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KP THEORY OF EGOROV NETS

M. Manas,' L. Martinez Alonso,' and E. Medina?

The theory of multicomponent KP hierarchies is used to characterize explicit examples of Egorov nets. A

0 dressing method for Cauchy propagators is found to be particularly efficient.

1. Introduction

Two decades ago, it was found that the theory of orthogonal nets

M
ds® = H}(du;)?
=1

is closely related to the theory of integrable systems of the hydrodynamic type in 1+1 dimensions [1-3].
Moreover, a particular type of orthogonal nets (the 0-invariant Egorov nets) was relevant for classifying
topological quantum field theories [4]. In this work, we describe some recent developments regarding the
application of the KP theory to the theory of Egorov nets. The relevant underlying system of partial
differential equations is [5-7]

9Bis _ BirBr; =0, i,j,k=1,...,N, with i,j,k different,
8uk
0Bij  OBji . o
7 j — Y, yJ = ]-7 s 7Na )
8ui+5uj+ > BriBr; =0, ] i F ]
k=1,..,N
ki,

where 8;; := H[laHj/aui, with the conditions

0
ﬂij = ﬂji, 8H1 = O, 0 := Z 8—
J

U

In this context, an important mathematical structure, the class of Frobenius manifolds, was proposed [2, 4,
8-10]. Locally, a Frobenius manifold is determined [4] by a flat metric,

N
d82 = Z T]ij dx; dxj,

ij=1

and a commutative associative algebra structure,
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with a unity d;. The metric ds? must be invariant with respect to this product, and the deformed connection
ViX7 = 0,X7 42 (x) X", (1)
k

where z is a spectral parameter, should have zero curvature.
Much of the structure of Frobenius manifolds is encoded in the systems of deformed flat coordinates
0(z,%) [4, 8-10] for connection (1)

ViV, =0
or, equivalently,

0:0;6, = 2> _ ch; ()01 (2)
l

On the other hand, it follows from the assumptions on (1, c};(x)) that there exists a function F = F(x)
(the free energy function) such that

Cijk = 8¢8jakF,
and because of the associativity property of the algebra, I’ satisfies the Witten—Dijkgraff-E. Verlinde—
H. Verlinde (WDVV) equations [11, 12]
Zaiajaan”asamakF = Zaiamaan”arajakF. (3)

In a system of deformed flat coordinates normalized by

01'(0,)():33‘1', i=1,...,N,

Eq. (2) implies [4] that a free energy function can be derived from

O F(x) = 82' (0, x).

Furthermore, the coefficients of the expansions

0:(z,x) = Zh¢7p(x)zp (4)

p=>0

determine an infinite family of functionals

H; p[x] = /hi,p+1(x)dt7
which are in involution with respect to the Poisson bracket

{2 (t1), 27 (t2)} := 07 &' (t1 — t2).

The corresponding Hamiltonian systems constitute an integrable hierarchy of systems of the hydrodynamic
type.
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2. KP hierarchies and the Grassmannian

The N-component KP hierarchy can be introduced as a family of flows in an infinite-dimensional
Grassmannian [13, 14]. Let D(r) and v(r) respectively denote the disk {z € C : |z| < r} and its boundary
{2z € C:|z| =r}, and let H, () be the set of Laurent series

o0
g anz"”

n=—oo

with the coefficients a,, € My (C) (the ring of NxN complex matrices), which converge on the circle v(r).
Next, two different Grassmannians Gr.(,) and Grfy(r) are required.
Definition 1. The elements of Gr,(,) are the subsets W of H,(,) such that
1. Wis a My(C) left-module and

2. the projection operator P, : W — H;r(r) from W into

H;F(T) = {w € Hypy w= Zanz”}

n=0

is a bijective map.
*

v(r)
1*. V is a My(C) right-module and

Similarly, Gr is given by the subsets V' of H, such that

2*. the projection operator P, : V — H;F(T) is a bijective map.

There is a map

Gry(ry — Gl WeWH,

such that for each given W € Gr,,, the subspace W* € Gri’;(r) is the set of those v € H, ;) satisfying

/ w(z)v(z)dz =0 YweW.
y(r)

Typical elements in the Grassmannians are provided by the & method. Given an appropriate N xN
matrix distribution R(z,2’) with support in D(r) x D(r), the corresponding W € Gr, ) is the set of
restrictions to (r) of the solutions w(z) of

8w / / / 2/
—(2) = w(zYR(z', z)d*2".
5 ()= [ wERE)

Then W* € Gr7j(, solves

ov
—(2)=— R(z,2"v(z") d?2'.
Fe=— [ R

Definition 2. Given W € Gr,(,.), its associated KP Baker function is the unique element ¢ € W' that

admits a convergent expansion of the form

P(z,u) = x(z,u)o(z,u), X(z,u):IN+Zan—(nu), ucU(r)N, zen(r).

z
n>1
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Also, the adjoint KP Baker function is the unique element ¢* € W* with the expansion

Y (z,u) = Yoz, u) " 1x* (2, ), X*(z,u) =In + Z a*’;—(:), ucU(r)N, zeryr).

n>1

Here, Iy = vazl E; denotes the identity matrix in My (C). We note that for all u € U(r)™, both
X(z,u) and x*(z,u) are analytic functions of z on the domain C\ D(r).

The Baker function satisfies the so-called N-component KP hierarchy. This hierarchy is an infinite
system of linear equations

oy

6um

:Pi,n(u78)¢a izlv"'7Na n =1, 8:al++8N7 (5)

where P; ,(u,0) is a family of linear differential operators in 0.
The first few members of hierarchy (5) are

oY

—:Eiaw—’_[a’lin]wv i:]-v"'va
3%’,1

which can be rewritten as

i _ g, i £, (6)

8uk
with
Vi = (Yir, ..., i), ugi=up1, B =ar.

Analogously, the adjoint Baker function satisfies the linear system

W i, ik )
where
(G
=1
Vi

The compatibility of either (6) or (7) implies the Darboux system of equations for a conjugate net. More-
over, (6) and (7) show that for a given set of rotation coefficients 3;;, there is an associated family of con-
jugate nets with tangent vectors and Lamé coefficients given by (X;); := X;; and H; = Hy;;, 1 =1,... N,
where

X(u) ::/¢(z,u)N(z) d’z, H(u) ::/M(z)w*(z,u) d’z.
o o
Here, N(z) and M (z) are appropriate N xN matrix distributions.
3. The Cauchy propagator

Definition 3. Given W € Gr,(,), its associated Cauchy propagator is the Green’s function ¥ =
U(z,2',u) of the d operator,

ov

E(z,z’,u) =76(z—2), 22 €C\D(r), uclU(o),
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satisfying the boundary conditions that

1. for every fixed u € U(oo)™ and 2’ € C\ D(r), the restriction of ¥ to (r), as a function of z, is
an element of W and

2. as z — 00,
U(z,2',u) = O(%)wo(z, u).

The next theorem [2] relates the Cauchy propagator to the Baker function. The notation

is used.

Theorem 1. The Cauchy propagator associated with an element W of Gr can be written in terms

of the KP wave functions i and * as

y(r)

SO W) forle] < 12
U(z,2' u) =

S u [lew) for [ < Jal.

The entries of ¥ satisfy the differential equation

O
8ui

(z,z’,u) = w;i(z/vu)wik(z’u)' (8)

As a consequence of (8), the net function of the conjugate net with tangent vectors and Lamé coefficients
respectively given by (X;); := X;; and H; = Hy;, [ =1,... , N, is given by the Ith row of the matrix function

X = M(2)¥(z,2)N(z)d*zd*2" + xo,
CxC

where X is an arbitrary constant matrix.
4. Egorov reduction

Definition 4. An element W € Gr,(, satisfies the Egorov reduction if
1. for every w € W, the function w(z) := zw(z) is also in W and

2. for every v € W*, the function 0(2) := v(—2)" is in W.
The next theorem was proved in [15].

Theorem 2. If W € Gr.,(, satisfies the Egorov reduction, then for any nonsingular matrix N, the

functions

0i(z,u) := (M (\If(z,o,u) - 1)J\/)li, i=1,...,N, (9)

z
are a system of normalized deformed flat coordinates for a Frobenius manifold determined by

1. the O-invariant Egorov metric

ds? = in(dui)Q, H;(u) := (¢(O,u)./\/) ,

i1
i=1 ¢
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2. the system of flat coordinates

N
= Z 0 dr; dv;, n=N"N)"*

i,j=1
3. the structure constants
. N Ouyg, Ouy Ot

KA = 0z’ 0xd Qur,

We note that as a consequence of (9) and (4), every W € Gr,(,) that satisfies the Egorov reduction
determines a hierarchy of systems of the hydrodynamic type with Hamiltonian densities given by

1 ogrtt

BT A 0.0)

hi,p( )

1 z:O.

5. Dressing conjugate nets

We now consider the dressing method for conjugate nets [16]. Let D(r) and D(7) be two disks centered
at the origin with r» < 7. Let «(r) and v(7) denote their respective boundaries and A denote the annulus
D(7) — D(r).

Definition 5. A matrix distribution R = R(z,2z’) with support in A x A determines a dressing
transformation

TR . Grfy(r) = Gl",y(f), W — W,
where for every W € Gr, (), the corresponding W e Gr, (7 is the set of boundary values on () of matrix

functions w = w(z) satisfying the 0 equation

ow

g(z) = / w(Z)R(Z',2)d*2', z¢€ A,
A

and such that the restriction of w to v(r) is an element of W.

For the case of a separable kernel

=71 > Cruful2)gi(2),

k=11=1

the dressing of the Cauchy propagator can be explicitly performed. Here, Cy, are constant complex N x N
matrices, and f; and g, are scalar distributions. In order to determine the corresponding transformation,
it is useful to introduce the notation

i) = [V ARE L k= 1m,
A
ve(2) ::/\I!(z,z')gg(z')dQZ', (=1,...,n,
A
Wek :z/ V(2" (g2 d? d*2", k=1,....m, £=1,...,n.
AxA
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We also define the matrices

1
= (15 pm) * A = Mnxmn(C), v=|: |:A— Munxn(C),
Vn
C = (Cn) € Mynxnn(C), w = (wek) € Mpnsmn(C).
It then follows that [16]

U(z,2) =U(z,2) + p(z)C(1 — wC) 'v(2).
6. Dressing Egorov nets

The Egorov reduction is preserved under the dressing if

veW* =t (—2) e W.
For kernels satisfying
2R(z,2') = /' R(—%', —2)",
R(z,2) = R(—7%',—2)",

the corresponding dressing transformations preserve this reduction. Furthermore, these conditions imply

R(z,2") = Ro(2)d(z — 2'), Ro(2) = Ro(—2)".

Separable kernels of this type are

Ro(z) =7 Y [Ckd(z — pr) + Co(z + pi)),
k=1

where C are complex N x N matrices and p € C, i.e.,

R(z,7") Z [Crd(z — pr)d(z" — pr) + CLo(z + pi )0 (2" + pr)]-
=1

The corresponding dressing transformation, which in principle may suffer from singularity problems,
becomes well-defined provided

C:}=0, k=1,...,n
Explicit examples of Egorov nets and their corresponding Frobenius manifolds can thus be characterized
by dressing the vacuum solution [15]. For example, the free energy function

1 1 x
Flor,.on) = gai + (@ +af) + S+ +af) +

1
+_[1+2p2($§+"'+x?v)]\/1—p2($§+"'+x?v) -

6p3
N 2 22 2
— Pl B w§+ +al

satisfies WDV'V associativity equations (3).
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