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Operators with hypercyclic Cesáro means

bv

Fen.NaNoo LnóN- S.revsnn,\. ( Cácliz)

Abstract '  An operator ? on a Banach space 6 is saicl to be hvpcrcycl ic i f  thclc cxists

¿r lcctor ¡ such that thc orbit  {T"u}r>t is densc in 6. H"-vpcrcvcl ici t f  is a strottg kinrl  of

cvcl ici ty '"r 'hich rcquircs that thc l incar span of the olbit  is dct isc in 6. I f  thc ari t i rrnct ic

rncarrs of thc orbit  of ¡ are dcnsc in 6 thcn thc operator ? is said to be C'csáro-hvpercvcl ic.

-\pparc¡rtlv Ccsáro-hvperc]'clicitl. is a strong vcr,"ion of hvpcrcvclicity. \\ic provc that al't

opcratot is Ccsáro-hyperc¡,clic if and onl-v if thcrc cxists a vcctor ;¿ € 6 such that thc orbit

\n' ' r l ' "r l r>1 is dcnse in 6. This al lou's us to characte'r izc thc uni lat¡¡ral ancl bi latcral

l .cightecl shi i ts r i ,hose ari thmetic rneans ale hvpercvcl ic. As a consequcl l( l( '1\ 'c shorv that

thc¡e ate hl-perc1'cl ic operators rvhich are not Clesáro-l lvpcrcvcl ic. artd utorc sulprisingl l ' .

thcrc arc non-hvpcrc,vclic opcrators fc¡r rvhich the Cesáro tncalts of sontc orbit arc clensc.

Hc¡s,cvcr. rvc shor¡,, that both classes, the class of h¡rpcrc}'clic opcrators and thc clas-. of

Cc'sáro-hypercycl ic operators, havc thc samc trornl-clc¡su¡c spcctral ch¿rr '¿rctcrization.

1. Introduction. Let T be a bounded linear operator on a colnplex

Ba¡ach space 6. The rnotivation fbr this work ciolnes frottt soure questions

relatecl to ergodic thcory (see [Du], J,Z].INIZ].lSu,'] fbr itrstarrr:e). The uni-

forrn ergorlic theory cleals lvith the as¡,'rnptot,ic beir¿rviol of the alitlurle'tic:

rneans
I + ' l + . . . + ? " - i

r I . (T) :
n.

irr the oper¿Itor norm (uniforrn) topolog\'. a.s n tends to infirlitv. N. Dunford

in 1943 (see lDu]) cliscussed the connections between the spectnrrn of 7 ¿urcl

corrvergence of sequences of functions Q"g) of T. Specificallv. he obtainerd

the followirig basic result in uniform ergodic theorl':

TunoRnrt (D¡nford). The sequr:n(:e XI,,(T) uni.forrnly (on,lterges iJ' and

only iÍ

(a) l i rn n-r l lT" l l :0,  artd

2000 lvl atL¿e:matics Sttb.i ect C las sification: 47837, 47838.'17899.

Ke-y utonls o,n.d phrases: hypcrc¡rclic operator, hvpcrcvclic scqLtenccs. Ccsáro [lealls'

weighted shifts, spectrai characterization.

l)cdicaclo a mi tio Aritonio, gracia,s por tantos inolvidablcs septicntbles.
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(b) / l ie point 1 is at,  ntost u.  s irnple pok: of  the resolut:nt  Rx(T):
( r  ) r ; - r

N{arr¡' i t i teresting and ecluivalent gr:ornetric couclit ions for t}re ('ollvergencc
of X'[.(T¡ are ¿rlso obtainerl in [N{Z] ancl f i,Z].

hl the present ' lvorklve consider tl le natural question (posed lt ' , '  .J. Zctn¿i-
nek to the a,uthor) of conrrectiorrs betrveerr T and the "niaxirnal clir.ergence"
t>f XI,,(7) . Thc tnaxinral di 'u'ergence is urrclerstood to be the existelce of ¿r
vector  t  i :nB srrc i r  that  t i re  or l r i t  { . \1 , , (7) . r , } , ,>1 is  < lense in 6.  Let  us cal l  such
operat<rrs Ct:.sriro-hy¡tr:rctlcl,ic ¿rncl the ."'ector for rvhich t,he last cgrrtlition is
satisfiecl. a Cesd.ro-h'upercqcli,r: uec:tor..

Ari tr lrcrator' 7- is lnlperr:uclic if ' therc erists a r.ector ¡r such th¿rt thc
orbit {7'"r '} is clense in 6. Irr t}ris case the r-ector';r is called hl1¡teru:qr:l icfctt '
r .  I f  thcrc ex is ts .  r .ector  ¡ '  for  wl i ich thc 'set  { )T"r '  :  ¡¿ € N.  )  e  c}  is
clerrse. t lrert t lrt 'opelator 7 and 1he vector';r ale c¿rllecLst4terc.uc:Ii,c. If thcle
cxists ¿r seqrlerrce {),,} fbl rvli ich thc sct {),,7":r '} is clenser rve u'i l l  sav that
T is supercyc:l it:.t 'or th,r: se;qLt.cntr: {,\"}. l ' irrallr ' \\:e can exterrri t l ie notio¡ t9
sccll lell(ros of l inc¿u operators: the seclucric'c {Z;, } is }n'pelc,r.clir: i f there cxists
: r 'such t l t r t  {7 ] , . r }  is  r ie . t rse.

Orrr  f i ts t  t t 's t t l t  s tatcs t l ta t  an opc ' r ' : r tor '7 ' is  ( - ' ' t ¡s¿\ro-hvpt : rcr .c l ic  i f  ¿ur<l
r x r l r - i f  t l i e l ' e  cx i s t s  a  r . ec to r . r :  s r r ch  t l r a l  { r i  

17 ' " . r ' }  i s  r l ens r - .  t ha t  i s .  Z '
is  supe' r 'c lc ' l ic ' fb l  the secluencc {1 i r r } . ' fh is  l t 's r r l t  is  s i rn i la l  t t i  I )unfor<l 's
Tl l r t lern iu  t l r r ' l i1 .pq.rc1 'c : l ic .se ' t t ing- .  C) l r ,s t , r ' \ . r '  that  i t  i r r rp l i t 's  th¿r t  Ces¿\r .o
lrvpcrc'r 'r ' l ic' i tv is a sltcr.ia,l kinrl of srrircrc.r'c.l icit,r..

S i t tc ' t ' t l rc  ( ' t :s¿\ro r l leans ¿u' { ' l r }ore rcgular ' .  in  geut ' ra l  o l l ( '11}¿r \ -  t l l ink that
( le ts¿\ t 'o  l t r 'pct 'c ' r '< ' l i r . i t r -  is  ¿ i  s t l ' r ) l lg , r ' r  r 'on<l i t ion t l l¿rn hr-pcrr : r ' r . l ic . i t r - .  hr  Scc,-
t i< ' ¡ l r  j l  \ \ r ' ( ' l l¿ t r¿ l ( ' t ( ' r ' iz t ' t lx ' t r r r i la tcra l  iurc l  b i l¿r tc la l  ur< ' iq l l l t '<1 s l r i f ts  u-h i r . l r  arc
( ' t ' s i t t ' o - l n ' pc t cv r ' l i < ' .  As  ¿ r  co t t s t ' ( l l l ( \ r l c ' c  u ' t ' s l l ou ' t l r i r t  f i l  t l r t , t ' as r .  o l  r r r r i l ¿ r t -
t ' r 'a l  s l r i f i .  ( ' t 's¿\ to l r r ' ¡ rer t : r 'c l ic i t l ' is  i r l r l t ' r ' t l  a  s t rorrgt : r '< 'our i i t ior r  tharr  1n 'per ' -
t ' i - t ' l i< ' i t r ' .  Srr t  l l ' is i r rg l r ' .  fo t  the ] r i la ter ' ¡ l  r i r . ig l r t  t ' r l  s l r i f  t  r '¿rst ' .  1 l r t ' r ' t '  ¿r lc  s t i l l
exat t tp l t 's  t l t¿t t  l rar . r ' t to  l r 'c tors u, i t l r  < 'k . l rse 'or l l i t  l r r r f  rLr  l r¿n 'e ' r lcnse ( les¿\r .<r

o l i r i t .

Thr ts  I t r -1tc t t '< ' r -c ' l ic i tv  r loes not  i r r rp lv  ( 'es¿\r 'o  l l -p t ' r 'c ' r 'c l ic i t r -  ¿ul r l  v i<,e vc lsa.
ht this r:otrttt 'c't iott. i tt Section '1 u't '  shtxt th¿tt ¿tl lv sopalalrlt '  13anuc.h s1'race
¿r.< l l r r i ts  a ( - t :s i ro-h l - i terc:vc l ic  opel '¿r to l ' .  thus o l i t¿r i r r i t rg  t l r r  ( ' t 's i r lo  vels ion of
- \ t rs¿rr i  Rct ' t ra l 's  resul t  (sec [Arr ] .  lB" ] )  fb l  ln 'pr . r '< ' r ' r ' l ic i t r ' .  ] . in¿r l l r - .  a l t lnr rg l r
lrotlt r ' l¿tsst's ¿tt 'e clrritc cliffere'rrt n:e t;11¡¡11: (see St.c't, ion 5) th¿it t lrcir ¡or¡r
r 'krsrrlt 's havc the sarne sltec.tlal chalacterizaticltr.

f l t '  r t ' t 'go i r rg fur t i rer  the ¿ul lhor  rvorr l t l  l ikc to tharrk thc staf l  o f  t l rc  I r rs t i -
ttttt ' t. i l  \ l¿rtl ielrtait ic:s of t ltc¡ Polish Acaclenrv of Sciencrcs. sperciallv t)r 'ofi:ssor
J. Zerri¿inek. fbr their hospitalitv during the ¿mthor's st¿n'itr \\ irrs¿rrv irr
Fe l l ' r r a t r -M98 .
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2' Hypercyclic arithmetic means. This sectio'is clevoted tt_i pror,-
iug a' trnalogue to Dunford's resurt. That is. a, operator ?' orr a Ba'a.ir
space is Cesáro-hypelcyclic if arld onl.v- if the sequent:e Tn f n is hyperc.),.clic.
Hence. cesáro hvper.'ciicitr- is a speciar ki'¿ of supercyclicit¡,. To pro'e
this result u'e need to show so're properties relatimg to the spect.ur' of(Jesáro-irypercyclic operators.

Giyelr a complex rurrnber ), let,t[,r()) clenote the a,rithmetic nre¿ut oflhe porvers of ,\. that is.

11, ,  ( ) )  : 1 + ^ + ^ ¿ + . . . - ¡ ¡ n - 1
r r -  l 9

observe that if lAl > 1 then,41",()) cliverges to cc. o. the other h¿r,ncl if
1rl a t therr r1,,()) is containecl in the closecl unit clisk for a'¡.positive
integer n. Thereforc] \\,'e can state the follou.irrg resuit.

Lnl l rr¡  2. I .  Lr: t  A. z¡ br:  c.ontysle,r  ntm¿bers. Then the,set {A[, , ()) : , , ] , , r rof conrylet n,unt,ltr:rs is n,ot der¿se i,n C.

tire point spect.rr' of an operator T.It is weli k.,r,vrr
- )) is derrse if an<l onlv if ), ( or,(T*).

PRonoslTlorv 2.2. If T is Ct:sdro_ltyperc:yr:lic then or,(7,*): A, thot i,s.
rtrrr(Z - )) ls dr.:rtse for any ) e C.

Proof' suppose th¿t ) € oo(z*). Then there exists r* € B* \ {0} such
tltat 7*¿* : 4..¿r*. |l-or,r.'if :r is a Cjr:sáro-h),per.c¡,clic vector f<tr T. then the
sequellce {X1,,(T)r},,>o is cletrse itr 6. T}rerefore thr: collection of corrr'le,x
tr tmlrers (A1,,(T)r.r ' j  wi l l  L ie i lerrse i 'c.  But for each n lve ha'e

(A1, , (T) r . r * )  :  ( r .  L : t , , (7 " ) r * )  :  ( r .  i f , ( ) ) r " )  :  M, ¡ ) ) ( r . . r . )
and bt'Lernlna 2.1 it is clear that ther set of complex rnunbers clefilrecl br.
the right side of this equatioD, as n r.arrges thro,gh the positi\.; t;;;;, ;,
'ot dense i' the cornprex plarre, which concl'creslhe proof. r

Now let rrs regard r as a hvperc;"'clic vector for the sequence {n-rrr¡or the sequence {r ,- t (¡  -  T, ' ) } .  ancl  observe that

(2.1t  l i ry  -  ( t  -  
. r " ) t  l i  :  n- , i l ,  r ,l l  r¿  ,¿  l l

collvel'ges to zero as ?z -,+,¡c. So (2.1) establishes the followirrg:

PRoposruox 2.3. Let T be a bornd,ed, r'tnear operato, ar,d, r e B. Ther,
the .follo,uti,ng conditiorts are equ,irnlertt:

(a") The sequ,ence {n-17',,r} is d,en,se.
(b) The sequence {n-t( I  -7")r}  is d,ense.
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'\ssume that z is cesáro-hyp."r"y"til. Then 
_there o"[,, a vector :r e 6 suc]rtlrat {'4d' Q)r} is dense ir'r. óit*" i ir.c""áro-hypercycric, by proposi-t io,2.2. ran(z-1) is derse u"a,r,"r"rore the i-ug" of ; ;";r" subset u'clerT - I is dense. Hence, the orbit

(r _ r)ex,r,e)r\):  { ,  
-  t ,  ,r ,}

( n )
is rlense in 6' Finallv 

¡i 'ce {n-.1 1t -7") 
} is hvperc¡,clic, frorn propositiorr 2.3ri'e clecluce that the sequence {n-17r¡ is h.vperc¡,ciic.

F-or tire con\¡erse

: ::ru. il H fri¡fl:ffi :li?: JJ: i ü5, :: Íl ", ilJ ii liffJ::? ll, llli

. 
The follor'i'ing t'eorem characterizes the chaotic behaviour of IA,I,(T)rj'r terlns of a special kincl of supercvclicity of z, in a usef'l form.
Tnnonelr 2.4. Let T be a bour¿d,ea rineat.operator on a Banach space B.Th,e follo'utirt g cond,,it,rons are equzualent:
(a) The sequence, of arithmet,ic means I,I,(T) zs hypercyclic.(b) The sequence {n-17"¡ u nrlur"i"h".
Proof. The main idea of the proof is baserlon the equality

I  - T N(2 .2)  g  _  r ) I + f + . . . + 7 " - 1

{(T *  I )x[ , , (T)(r¡¡  :  {Ar,(T)((T _ 1) ' ) )
is rk'rrsc irr B. That is. the vector (T - I)r is Ctesáro-ht,¡rercyclic for Z. r

I inrraRx 2.5. Frorn
irr'¡rclc.r-c:lic. r.ector for Z

the proof of Theore,nr 2.,1 it fbllorvs tilat any Cesáro_is also superc.vclic for the ."q,,"r,",,-ir,_:r 1
3' unilaterar and bilaterar weighted shifts. This ser.ti ' ' rlears r,r,itlrrlr' r'r ' latiouship betrvee' tlie set of i¡.perc'.ii. op.r.at'rs a'ci the set 'f( r':ir.r-l^'p.rc.r'cric o¡rerat'rs. t' ,.r"ru ,r the 'rope'tr".r,rt.orrr"r.gerce (uri_: ;  ) l ruizat ion) that the CesAro ulealts r ,sr,al l . , , , , r ;o.r . , , , rr"  rrro1: think that the' ']r1(litiol) 'f clc¡sáro hypercvclicit' is .tio'ge. trralr l^'pe*,r..licitr.. hl this s.c-i i ( )rr  \ \ ' ( ' * ' i l l  apprv Theorern 2.4 to urr;Lr".nl  alr t r  bi l¿terar *r , igrr ter l  srr i f ts.\\''t slr.u' rhat anv ce_sáro-h1,p"..u".ri., 

l,lyratcr¿rr *=i;il;l srrifr is rrvperr_i 'rl ir" *'hile for the bilateral weigir;.ishifts this i.,,-.]t-;i,; c¿rse: rhere are'ir.r'¿ito|s that are not irvpercyciic but their cesár.u ,r,"nr,r-lIe irvpercvclic.I-r , r  {r , r}rr}rr  be rhe carronical  tasis of ¿r,¡á. : : ¡ ' í " i l ) , ' i , ,_,  , ,  a bou'decl
= 

''ilii,ifl,'il.c \ {0}, the'the uni,la'teral bar:kwarrt u¡eish,tert shiJt r : t2 ,--, ¿z
T e r r : L t n € n - r ,  n ) 1 .  T e ¡ .  : ( ¡ .
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Since the properties of hypercyclicitv and Cesáro hypercyclicity are invariant
under similarity, we can suppose that the weights are positive (see [Sh,
Prop. 1]). Analogously (2(Z) denotes the Hilbert space of bilateral sequences
which are 2-summable, and let {e.)r¿v be the canonical basis of {' ')(Z).If

{tu,}nru is a bounded sequence in C \ {0} the btlateral uteighted shift is
defined b1,

T e n  *  ' t x n € n - y .

As in the case of the unilateral shift we can suppose that the weights are
positive.

The hypercyclicity of unilateral and bilateral shifts has been studied in
several works (see [Gr], [N,fS], [Ro], [Sa1 3]). The basic tool to check if an
operator is hypercyclic is the Hypercyclicity Criterion. This criterion is a
sufficient condition for hypercyclicity that',r'as discovered b1' Carol Kitai in
her 1982 unpublished thesis (see [Ki]). It was rediscovered later by Gethner
and Shapiro (see [GeS]).

HvpBRcvcLICITy CRlrnRloN. Let {7"} be a ,sequence of bounded op-
erators on a sep&rable Banach space B. Suppose that there eri,sts a stri,ctly
'increa.s'ing seque,nce {n*} of posi,ti,ue in,tegers for u¡hich there are

(a) a dense, su,bset X cB such that l l4,^r l l  - -+0 for euery r  e X' .
(b) a dense sttbse.tY c B and a seq'tre.nce of mappirr.gs ^9¡. : l ' -Y such,

tha t  TnuSn:  i ,den t i t y  onY.  and l l s ry l ]  -0  fo r  eaery  y  €Y.

Then th,e sequence {7,,r} ts hgpercycli,c. that is, there erists o, uec.tor
r € B such, that {T.url is dense i,n B.

Observe that if a sequence {7,, } of operators satisfies the criterion for a
sequence {n¡} then it satisfies it for anv subsequence {rfr} c {n*.} I{ence if
a sequence {T,,} satisfics the criterion for {n¡} then {[.r ] is hvperc'r'clic for
an¡r subsequer)ce {"r} c {n¡.}:rvherr this pherrornenon happens the sequerrc:e

{7"} ir said to be he.redrtari,ly hypercyclic. The H¡,'percyclicity Criterion and
hererlitary hyperc¡.'clicity are equivalent for the seqnerrce of iterates 7,. : T"
of a single operator (see [Bés]).

F'rorn lSa2. Theorem 2.B] it is not difficult to derhrce that a uniiateral
lveiglrted backu'ard shift is hvpercvciic if arrd onlr,' if there is arr increasing
seqlrence {n¡} of positive integers such that

( 3  1 )
l L k

, .  TT
, I l l n  l l r r ' ¡ - ¡ o : ¡ g
A ' - x  ^

t - 1

for each non-negative integer q. Nloreover in [LN{2] it is sliowrr that any
hypercyclic unilateral shift 7 satisfies ¿hs flypercvclicity Criterion (that is,
t l re sequencg Tn:7" sat isf ies i t ) .
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PRoposlr toN 3.1. Let T be a uni, loteral  u:eiqLt. te:d backu,ard shiJt  u: i th
u,e,ight seqLrence {u',, },, >1. Thr:rr T ho,s Ltyperc:yr:li,c Cesit,ro rneerls i.f and only
i f  there, et ists at¿ i r tcrt :astng sequence. {ru} of  posi t iue integers such t l¿at,

1 , , , ,  l l l '  , , , , - ,  _ , .
A'--- -x ¡?A

for each non-neqo,t i t ,e inte:qer cl  .

Proof. Assurne that f is C'esiro-h1'perc1'c1ic. Lct q bc n non-negatir.e
integer and :  :  I l - ,  e. , .  Gir-err .  > 0. s ince f  is C'csáro-hvperc¡ 'c1ic.  there

exist a vector ,' : Ii, .r;É, rtlrd rr large enough (.n > 2q) such that

r ' -  : :  <  :

l r ' '  l:  < : .
l n

Conclition (i}.2) follorvs fronr tirc fact that the set of h¡'pero'clic vectors fbr
a hvpercr-cl ic 'sequence is a clense ( i ¡  set (see iGoS. Theoreni 1.2]) .  Fiorn
( 3 . 2 )  r i ' e  s o e  t h a t  l . r y i  (  :  f o r , l  )  q  a n c i , . r ,  -  l i  < .  f o r  0  I  I  I q

Frour (3.3).  i t  fo l lorvs that
n / l

I l , - i u ' , - ' . -  1
. t  s + ¡ ?  

_  
t

n

(3  2 )

and

( 3 . 1 ;

f o r 0 ( s
it follou's

( 17. Therefore. if u'e take into
tha t

f ] l ' : r t t ' ,+ .
I I

\ .

¿ r c c o u l r l  t l r a t  I . r ' . . , ,  1  <  =  l t t  > 2 r ¡ ' ) .

t -
t :

for 0 ( .s 1 tl. anrl this proves tlie necessitr-.
( 'o r rv r . l s * ' l r - .  s l lppose t l ra t  the le  ex is ts  a r r  i t rc t r -as i l rg  se( l l l c l ICo { r r ¡ . }  o f  pos-

itive integers such that lini¡.-- /,l l f]l1r ¿,',-n : ¡c for each l)orr-rlegi.itivc'
integer q. It is sufficient to sliol that tiie seqttence Tp, - l 'tr /n¡. satisfies the
H1'pero'cl ic i ty '  Cri ter ion. Indeed. take f  :  l -  :  l inear spatt{e,} , ,>¡.  Since
T"e¡r:0 for n large. rve ltal'e I¡ * 0 pclitrtrvise ott X. Define the sequence
of linear nrappings S¡ as

¿ A .

, ,  l T a  \  
'

)¡ , .Éq : ,^ \  l_+ 
, , ' ,  . , ,  )  (  q*r,1 .

Observe tliat I¡Sr is the identit¡' on l' and since n. (ll l ' j, u.'; )-r - 0 for each
q. rve have Sr. - 0 pointt.ise on l'. Hencen-rT" satisfies the Hvpercy'clicity
Criterion and therefore 7 is Cesáro-hvpelcvclic, ri 'hich vields the desired
result .  ¡
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R.Br'tanx 3.2. The proof above actually gives mole. nameh,, everv uni_
laterral weigirted backu'ard shift with hvlrercyclic Clesáro lnea¡s is hereditar-
ilv cesáro-hyperc-vclic, that is. there exists a'i 'creasirlg sequ€lnce {n¡} of
positi 'e integers such that for arv subseque'ce {rr} c {nr}, the sc<1uárce
II" ^. (T) is h)'percyclic.

Pr'¡rositiorr 3.1 together with the re¡surt of salas (see co'ditiorr (3.1) in
tli is section) r-ield ther folloq,itrg corollar.r-.

Con.orl'tRv 3.3. Erterg Cesdro-lryytercyc:lir: ur¿,ílateral tLtetghtetl slti.ft is
hyTte'rcyc:l,zc.

Fronr [Sa2, Theorern 2.1] te knorv t]r¿rt a
shift is hvpercvclic if ancl onlr- if there cxists
integers such tila,t for any irrteg^er 17.

a bilaterraI Lo,,t *-u.¿ rhifi is Cesr\ro-ln.per.cr.c,lic,
in lSa1.2] anr l  [NfS].  The. rk: t¿r i ls ¿irc lerf t  to r ]re

PRoPOsrrlox j}..1. Lr:t T l¡e u b,ir.o,t,t:tu,l, u:r: i.qltterl, shi.ft rr: i l l t  tt,e:iqht ,sc_
(!u(It(:( {¿¡',,},,e;. T}t.t:n T i,,s (la,sd,r'r¡-hqyx'rryr.Lic i.f tLnd onty i lt l t¡tt: r,:r i,sls q¡¿
i ¡ t t t r 'as inrr  'seqr t ' ( , ( :e  l t ¡ ,1  o. f  po,s/ , t i . r , i , teqt ' rs  s , , r : l t  thot  fo¡ ' , r t r  i r t t . r ,q . r  t1  .

f T t "  , '  Í 1  t '  I  I

¡ ¡ t , ,  l l '  1 " " ' ¡  
\  t t , t l  l i l , ,  l l ' ' "  i r " r  '  

-  [ J .A . - -x  nk  , ( ._ . . r  I tA .

Rr;r l . rnx 3.5.  As in  Retr ratk  i l . l l .  p¡1¡1¡¡ ¡ . i t i9r r  3.1 r ,¿ur  l r ¡  s t t .grrg- t l t t , ¡e_.r l
¿s l ir i lorvs: t 'r ' t 'r 'r '  Ct's¿\rrt-1N-pet'c'r 'r ' l ic bilater¿rl $'t ' ighte.'r l shift is lrcr.r¡rl i t¿rIi lV
( ' ns¿ r I ,  r - l r . r ' p t ' r ' r . r  r . I i r . .

Ex,rrtpl¡: i l .f i . Th,e bil,¡tte¡nl hack.tuttl shi,ft T d.t,.t ' incd bu l ltt: rt,t. irTlrt sr,_
qlr( 'n,( '(

( 3  t ) l i , r ,  TJ , , ,
A : ; r L " q ¡

In orcler to characterize rvilelr
lve follou. the t,cchniqut s rrsertl
rcacler.

i s ¡ t o Í, lt yyu'rr:;qr;l,t r:.

Proo.f. C)lisel.ve
( sr,.t '  conriit iorr ( 3..1)
obsclve that

fl" 01 ¿¿'o-;
t7

- \ arrrl 
*,¡,1. 

' f l  
tt,,, , - t l

_ [ t  r l  r r ' t ) .
" "  

I )  i . l  t t  , 1 .

bu,t it i.s Ce,sc)ro-l't qy' rc't1r.l it'.

that fll-rl ¿{rq -i is r,onst¿rnt. tlul'e.firrc, ll.
i l r  t l r i s  s c c l  i o l r l  f  i s  r r , r l  l r r . ¡ r c r . r . r . r . l i t . .  e ¡ ¡

Sa l¿rs ' theore- rn
the other h¿tncl

T - T / ¡

. - - -  r  I l , - = 1  ¡ r " 7 1 '
o l l  t l

t1

3.,1 the operator I

- | 2 " 1 , ,  i f r 7 > u ,
: <

l 2 ' 1 - , t f n  i f q < U .
: q

'n

Therrefore bv Proposition is  Cesáro-hvpercvt . l ic .  r
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4. Existence of cesáro-hypercyclic operators on separat¡le Ba-

nach spaces. Ilr [An] ancl [Re]. s. Ansari ¿rncl L. Bernal, solving inde-

penclently a cluestion posecl by Rolewicz (see [R.o]), showed that for ¿urv

separable B¿rnacir spzrce 6 there exists a ltYpercyclic operator T on 6. Itr

t¡e presettt se¡ct,itttt u,e r,vill show tha,t ¿II)-v s{)J)ara}lle fJ¿rrlach space atlrrtits a

Ccsáro-hvperc'vclit ' otrlertrtor'.

The crucia,l fac:t, irr this secticn is to slrorv the followirlg relsttlt:

'I'sr-ronnlr 4.L [,et, T be a tm,ilo"tt:r'o1, tLeiqhtrul, borkntto,r'd, sh'ift dcfiru'i, ort

¿'z(/+), rtith o ytos'itittt: tuei,qh,t, s(qIK.IL(\'{'tt ',,},,>t, art'd let' r be a' poszt'i 'rte

in,teqe.r'. ' l lt¡'n tltt ' operrttor se(l'tt,eTt,ce.

( I  +  T) "
¡ i '

s a,t i,s.fit's t l t t [ { ry¡x' r t' 11 r I i r "i t,'u Ct-i te t "i on,.

Tlrr ,<.rr .< '¡r  l . l  t :e¡t¡ ins Tht¡orcru l l . l l  of  lSa2l art t l  Proposit iorr  J '3,r f  [ i ,NI] ] '
' I ' l r ¡  pr.e6f 9f  Tht,6r 'crrr .1.1 is t '¿rsicr tharr lh¿rt ,  of  I ' r 'oposit i t l t r  '1. ; i  r ¡ l  l f ,Nf l l

tlra¡ks l9 tlu, lirl l1¡rvirrg ,u,r,l 'si<iti of 1]re Ilt 'pct't:vt'l icitr' (ll ' iteri<llt which ¿rpl)ca'l 's

i rr  l ( : loS] n,n<l [ I ,c.  T]r t 'ort ' l r r  21.

'I '¡tjolt.F,y L. lrt. \7",\ lx: (1. ,eqlt,(,rt.('(' o.f ronrrrttr,l,i,rr.q bort"rr,tl,cd, opt:nt,tors.

T | t t : , s t ' r1 t t t , t t t l \T , , | sa ' t i , s , t i , t : s t , | t , t : Í I ,u ¡ l t , t t ' . t1 r ' l i r ' i tu ( | t , i , t l ' r , l r ¡ r l , , i , | ,anr l
t l ¡ l l ] t t ro t t t ¡ r l - t , t ¡ i t l ' t lp t , t t ,s t ' t .sL, { .Vul l t l ( t | l ' , | l ( ) ,p( ' ¡ t ' l l t , i ,q l t I ¡o lJ l ' t ¡ t l r lWo, f
t, lt.t ' t ' t '  t ' :r i,st.g a, Ttrts' it i ,ttt '  

' irr, lt,qu ¡t sttt 'h' t,h,at

L' , , (L, t )  )W + A un,d'  7 ' , , (W) 'V + t / ' '

' f l r t '1r t96f 'o f  T l r r :o l t : t t l  ,1 .1 t ts t 's  t 'erc ' l t t r i r l t t t 's  of  lSa2]  to  ¡ r ro 'u ' t '  that  / - l  7

is ¡v'cr'<:r'r. l ic. w¡t,rr¡ 'n.r 'r 
' f 

is a wcigirte<l l l¿r,r 'krvarrl sl l i ft with pttsit ivtl rvtl iglrt 's.

\\ i '  rvi l l  als¡¡ rrt:crl ¿r lcuuti¿r rvllosc prciclf is ¿r, stt it,a,blc l lrt i t l i f i t:alioll of'Letl l l l la

: t . 2  i r r  l S l l l .

Ln l t l t , l  lJ .  I " i , t :  a ,?tos i t , ' iT t t ' in , t ( t tc t ' ¡ .  I 'e l  ( i , ,  -  ( t : ¡ . i ( r i ) )  bc t ' l t 'c  2h '  x  2"

n t.rLt,r'i,t: ttt'i,t.lt,
1 /  ? ¿  \

r . , . . , ( r i )  -  
, , , ( 2 u  t . ;  i )

Lrl, B,: (b,(rr)) bt: o, r:ohun,n,,Ltr:r:t,r¡t '  suth, t lt,o,t b¡(tt ') i ,s rt, ttt ' t iono,l fu,ncti 'orr

irt rr o.f cleqr?t, Q,t ntost 2A' - i -- r. tult,t,rt i  : 1, ...,2k' '. Tlx'¡t, ,foT n I 'a'r 'qe

"r¿orrnl,, 
utr; lt,urt: rletC' f 0 an¿ tl¿t:n' t:t: ists a, sollttxolL Xr, : (. i:¡(n)) o,f thr

, , ,1rot ' :bn Ru :  Cl , ,Xn aTLd t l¿e t :n ' tT ies: t ' ¡ (n)  'sat is fy  l r ¡ (n ' ) |  < Pf  r t i '  tú t t t t '  P

'i,s a rnnstan,t,.

Ner,v wer h¿rve ¿rll the ingrecliunts to cstablisir the proof ol 'Theorelrr '1.1.

Proof c,t.f TheoTem 1.1. In ¿rccord¿rrlce r"i¡1, Jhenrenl A. k:tu.v l ie two

non-void oDetl sets ancl W arl open rteighborhootl of the origirl' \\'e c¿ltr
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suppose that there exists a dense set in (2(z+¡ havi'g the form D: {z.i:
l i l ; t  z¿. ¡e¡ :  je  v ,+ j .

since D is de'se ad I'{ is ope',,we can choose zt € r,r rr D for some
posit ive integer k,  that, is,  z¡:  l i : ; t  z¿.k€¡.  \&'e adcl to the vector z¡ a
suitable vector r : DTt!r¡€.2r,¡¿_1to be determi'ed afterr,r,ards, with the
same length as zk, and we tr¡r to solve the following systern:

209

( 4 . 1 )

w i t h  p  -  0 . . .  . , 2 k  -  1 .  R e c a l l  t h a t

T^e, -  {  i l t ' - -*  ru 'L€"* 'n i f  m <1 s,
I u otherwise,

and observe that the matrix of the system (a.1) is the 2a x 2a matrix D :
(d¿.r) with entries

f  
( t * r , " / ' ; ' . ,  2 r

\  ,r ,  \  ? 
-, ,*",  i l rrcz,*,-r) ,  

"o) 
:  o

.  r l
d ¡ . j : - " [ " , ,

Then

det D : ( ht (u,20 ¡¡)2^ 
-rrl) 

aet ct  
r : l r i * r '  

'

where C - ci.r and c¿,, : n-I'(r-i,_,). By applying Lemma B, it follows
that if n, is large enough, the systi'r (a.1) is solvable. ancl the solution
satisfies lr"l < Pln for some constant p. Since

( l + T ) '  f  
' a - t  2 L  ,  2 ^  / p - I  / - t

, t  \  / - ' 1 . * e t  * l , r ¡ e 2 u t , - r )  :  I  
i  l \ -  l ' \ ,  

'
j : o  

'  '  
, : - , r ' | v ' z ^ + , - 7 ) :  , ,  

i ( * \ J ) ' '  ) x ¡ , € 2 , * u - r .

it follou's that

j l  (¡  + r l"  / ' i '  ,  
2^

l l  n ,  \L - r l ' " r . j r¿e2t ' ¡ ¡ -1 ) l l  =*

. J -
Tlt+r

where tr is another constant. That is, there exists a positive integer ns such
that if n ) no then there exists a vector r(n) (with small norrn)-sucir that

zn * r(r¿) e Lt anct g#L 
et" + ,(n)) e w,

i, -,)'"ü, 
''"

2 ^  t P - l  t  \  \

I  (  t  ( ,  ) r ¡ r r ¡ ,  ) l , " r l
p : 1  \ . r : o  \ J  ' /  /

(4 .2)
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that is.
/ I  +  I \ n'  

, t .  
L u ) ' -  r v  /  a  i f  ,  >  , o .

On thc other' hand let :¡ : fl l;t :., ¡e, be a r,ector in W o D ancl let
- 2 r 1  '

ln : l,]-ri !tr.¡r., be ¿r vector in V ¡ D. \\-e c¿rrl suppose r¡,' ithorrt loss of

,gt'rreralitv that A > l. Again u,'e ¿rdd to z¡. orxlu'ector rvith the sarne "lengtli"

¿lsi :A. ¿rrld rvc r:onsidrtr the linear svstern cif ecluntions

( 1  3 )

^ A  ¡  ¡ A

(( I  + r) ' '  
f  f ,  : , . ¡ .e¡ *  i . , ' , " ru-,  , )  , , .  " , \  

:  , ,
\  l l t  \ L  

J  L  ' /  ' /
'  i = t )  i : 1

ri-ith 7r : 0. . . . . 24 - l. Observe that the r:oeflicient nr¿rtl ' ir of the svsterr]
(1 . : i )  i s  the  2Á 'x ' )k  rn¿r t r i x  D:  ( r l ¡ . r )  w i th  en t r ies

,  1  (  n  \ " t '  
t

, t '  -  
, ' \ z *  r  i )  l 1  

r r ' * '

¿rrrr i  t i re f i 'erc tr¡r ' r rr  of  (1. i1) is R,,  :  (ó¿(¡¿)).  r . r ' l rert 'ó,(rr)  is a r '¿rt iorral  f rurct iorr
irr ¡r of <legrr.r' at rrrost 2k - ¡ - ¡'. Therefole applr.ing agairr Lemrn¿r Il it
l i r l lou.s that i {  n is iarge enough. the svsteur ( , t . l l )  l ras a solut iorr .  and this
:olrrtiorr s¿itisficls l:r¡ <1 plpt fcrr sorrrc c'<-ulst¿ult P. Since

,  - . , , ,  J '  |  2 '  ,  ¿ '  ,  r '  |  ,t t  L  I r  /  l -  -  , , , - t . t . i (  ¿ \ _ ;  , ) - , , , -  
'  

t l t  l ' ) a , ) r . t , ( . ) l  . t ,  t .
u ,  \ l - ' l . n ' I  /  

' ¡ ' ¿ ' - , - t J  : ¡ t  
t t t / - 1  L \ ; I '

/ - ( )  ¿ ,=1  "  7 t \ ; i )  \ ' t  /  /

it l iri lou's th¿'rt
, . 4  ,  , 1 .

t l  T ) "  / F ' . ,  s - -
, r  \ L  

- ¡ t ' ' , t ) , . r ' i { 2 t ' ,  t )  l l l
"  

¡ - - l  t  - - l

1  
' ^  t l ' L  /  \  \

.  ;  t  (  t  ( ' )  t r i t '  ) l i ' , , , r r  s
;  

\ ;  \ . / /  /

n-lrele 1- is a l lew cr-rrrst¿lnt. Hence. if n is largc cuough thclc exists ¿r
r  ( r i )  ( rv i t l i  srnal l  nonn) such that

L
.

1 7 t * r

Ve('tof

( [  ,  T \ "
¿ r  - F . ¡ ' (  r t )  €  \ V  a r t r l  +  ( : ¡ .  + . r ( r i ) )  €  l ,

'fhereforc' bl' (a.2) ir ,, i, large e'o'gn. iif n"r=

g#u))wla  a 'c lg#L(w)  nv+a
.\s a consequence of the latter. by Theorern A. (1 tT)" f n'' satisfies the
Hvpercvclicitr,' Criterion, and the proof is cornplete. r
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Rnltan¡' a.2. (a) The pro<-if of rhe,rclri 4.1 car be aclaptecl fot, rt,(z*)
r v i t h l < p < ) c .

(b) Obserr-e t l lat  Theorern 4. i  i rnJr l ies iu part icrr l¿r l  t l i¿rt  t l r t '6perator.1a
7' rvhere 7 is anY tttli lateral u'eighterl bacrkw¿rrci shift. is Cesár'o-l¡,pe1t:r,clir:.

Let 6lre tr, separable coriJrlex R¿ur¿rc,rr space a'd ret {.r:"}. {r..L} rre 1',o sr¡-(lrrcrICes itr B ¿urcl 6" res¡ret:tiveh'. Rec¿rll that {r,,..r' i} is a'bou¡¿ilttl binTtlt.t,¡rl-
o¡t.al sustetr¿ if both seqllences ¿rre bouncled, ,i,i(rrr,)': d,,.,,, itrlrl t|c li¡r,a,r
speltr of {.rr,,} is tlettser in 6. As applic'ation of t¡e Hallrr Ilarr¿rch t¡e'r.r¡'l()tle c¿Ill shtl\r't.ha,t;rttY seJlala,ble Banach spa,cc arhnits ¿r liorrnclerl ¡iort¡rig-
ottal s1'stt:ur (sce lLT. Thcorern 1.,1.f1). Therr:fole irr 6 rve can cronsidel thc
Sl l r )Spa,Ce 

.  T x

' Y '  - -  
{  L u " ' " : r t "  {  c '  t  ' " " ' . :  r  } '' r ¡  

r r  7 , t  )

u'hich is a R¿lr¡rch sptrce errrlorvccl u.iti i the rrorlr
. : ) a x

, ,  f  , , , . , .  i j  -  \ -  , , ,  tI ' f r , , '  , , r i t  
? ,

I r r  f¿rct  x¡ is isrr 'orpir ic t '  l r ¡v+ )  rx ' th.  isorrror ' ¡ l r r isr , , I :  (1 -  xr rref i ' . r i
I ¡ \ ' ' I r ' , , : . r ' , , ,  t t ' l te l ' t ¡  {rr , , }  is t l re starrr lar<i  uni t  vector l rasis 6l '  t1 ¡Z*1 t , ,e, t ,
7,, : (t -=lr l1-c ¿l seqtiellt 'e of borurde,rl l irrc'¿rr operators. A seqrulrcc of
o.?. ' .?Urlr  7, ,  :  B - '6 is saicl  to be a qtto, .s i_et: t ,en,s/ort ,  of  {7, ,}  i f  i , iX, :

to shou. th¿rt clerrst' srrltscts irr _y1 a,rer clensc irr 6. Fbr
to sho.,v th¿rt the i<lr:rrt i t l  rntrp (X1.l l  l i ,)  - (6. 11 i l)this follor,vs easih- ltt'carrse of the b'rurclerhl.r, ,,i tl,u

Finall¡' rvc. rretd
this. it is suffic.ient
is cont irruorrs.  Brrt
scquence {;r . , ,  } :

l1 \ -  , ,|  ' /  " " " ' " l l  !
l l : : ( l

' I ' r r i - :onelr , I . lJ.  
Et¡cr"u

l í r 'ope ' ra to r ' .

. , . , "r . t ' ;  
Lct {1, ,}_b(r al ly se( lu€'nc'e of posi t i r .e nrrrnbelrs rvi th !} i  r , ,  (  1,

¿ I t< l  le t  7 ' ( . r : )  -  f . I= , , t , ,+1 . r .1 ,  r , ( , r ) ; r , , .  S i r r r . r , thc  sec l r renc .c  { : r : i }  i s  l rour r r l t , c l .
th. ,peratt-r, f i, l,.,ur,..lecl. Nor.v u,e c'orrsirier. ther opcratu, i+i'u' lJ. olrscl r-r.
l l rat  i t  is a cl i t i rs i-extet is iot i .of  the opelatot '  I  +7. rvher. t :  7 ' is t l ic 1r.eig- l r tcd
lr¿rckrvarr i  shi f t  c lcf ined i t r  l i  l tv Ie¡ :0 ¿urr l  

' I -e,r :  
¡ , ,¿,.r ,  t .

Bv Thcorr: l r i  -1.1 and Renrark,1.2(a).  I  +T is Cesir t>l i \ . I rs¡c:r_cl ic o '  1r.()r t.lrc othcl h¿rnrl k:t ./ : ,t -- Xt be thc n¿rtrrlal isorriorlthisnr. Since
tl +'t')lXt : 'I(I +T).¡-t it foliorvs that if .r is ¿i Clers¿\r'o-irvpc:rr:r.clic r.ector
f i '  1* 7, t l ie '  . / ; ¡  is ¿r cesáro-rn'pero,c. i i r .vector for ( i+ f) l r r .  But i f  the

x.

\ - 1 .  t . ) r , .  t  . -
/ ¿ t " ¡ ¡  i ' l /  I - :

t / \ - 1 , ,  - r r . . r' ' '  
/ -  " ' ' l  ' t r  1 ' t  i 1

septt,r'abLr. Runo.c:h. s¡trrct: tLtlnt:its o Cr:,sijr.o_lt,tptr::rr,gc-
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{  t  I L - t \ ' i l  lorbi t  t (T:)  (r))  is dense in X1 for sorne r,  then i t  is also dense in B.
Tlrerefore I + f is a Cesáro-hypercyclic operator on 6. r

5. The norm closure of the class of Cesáro-hypercyclic opera-
tors. In this section we pror.ide a spectral clescription of the closure of tlle
class of all Cesáro-h1'percy¡lis operators on Hilbert spaces.

Let H be a separable Hilbert space ancl denote bv HC(H) the class of
nll h¡'percr.'clic operators ancl by CH(11) the class of all Cesáro-hvpercvclic
operators. \\re alreadv knorv that the trvo classes are different. Hornever. rve
vu'il l show that their closures in the operator norrn topologl' coincide. In
fliel] Herrero provirles a spectral descriptiorr of the norrn closure. tlC(tt),
cif the class I1C(t/). The class of all Cesáro-h1'percvclic operators C:H(11)
is inr,ariant rincler sirnilaritr,', ancl therefore it can be anah'zed u'ith the a¡r-
proxirnatiorr rnachinerv developed in lHe1. 3]. B:'rnealls of Theorern 2.4,
rve r,vill show tir¿rt the techniques used in lHe2] can be applied to olttain au
analogous result for the ciass Cf1(tl).

T l r e  s p e c ú r u , r n o f  a r r  o p e r a t o r  7 i s  t h e  s e t  o ( T ) :  { )  e  C :  T - ) 1  i s
rrot invertible). If K(.71) dertotes the ideal of all conrpirct operators acting on
tl, tlren the Calkin, algebra is the qrrotierrt spact L(H)|rcft).If T € L(H),
tlrc canorrical projectiorr of 7 o¡tct L(H)lK(tl) rn'il l be denotecl lrr-i. Tht
essential, spectrtnn, of 7 is o.(T) : o(i). Let 7* ileriote the :rcl.joint of T.
Recall that 7 € L(71) is callecl sern,i-Fredlt,oLnt, if ran T is closed and the inclex
Ind(7) :  din(Ker(7))-<i inr(Ker(7*))  is f in i t r , .  The set p"_r(7) r lenotes the
sern'i-Fred,h,ohrt dctntrLi.n.of T, that is. the sr:t of all cornplex riunrbcrs ) suclr
tlrat 7-) is se¡uri-Irleclholm. l'irrallr'. r','e rlt-'nt¡te irl'on-(f) úte \Irt:yl spec:trunr,
of 7 (thtrt is. of cornple'x tuunirers ) suc'h th¿rt 7- - I is not a serni-Fieclholrrr
otrrerirtor of inrlt 'x 0) anri b¡'o11(7) the se't t¡f a\l no¡'nt,ol, eigerntalles of T
(t l rat  is.  of  isola,tccl  point-s of o(T) rvhir .h ar.r ' r rot  i r r  o. .(Z)).  Thr:  spcct lal
rlescrilrtion of (iift) is the fciliorvirrg:

TnsonErl  5.1. Tl t t '  t ' l rL.q.reEq) ct t lc¡ , : ; t< o.f  those opeTators T e L(71)
.n l i . ' .1  a inq  l lu  t  o ¡ t t l i l i t ¡n . , :

(1) o¡.( f )  U 0D is r :on,nectr:d:
( 2 )  o ¡ 1 Q )  : 0 :  a t t d
(3) Incl(7 -  ))  > 0 . for al l . \  e p. ¡ ' (T).

Au essenti¿tl step in the proof of Theoreur 5.1 is the follc¡iving result.

PnoposlrroN 5.2. Assumt. tha,t T 'is a cle,sr'tro-ltyperc:ycli,c opera,tor'. Th,en

( i )  an(7* )  :  f l ;
( i i )  Ind(Z - ^) > 0 for al l  )  e p._p(T):



Operators with hypercyclt,c Cesd,ro rneans

( i i i )  o1a'(7) :  o(T);  and
(iv) o(7) U óD zs a connected set.

Proposit ion 5.2 states that CH(11) c {7 e L(}1):  7 sat isf ies (1) (3)} .
On the other hand using the continuitv properties of the Riesz- Dunford
functional calculus and the stabilitv properties of the semi-Fredhohn oper-
ators (see [Iie1. Chapter 1], [Ka. Chapter 4]), we deduce that the class of
operators satisfying (1) (3) of Theorem 5.1 is a closed set in the operator
nonn topologv. Therefore Propositiorr 5.2 shows that

( 5 . 1 ) eHf t )  c  {T € L( t l )  :7  sat is f ies (1) -  (3) } .

Proof of Proposi,tion 5.2. Observe that (i) was proved in Proposition 2.2.
On the other hand using the basic properties of selni-Fredholm operators
(the reader is referred to the classical book of l{ato [Ka. Chapter IV]) rn'e
see that (ii) and (iii) are consequences of (i).

As in [Ki], note that if an operator ? is Cesáro-hypercyclic and it is t]re
direct surn of tu'o operators 7'1 I Tz : 7 acting on ,FI1 & Hz, then each
r:ornpression 7, is Cesáro-hyperc.vclic on 11¡, i : 1,2. It o(T) inclucles a
connectecl cornponent o that is contaitied in D and if f/1 and 112 are tlte
R.iesz spectral invarialtt sttbspaces of 7 ¿r,ssoci¿rted rvith o and a(7)\o rvitir
o(TlH1):  o alrd o(TlH2) :  o(T) \o,  i t  fo l lows easi ly that l l ( r lHt)"r l l  . ,  0
as r¿ --+ cc, in part icular l ] r r- l ( f  I11)".r : i l  - -*  0 for each r € Ht.And this
contraclicts tire Cesáro hv¡rercyclicitv of 7]1{1.

Nou,' let us prove that o(7) carrrrot inclrrcle a, closed subset rr C C \ D.
Since ¿r seqlrence {7"} of invertible operators is hvpercl'clic if an<i onlv if t}re
sLreuonC€ {T;t} of tirc corresponcling irtverses is also hlpero'clic (see f(ioS.
p. 2:lal). for everr-operator T that is (.les¿\ro-hvpercl'clic an<l iur.ertible. the:
sequerrce {nT-'"} is hvpercvclic. Sr-rpposer that o(T) inclrrrles a closercl sttirset
o C C \ D. Let It bc the operator associatecl to a in the Riesz spcctr:rl
rlec'ornposition theorern and fI1 Jrc the irrr-¿u'iatrt suirspace corrcspclttdirrg to

l. Observr: that Tr is invertible ancl o(I, 1) C D so ]17r ":rll - 0 expouctt-
tiall¡- as ¡¿ --+ fc, {br era,clt r € fl1. Tliet'clix'c liri lf ' 'r:l l * 0 fot c:¿rc:ir.r e IIr,
u,hich contrarlicts the f¿rct that Ir is C'esár'o-hvpercl'clic otr f/1 . r

In ordel to pror:e the rer,urse ilrchrsiorr in (5.1). it is rlecessal'\¡ to colr-
st luct sorne moclels.  T'hat is,  givcrt  a,n operutor '7 's¿t isfving (1) (3).  wc t ] ) l lst
construct a, Cles¿\ro-h]'percyclic: I such that ]T - 7:i] < :. Flerrero sltou'etl
tirat given an operr:rtor satisfr,' ing (1) (3).tliere exists a hypercvclic operator
7l srrch that ]17 - 7: 1 < s. Follo$'ittg the proof of D. A. Herrero (see [IIe2.
Plopositir-xr 2.4 ¿rnd Theorc'rn 2.11) and taking into account Theorem ?,4 otter
c'¿rri show that the rnoclel constnrcterl thelein is ¿rlso a Cesáro-hypert'cyclic op-
t,rator. llence. this proves tirer revetse itrclusiou in (5.1) ¿rnd thus the proof
of Therorem S.l is finished.
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6. Final remarks

7. In.firtttc-di,nt,r:n.s'i,ctn.o,l. iltl)spa,ces of Cr:,sr\n¡-lt'ype:t'c,ucl,ic uet:tors. Lr [LNI2]
i1, is shorvn tir¿rt the existertc:e¡ of an infinitr,-rlimensional subspace of ln'pcr-
c),clic t.ec'tors fr,¡r ¿rtr opelator 7- basic¿rllv depelrds on the esserrtial spectnun
of 7. Fol thc Cesáro-ltypercr.'clic case a,n anakrgous lesult can be obtainerl
u,ith sorne rea.t'raltgentetrts in t.he proofs.

THgoRElt. Let T a, t¡ou"ndecl ope.rntetr orL a separo,ble Ra,nu.ch spac,c B.

(a) If XI,,(.T,') scttisfi.es the Hqpercudicitt¡ (;r' i, ler"i,on an,d t,he r;sser'j¿ ial sptr:-
l,rum o.f T i.ntt,rsec:t.s the closed, untt rlisk. t.h,en T h,as an infinite.-d,intcr¡.lir¡nal,
close:d nt"bs¡tol:r: u,h,ose non-zer'o r:lenter¿ts o,re. Ce.si:tn¡-lr,ype.rcyclic .for T.

(lr) If l,l¿r: t:ssent,ia,l spect'num of T does rtot int,ersect, the closed, tmi,t di.sk:
then, aLl cLosul. nrbspol:es of Cesd:o-hqperc:yr:l,ic Lter:tot's for T haue u finite
cLirner¿si,on,.

2. ht ¿¡ti aualogorts \\¡¿t\. we c'¿ltr clefirte the rrotion of Cesirro supercvclicitv.
Arr olrerator Z ort :r separable lla,rra,ch space 6 is Cir:sr\ro-srLpercyc:lic if there
err ists a vector.¡  srrcrh that the set {)11,,  (T)¡:  r¿ € N. )  e C} is dense in 6.
Usirrg the tecirniqtte-s of Section 2 atrrl sornt: iclr:¿rs u.hich ¿lppear in iNIS] one
calr prove tirat (lt 's¿\ro supcrcvclicitr-is ecluiv¿rlcnt to srrpercr'clicitv.

3. [rina]lr'. a,,!i \\re Lr¿rn sce in Drrnfold's theclrernr. conclition (b) is rrot usr:rl
a,lcing the u,ork. It u,orrld be interestirrg to krrou'the role th¿rt conclitiotr (lt)
plavs in the lrvpcrcr,clic setting.
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