —3puu4x2 + pwu% + rux — 3puu3 — 3puu2 + pu2 + 2rypU — P — 4ry =0,

ed: (ry — 2pz)u3x2 — (Bruz + 2pu? — re)ux + (ry — 2pz)u2 + (ry — 2r = 2p)u+rpe —r =0.

The first equation shows that p must be given by
p(,u) = pi(z) + pa(z)u".

After substituting this value in equality €2, we have

—2poU + Tyuu® — 2ryu + 21 + 2ps’ = 0.

Integrating with respect to u, we obtain

r(z,u) = —2pou(logu + 1)x + riu® + rou — ph,

where 1 and ry are functions of . Then equality e3 becomes

—2ulog u(pauz® — 2phx — 2p2) + (paa® + r1ux + rox + P + p1)u® — (2rh — 4ps + p{)u + 3(ph + p2) = 0.

We deduce that ps = r; = 0 and

Equality e4 becomes

(2pia® — 2pa® — o u+ (—pi'a® — 2pia® — pia® + 2piz — 2p1) =0,

and we deduce that p; = c1x + 02/x2 for c¢1,co € R such that

clx5 + 202{E2 + 6¢co = 0.
Therefore, ¢; = c2 = 0. This proves that Eq. (27) has no Lie symmetries.
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