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ABSTRACT. We present a new characterizatioA Qf weights in terms of Carleson measures
that involve the doubling properties of the weight. We prove that a doubling weibktongs to
Ao if and only if
2
dxdy
y

w(I;h)
w(l;)
is a Carleson measure m;, wherez = x + iy, andI;", I, denote the right and left half of the
interval I, = (x — y, x + y). A similar result holds irR", n > 1.

1. Introduction

The purpose of this note is to prove a new characterizatiohygfveights. We shall
present a criterion in terms of Carleson measures involving the doubling properties of the
weight. We will consider weights dR, and show at the end of this article how the argument
can be modified to obtain the equivalent resulRih » > 1. A locally integrable positive
functionw is in the classA if forany o, 0 < o < 1, there exist$, 0 < 8 < 1, such
that for all intervals/ and all subset& c I,

|El < all| = w(E) < Bo(I)

wherew(E) = f wdx. ltis then an immediate consequence that ang A, is a

E
doubling weight, that is, it is a locally integrable function for which there exists a constant
¢ > 0 such that for any intervdl C R

w(i) <cow()
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where! denotes the interval with the same centef aand double its length. An equivalent
definition of A, weights, which in fact it is the one we will use, is the following: A weight
w is in the classA if and only if

Iogfw—floga)‘ <c (1.1)
1 1

. 1 _
for some constant > 0, and all intervald, Wherefw = m / w. See [4] for this and
/ I
several other equivalent definitions as well as for the connection of this theory with singular

integrals and BMO.
Our result is related to the work R. Fefferman, C. Kenig, and J. Pipher in [2], in
particular they show that a doubling weighis in the classA,, exactly when

|V, (% @)

|a)>x<<I> |2 ydxdy
y

is a Carleson measure @i where® is any non-negative function in the Schwarz class
S(R), with/ ®dx = 1, and®,(x) = y~1®(x/y). Recall that a measune onR? is

R
called a Carleson measure if there exists 0, such that for any squam@ of the form
0 =1x[0,1], u(Q) < c|I|. The smoothness conditidn € S(R) is essential. Actually,
if P(t) =711+ %) ~Lis the Poisson kernel, the condition

|V, (o Py)|?

|a)>|<P |2 yrdy
y

describes a class of weights, called invaridgt; which is smaller than the class af,,
weights. See [5].

In [2] the dyadic situation is also considered: A weighs a dyadic doubling weight
if w(I) < co (D), for all dyadic intervald , wherel is the smallest dyadic interval properly
containing/, andw € A% if (1.1) holds for any dyadic interval. In this context they
provide a characterization of¢, in terms of the doubling properties af over dyadic
intervals. More precisely, a dyadic doubling weight A if and only if for each dyadic
interval I,

(1222 i<em (1.2)
=00

where the sum is taken over all dyadic intervalsontained in/. Related results can be
found in [1, 5]. The characterization df,, we prove can be understood as a non-dyadic
version of (1.2). Before stating the theorem we need to introduce some notation: Given a
pointz = (x,y) € R?F, denote byl, the interval onR centered at and lengthy, and by

I, I the right and left half of;, respectively.

Theorem 1.
A doubling weight» belongs toA if and only if
2
| o) dxdy
w (1)) y
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is a Carleson measure iR? .

Results in a similar spirit can be found in [3], where relations between the doubling
properties of a measure and its regularity properties such as being singular are studied. The
rest of this article will be devoted to the proof of the theorem and to discuss its extension to
R", n > 1.

2. Proof of Theorem 1

Proof. Givenx € R, denote byl'(x) the cone with vertex at,
F(x)z{z:(t,y)eRz, [x —t] <y, 0<y<1] .

Let us consider the area function

= o ga)(lj)l/za)(lz_)l/z y2

and its truncated versioAlz(x) where the integral is defined over the truncated cone

L) =Tx)U{0<y <}

271w (1)
o (I Y20 (1)1
the geometric mean of the densities:obver the intervald™ and/_, that isw (1)/ |IZ+\
andw(I;)/ |17|. Sincew is a doubling weight the quantity

Note that

is exactly the ratio between the arithmetic mean and

2 (1)
1/2 \12
o (1) o (17)"
is uniformly bounded by a constant only depending on the doubling constast thfat

will be denoted byp. Note also, that the doubling condition @f implies thatn(z) is

w(IF) |2
— < with comparison constant only depending@nSo

n(z) = log

1

comparable tal?(z) =

z
n(z) measures the error done bywhen doubling at the intervdy}.

To avoid notation, throughout the rest of this articleill always denote a quantity,
which may change from line to line, and which is bounded by a constant only depending
onp.

The theorem will be an easy consequence of the following estimate

|ogfw—f|ogw=fA%,|(x)dx+c. (2.1)
1 1 1

Let us first prove the theorem assuming (2.1). Denot®by I x [0, |I|] the Carleson
square associated to the intervak [a, b]. By Fubini and the fact thaj(z),z = (¢, y) €
Ri, is uniformly bounded, we obtain

AZ (x)dx = @dm(z) dx = @dm(z)+c|1| .
1 ‘” 1 Fm(x) y2 Q y
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Hence

fAl,l(x)dx— m/ @ i) +e. (2.2)

So, assuming (2.1), sinogz) is comparable t@/?(z), the characterization od., given

in Theorem 1 holds if and only #2(z)y~1 dm(z) is a Carleson measure as we wanted to
prove.

Next, observe that as a consequence of (2.2), (2.1) is equivalent to

Iogf flog III/ @d (z2) +c. (2.3)

So, it only remains to show that (2.3) holds. Set (x, y) € R?, and define

2 Yw(1y)
d(y) = f log dx
el w (I;r)l/zw (I;)l/z

then

1
/ @dm(z)zf 2w, / dy. (2.4)
oy 171/2 . Z Yy

We will use some cancellation properties to estimate the Sush(y/2). In fact, ®(y) +
®(y/2) can be rewritten as
w(x—y/2,x+y/2)
(x =y, )20 (x, x + y)1/?
-y, 22
+/Iog wox—y,x+y)/ »
wx —v/2,x)Y2w(x, x + y/2)1/2

To estimate the first integral, observe that

B(y) + By/2) = / log dx
I w

b 1 b
/loga)(x—y/Z,x—i—y/Z)dx—E/ logw(x — y,x)dx

a 1 ) ) a

—5/ |Oga)(x,x+y)dx=/ logw(x — y/2,x + y/2)dx

1 b+y/2 1 b—y/2
——/ |Oga)(x—y/2,x+y/2)dx——/ logw(x,x + y/2)dx
2 a+y/2 2 a—y/2

1 a+y/2 a
=5 / |ng(x—y/2,x+y/2)dx—/ logw(x — y/2,x + y/2)dx
a a—y/2

1 b
+—</ |Oga)(x—y/2,x+y/2)dx—/
2\ Jp—y2 b

which can be bounded hy, wherec depends on the doubling constantaf Therefore,

b+y/2
logo(x —y/2,x +y/2)dx | ,

_ b w(x —y,x +y)/2?
00)+ 00/ =y + [ log 2P T
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Repeating this argumehg times, we obtain

_ ko+1
q) y/zk _cy+ |g o(x —y,x+y)/2 dx
12 12
w(x —y/2k, x) o (x, x + y/2k)

Using the doubling condition ab again, and setting = |/| /2’5 we get

Z‘D y/2k> Zd>(|1|/2k)+c|1|

11/2 41
) b o — ], x+1)/2]1|
=cli| +/a %9 (ol =5, /0 2w (x, x + 8) /)12

I

-4, 8
w(x x4+ )dx

w(l) b
= 1 Illog—= — |
cilI|+|I]log 7 /a o9 2

So, lettingd — 0, by (2.4)

/ @dm(z) —c1|1|+|1||09——/log“’(x)dx
0y 7]

which proves (2.3), and therefore Theorem 1. []

Remark. The theorem can be extendedR®, n > 1, The area function to consider in
this case would be

. d
2 :/ 0g QW) [y L
= Je) 9 em(0aw, vy Wy T €

whereQ(w, y) denotes the cube R" centered atv € R" of sidelengthy, anda.m (g.m)
denote the arithmetic (geometric) mean of the density of/er the 2 disjoint subcubes,
Oy, of O of sidelengthy/2. Then, it can be shown ([3], Lemma 2.2) that

am(Q(w,y))
g.m(Q(w,y))

d?(w, y) ~ log

where
"o () |2
w(Q)
So,d(w, y) measures the error done ywhen doubling at the cub@ centered atv and
sidelengthy. Following similar arguments as in the one dimensional case, it can be proved
that a doubling weight belongs tad . (R”) if and only if d%(w, y) dx dy/y is a Carleson
measure iR, We omit the details.

d’(w, y) = max|1 -
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