H

i PHYSICA

ELSEVIER Physica D 147 (2000) 259-272

www.elsevier.com/locate/physd

Symmetries, periodic plane waves and blow-up-ab systems
J.L. Romero, M.L. Gandaridsk. Medina

Departamento de Matematicas, Universidad de Cadiz, PO Box 40, E11510 Puerto Real, Cadiz, Spain

Received 23 July 1999; received in revised form 26 June 2000; accepted 25 July 2000
Communicated by F.H. Busse

Abstract

Nonclassical symmetries of one-dimensional reaction diffusion equations Jefthgpe, have been studied. The functional
forms of A andw for which the system admits nonclassical symmetries have been determined and the corresponding reduced
systems have been obtained. Some of these reduced systems admit symmetries which lead to further reductions. Among the
several classes of exact solutions that have been obtained, asymptotically periodic plane waves appear as similarity solutions
of A—w systems. We also have obtained a family of solutions that exhibit a blow-up process. © 2000 Elsevier Science B.\V.
All rights reserved.
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1. Introduction and preliminaries

Reaction diffusion equations whose kinetic ordinary differential equations (ODES) possess a stable limit cycle
have been widely studied in the last two decades. Let us consider a reaction diffusion system of the form

= Ayu+ fu,v,y), v =Axv+gu,v,y) (1.1)

such that the corresponding diffusionless system exhibits a Hopf bifurcation to a limit cycle at the bifurcation value
yc. Kopell and Howard [11] proved that (1.1) can be transformed into a system of the form

uy = Ayu + A(2Qu — w(@v, vy = Ayv +w@u + A2V (1.2)

nearyc.

On the other hand, systems of type (1.2) are important, among reaction diffusion systems, by their symmetry
properties. In fact, if a system (1.1) is invariant under rotation&jn) space, then it has the form (1.2) [1]. The
A—w systems exhibit many different types of solutions: spiral and scroll waves [8—10], periodic plane waves [11,13],
spatiotemporal chaos [12]. Sherratt [18-20] has studied the evolution of many of the above-mentioned types of
solutions, from given initial conditions, by considering some specific caseanfiw.
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Although group analysis of differential equations has been applied in many fields of mathematical physics, only a
few studies have been made forw systems. Steeb and Strampp [21] studied the particulancase— z2, w = 2.

Suhubi and Chowdhury [22] obtained the most general symmetry group admitted by one-dimensional reaction
diffusion equations with arbitrary source functions. Archilla et al. [1] obtained classical symmetkias sfstems

in two-dimensional media and characterized these systems, among reaction diffusion systems, by their symmetry
properties.

In this work, we study the classical and nonclassical symmetries of (1.2) in the one-dimensional case and we
reduce (1.2) to systems of ODESs. Besides, by means of additional symmetries of one of these reduced systems, we
characterize some families of solutions of (1.2) presenting the following behaviours:

1. Source solutions that lead to asymptotically periodic plane waves propagating with opposed velocities depending
on whetherr > xg or x < xg, xo being an arbitrary point.

2. Solutions exhibiting a blow-up process at finite time. This blow-up process propagates through a fixeg point
with non-constant velocity.

3. Bounded solutions which behave as the sources wislarge enough.

Van Saarloos and Hohenberg [23] have studied the generalized Ginzburg—Landau equation which contains, as a
particular case, system (1.2). They are primarily interested in the study of uniformly translating solutions, that have
the formu + iv = a(&) €@~ and several classes of solutions have been found. Solution (3.60) in [23], that
has been obtained by means of a specific ansatz, is physically the same as one of the solutions that appear in our
Section 4 and are referred to as source solutions.

The classical method for finding symmetry reductions of partial differential equations (PDES) is the Lie group
method of infinitesimal transformations. The fundamental basis of this technique is that, when a differential equation
is invariant under a Lie group of transformations, a reduction transformation exists. The machinery of Lie group
theory provides a systematic method to search for these special group invariant solutions. For systems of PDEs with
two independent variables, a single group reduction transforms the system of PDEs into a system of ODEs, which, in
general, is easier to solve than the original system. Most of the required theory and description of the method can be
foundin[3,14,17]. To apply the classical method to system (1.2), one looks for an infinitesimal generator, of the form

0 0 0 0
V=Ex,t,u,v)— +n(x, t,u,v)— + P1(x, t,u, v)— + Ya(x, t,u, v) —, (1.3)
0x at ou ov

that leaves invariant system (1.2). This yields an over-determined linear system for the infinitésimalls and
Y. Classical symmetry reductions have been derived fo(2he 1)-dimensionalk—w system in [1], and for the
(1 + 1)-dimensional case in [22], via an isovector approach.

In the last decades several generalizations of the classical Lie group method for symmetry reductions have been
formulated. Bluman and Cole [2] developed the nonclassical method to study the symmetry reductions of the heat
equation. Clarkson and Mansfield [5] presented an algorithm for calculating the determining equations associated
with the nonclassical method. This method has been used, with much success, to generate many new symmetry
reductions and exact solutions for several physically significant PDEs. These solutions are not obtainable using the
classical Lie method [4,6,7].

In order to apply the nonclassical method to system (1.2), we require only the subset of solutions of system (1.2)
and the surface condition

§uy +nu; — Y1 =0, §vy +nv; — Y2 =0 (1.4)

to be invariant under the transformation with infinitesimal generator (1.3). These methods were generalized by Olver

and Rosenau [15,16] to include “weak symmetries”, “side conditions” and “differential constraints”, although their
methods are too general to be practical.
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2. Determination of the A-w systems which admit nontrivial symmetries

We impose that the transformation group generatet! jgs defined in (1.3), leaves invariant (1.2) when (1.4) is
satisfied. We study the problem separately, depending on whetady orn = 0.

Case 1.1f n # 0, we may set)(x, ¢, u, v) = 1 without loss of generality. The nonclassical method applied to (1.2)
gives rise to 15 determining equations for the infinitesimals. From these equations, it is easily found that

E(x,t,u,v) =&1(x, 1),
Ya(x, ¢, u, v) = Y1a(x, Hu + Ya(H)v + Yaa(x, 1),
Yo(x,t,u,v) = Y21()u + Ya2(x, )v + P23(x, 1). (2.1)

Besides, if we exclude the case wherandw are constant functions, we have thiak = 23 = 0, V21 = —V¥12
andyp2 = v11. By substituting (2.1) into the determining equations, it is found §hat11 and+/12> must satisfy

11 | 9% 0E1 08
B LS AT A T ) 22
ox T2 S T (2:2)
dr 9%y aYn 0&1 0€1
_WJ.lZd_Z — axz + _3t + 2w11$ — 2)\a—x = 0, (23)
do  dyn2 &, &1
— + ——+2 — 4+ 20— =0. 2.4
Y112 & + o + 2y12 P + 20 o (2.4)

From these equations we deduce:

Case 1.1.For A andw arbitrary functions, the only symmetries that are admitted by (1.2) are
& =k, n=1, V1 = kav, V2 = —kou, (2.5)

wherek; andkz are arbitrary constants. It can be checked that symmetry (2.5) is a classical symmetry. This symmetry
just expresses the invariance of (1.2) with respect to translations in the independent variables, and rotations in the
phase space:, v).

Case 1.2.For

AMz) =alogz + b, w(z) =clogz +d, (2.6)
wherea, b, c andd are arbitrary constants, two subcases can be considered for which additional symmetries are
found:
Case 1.2.1.1f a #£ 0,

£ =k, V1 = ko€ + <%(1 - 4+ k3> v, Yo = — (%(1 - 4+ k3) u+koefv.  (2.7)

Case l1l.2.2.If a =0,
& =k, Y1 = kou + (—ckot + k3)v, Y2 = —(—Ckot + k3)u + kov. (2.8)

We remark that (2.7) contains (2.8) (if we take limitas> 0in (2.7) we get (2.8)). We also point out that symmetry
(2.7) is a classical symmetry.
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Case 1.3.For
A(z) =aZ' +b, w(z) =cZ' +d, (2.9)

wherea, b, ¢, d andn are arbitrary constants, we obtain that

2
Y11 = ——&14,
n
and that,, ¥12 are related by the following conditions:

Yo + 260012 =0, Enox— 2(610)% — b, — E1¢ = 0, népex + 41xx — 206161 — néy = 0. (2.10)

We can consider two subcases:

Case 1.3.1.If y12 # O it is easy to see that (2.10) is a compatible system if and owly=if0. Then

. X—X0 _ u B k1 B k1 y
t=—57=n  "Taaoo <T_t+d>u ¢2—<?t7+d>u+a7t5. (2.11)

It can be checked that symmetries (2.11) correspond to classical symmetries.

Case 1.3.2.If Y12 = 0, the first equation in (2.10) becomes trivial, and our problem reduces to deterr&ining
Due to the difficulty to solve this system, we look for solutions of (2.10) in wi§icHoes not depend an Then,
&1(x) verifies

&' — 2(5)° — bng; =0, (2.12)
(n 4 )& — 2n&1E; = 0. (2.13)
This is possible only it = 2 andk; = —9b. We can consider two subcases:

Case 1.3.2.1If b # 0, i.e.A(z) = aZ + b andw(z) = cZ + d, then the infinitesimals for our symmetry group

are
/b b 3 /b
§=-3 Ecoth[ E(x+k2)}, wlz—zbcosecﬁ[ E(x+k2)]u—dv,

Vo = du+ gb cosech [\/g(x + kz)] 0. (2.14)

This is a nonclassical symmetry which does not correspond to a classical symmetry.

Case 1.3.2.2lIf b = 0, then the infinitesimals are

3 " 3u J v J 3v
- =——— —dv, =du — ——.
X+ ko LT T T k)2 2 (x + k2)?

This result can be obtained from (2.14) by means of taking the lintit-as 0.

f;—':

Case 2.1f n = 0, then we can take, without loss of generality- 1. In this case, it is found that:
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Case 2.1.For arbitraryr andw, the unique admitted group is given by

§=1 n=0, Y1 = kv, V2 = —kuu,
which means the invariance of (1.2) with respect to translatiomsaind rotations if(u, v).
Case 2.2.Fori(z) = alogz + b, w(z) = clogz + d, we have

Yi(x, 1, u, v) = Yaa(u + Ya2t)v, Valx, 1, u,v) = —Y12(Du + Y11(t)v, (2.15)
whereyr11(t), ¥12(t) must satisfy

Y11 — a1 =0, Y12+ cy11 = 0.

Therefore,
k k
V1 = k1€ — [%(eﬂt -1+ kz] v, Yo = [%(eat -1+ k2:| u + ky €. (2.16)

Whena = 0 infinitesimalsyr1 andyr» can be obtained by taking the limit as— 0 in (2.16).

3. Symmetry reductions

In this section, we investigate the reduced system of ODEs that corresponds to each one of the symmetries found
in Section 2. The reductions that can be derived through the groups of translations and rotations can be obtained as
in [1].

The onlyA—w systems which admit nontrivial symmetries are of the form

A(z) = ad(z) + b, w(z) =cé(z) +d,

whered(z) stands fos(z) = 7" or§(z) = logz. These two cases will be studied separately.
Before doing this, and for further computations, it is convenient to change from var{ablego polar variables
(z, ¢), where

u = z COS¢, v = zSing.

In terms of variablesgz, ¢), (1.2) can be written as

2
it = Ixx — Z¢§ + zA(2), ¢r = Pxx + sz¢x + w(z2). (3-1)

We may set/ = 0 without loss of generality. In fact, defining= ¢ — dt, then (3.1) is transformed to

2
2 = Zxx — 292 + aB(z) + bz, O = Pxx+ St +¢8(2). (3-2)

The symmetries we have found in Section 2, that are written in terms of variabley must be then written in
polar variables. The similarity variables can be obtained solving the invariant surface condition or, equivalently,
solving the characteristic system

dx dz? do

ar =, EZZWM‘FZUWZ, ar

v u
= _MZ + 02 wl + 02 T vzwz' (33)
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Reduction 1.2. n = 1, §(z) = logz. Let us first suppose that# 0. From (2.7) and (3.3), we obtain that similarity
variablesw, x andk are given by

k c
w = x — kit, z =exp[;2(eat—l)]x(w), ¢ = a—iz(ea‘—at—l) — kat + k(w),

and the ODE reduced system takes the form

kox —kix'+x¢?—x" —axlogx —bx =0,  kax +kix¢ +x¢' —2x'¢ +exlogx =0,
where¢ = k’ and’ stands for ddw. If @ = O similarity variables and solutions can be obtained from the above
expressions by taking limit as— 0.
Reduction 1.3.1.n = 1, §(z) = 7", b = 0. From (2.11) and (3.3), we can deduce that the classical symmetry
reduction is given by

w = xT_fot, = (T -0V w), ¢=—klog(T — 1)+ k(w), (3.4)

and the reduced system is

1 1 1 2
X' = Swx’ = ~x —xt¥+ax"t =0, 5'—§w§+}X’§ +ex" —k1 =0, (3.5)

where¢ and’ are defined as above.

Reduction 1.3.2.n = 1, 8(z) = z2. From (2.14) and (3.3), we obtain the nonclassical symmetry reduction

2 b 2 b
w=t+ glog [cosh[\/;(x + kZ)H , = \/;tanh[\/;(x + kz)} x(w), ¢ = k(w), (3.6)

and the reduced system is
W2y + 18ax% — 9y’ — 2x¢% + 2" =0, —9bx¢ +18x3+2x¢' +4x'c =0, (3.7)

where¢ and’ are defined as above.
We point out that (3.6) and (3.7) stand foe= 0, by means of taking the limit @s— 0. In fact, wherb = 0, the
nonclassical symmetry reduction is given by

w=1+3ix+k)? =@ +kdxw),  ¢=kw),
and the reduced system is

X0 =x"=9ax>=0,  x¢'+2¢'¢+9%x>=0.
This system coincides with (3.7)#f = 0.

Reduction 2.1. » = 0, §(z) = logz. From (2.16) and (3.3), it follows that the symmetry reduction is given by

z = explk1 %) x (1), 0= [C—kl(eat -1+ kz] X + k(1).
a
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The reduced system is a nonhomogeneous linear system fgrdagk whose solutions are

272 2 2
ek 2ckek k b—k
l0gx = ——3H (& — 2ate” — 1) - — (@t — & 1) + LN 1)+ —2 (&~ D) + kae”

3k2 2)a k2
L@ gate? 4~ 2at—5) — 22 (2ate™ — 4 4+ 2at+ 4)
a

30 bc—c 2k1ko + C
k%(ezat 26"+ 1) + —zk%(ea‘— 1-a + ﬂ( — 1) + ka.
a
We finally remark that itz = 0 similarity variables and solutions can be obtained from the above expressions by
taking limit asa — 0.

4. The casef(z) = z2: new reductions and solutions

As it was pointed out in Section 1, thew systems that have drawn the most interest are those that, in absence
of diffusion, possess a stable limit cycle. In order to find the functional formisafdw corresponding to these
systems we write the diffusionless dynamical system associated to (1.2) in terms of the polar coordinates in the

phase spacg, ¢):
7 = Q. z—f = 0.

It is clear that this system exhibits a stable limit cycle if and only if there exigtss 0 such that\(zg) = 0
and (d/dz)(zA(2))|;=z, < 0. One of the simplest examples verifying these conditions(i$ = aZ + b with
a < 0, b > 0. On the other hand, in the previous sections we have found thatthsystem corresponding to
A(z) = aZ + b, w(z) = ¢Z + d admits a nonclassical symmetry and we have reduced the system by means of
this symmetry to the ordinary system (3.7). Since this system presents the behaviour we are interested in, we focus
our attention on this reduction, takimg< 0 andb > 0. We also observe that this system is a generalization of the
one studied by Steeb and Strampp ([21} ¢ — z°, @ = 2). In this section, we obtain a family of solutions of the
corresponding—w system by means of classical symmetries of the reduced system (3.7).

System (3.7) has two fixed points:x, ¢) and (i, ¢), where

X:_f2| |\/3a+\/9a +8¢2, E:%(3a+\/9a2+8c2), (4.1)

2

if ¢ £ 0and

b _
{ = ———, =0, 4.2
if ¢ = 0. By standard methods it can be checked that two of the three eigenvalues of the linear associated system
have positive real part, consequently, these solutions are not linearly stable. The corresponding solutiarsof the

system will be considered later.
4.1. Reduction to a first-order autonomous system
In order to get classical symmetries for system (3.7) we look for an infinitesimal generator of the form

v==§&(w, X, Z)—+¢1(w X C) +¢z(w X Z)



266 J.L. Romero et al./ Physica D 147 (2000) 259-272

that leaves invariant (3.7). The infinitesimé&ls ¢1 and¢, must satisfy a linear system of six determining equations.
Since looking for the general solution of this system is too difficult, we restrict ourselves to solutions of the form

&1(w, x, ) = &1(w),
d1(w, x, &) = dr1(w) x + p12(w)¢ + P13(w),
P2(w, x, &) = ¢p21(w) x + P22(w)¢ + P23(w).

Introducing these last expressions in the system of determining equations, it is easy to find that
E1(w, X, §) = ki +kae @2V pi(w, x,¢) = 3bkee” AWy gow, x, 1) = Sbkee” PPV,

wherek; andk; are arbitrary constants. Hence, two infinitesimal generators are

d d 3b a9 3b_9
— _ a—Bb/2)w
=—, =€ —+—=x—+=t—|.
w7 [8w+ > X5y T 2434}
It can be checked that{, vo] = —%’bvz. If we reduce (3.7) by usingp, we get that the similarity variables are
"3
wp=xe @2 LT e @2, (4.3)
X< 2

In terms of these variables, (3.7) is reduced to the first-order system

d d
wfm—Xl + 2wix? — 2 4 9aw? = 0, w1x1—§l + 2x1¢1 + 9cwy = 0. (4.4)
dw1 dw,

We can use symmetnmy to transform (4.4) into an autonomous system. By writingn terms of variables (4.3),
we obtain

It can be checked that is a classical symmetry of (4.4). The corresponding canonical coordinates are given by

2
w2 = ——logws, X2 = X1, (2= e (4.5)
3b w1
In terms of these variables, (4.4) takes the form
dxa _ 362x3 —¢5+9a de2 9 xal2+3c 4.6)
dwy, 2 X2 ’ dwp, 2 x2 .

4.2. Sources and blow-up solutions

Using the previous reductions, we are going to obtain some families of solutions aféheystem we are
considering.
System (4.6) has two stationary solutions of the form

(X2, £2) = £(X2, ¢2)

with

1 - 3v9%2 4+ 8¢2 + 9
)_(225\/3\/96124-86‘2—961, §2=—Sgr(c)\/ a +2C + a,
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where the sign function is defined as usual:@gnr= 1if ¢ > 0, sgnc) = 0if c = 0and sgiic) = —1if ¢ < 0.

Before proceeding further, we remark that solutions corresponding to both=sigais only in the signs of and

v. Therefore, it is not worth getting on our discussion with the double sign. From now on we take the solution
(x2, £2) = (X2, ¢2). This solution is transformed by (4.5) into a solution of (4.4):

X1 = X2, {1 = Qowi.

In order to get the corresponding solution of (3.7), we need to solve the second equation in (#,3)dfor

x" 3
=5 4.7)
x? 2
with an initial condition that we take as
x(O0) = xo with xo #0. (4.8)
By standard methods we obtain that the solution of (4.7) and (4.8) is given by
1 1 177t
x(w) = [(— - f) e /2w 4 T} : (4.9)
X0 X X

which exhibits different behaviours depending,an It is easily found that
1. If xo = x, (4.9) is the constant function

x(w) = x

corresponding to (4.1) or (4.2).
2. If xo > 0, (4.9) becomes infinity at

3. If x < xo0 <0, (4.9) is a bounded solution satisfying

lim x(w)=gx. (4.10)

w—>00

4. If xo < x, (4.9) remains bounded in [B80) and verifies (4.10). On the other hand, by (4.3), we also have

-1
=a(2 - Yewan 2]
X0 X X

and since =k’
2 - 1 1 1 -
k= @C |Og (g — }) e—(3b/2)w + }‘ +¢w+C, (411)

where(C is an arbitrary constant.
Now, we will analyse the associated solutions of th@ system we are studying. Let us observe that condition
(4.8) means that we have fixed the solution of (1.2) on a curve:

2 [ [ 2 :
7= \/;tanh[\/;(x - xo):| xo whenr + ﬁlog [cosh[\/;(x - xo)]] =0,

where we have takety = —xg in (3.6). Hence, the solutions we are studying are solutions of (1.2) with boundary
conditions.




268 J.L. Romero et al./ Physica D 147 (2000) 259-272

We will consider four cases, depending on the valuegyof
1. xo = %, in this case from (4.9) and (4.11), we have

x(w)y=x,  k(w)=iw+D (4.12)

with D = C — (2¢/3b) log|x|. Coming back to (3.6) witth, = —xq and taking into account that = ¢ + dft,
from (4.12) we get

2 b
7= \/;tanh[\/;(x — xO):| x> (4.13)

¢ = 3_2175 log [cosh[\/g(x - xo)ﬂ + (¢ +d)t+ D. (4.14)

System (3.2), witl$(z) = z2, can be written in complex form as
A = Ay A+ (a +ci)|AJ?A + bA (4.15)

whereA = u + iv. This is a particular case of the complex Ginzburg—Landau equation. For this equation, van
Saarloos and Hohenberg [23] have studied several classes of uniformly translating solutions, i.e. solutions of the
form

A =a()dVE-on (4.16)

where¢ = x — VtandV, w are arbitrary constants. By making the specific ansatz

—2kok
A=ap <%) exp(i (%s + qu—*olog coshkopé — wt + E)) , (4.17)
whereay, ko, ¢+, g— are real and is complex, they have proved that, for some values of the constants, (4.17) is
a solution of (4.15). Our solution (4.13) and (4.14), with= 0, is a particular case of (4.17): it corresponds to
a2 =/2/bx. z=—-1V =0, qy =0, ko = /b/2, q_ = /8/9b¢ andw = —7.

In order to classify our solution (4.13) and (4.14), among the different classes of coherent structures studied
in [23], we must put it in the corresponding settings. If we define the variallegs = d¢/dé andk(¢) =
(1/a) da/dE, insertion of (4.16) into (4.15) leads to the system

z—g = ka, j—]g = —k? = Vk+ ¢% — aa® — b, 3_;] = —29k— Vq— o — ca®. (4.18)

The classification of coherent structures: pulses, fronts and domain boundaries (sources and sinks) [23] can be
established in terms of the fixed points of system (4.18). SiheeO, itis easy to check that there are four fixed
points of (4.18) whose first coordinate is not null. These are denotdd hy,, N3 andN4 and their coordinates
appear in the second column of Table 1. These nonlinear fixed pgints(«;, g;, k;), correspond to travelling
wave solutions of (4.15) of the form(x, 1) = o; € @11 74X, The linear stability character of;, for 1 < i < 4,
can be obtained by linearization of (4.18) abaistand by determining the sign of the real parts of the roots of
the corresponding secular equatiafdst a;112 + a;21 + a;3 = 0; these signs appear in Table 1.

We will now analyse the relationship between these fixed points and our solution (4.13) and (4.14). For this
solution

2 b 2 - b
a(x) = \/;tanh<\/;x> X qg(x) = %; tanh<\/;x) , (4.19)
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Table 1
Fixed points Coordinates Real parts of roots

c>0 c<0
N1 <+ /—f +,/(b— *w) ) (+,+,—) (+,— )
Ny <+,/ -,/ — fw) 0) (+,—-) (+.+. )
N ( [+ =20, 0) o+ 0) (+ =)
Ny ( ,/—f -/ — fw) 0) (+, = -) (+ + )

andk(x) = (1/a(x))a’(x). Sincey/2/by = /—w/c andi 3vV2/ /b¢ = /b — (a/c)w, it follows that

im (@), g, k() =Na, - lim(a(x), ¢(x), k(x)) = N1,
Jm (@), q(x), k() =Nz, lim_(a(x), g(x), k(x)) = Na,
Jm (@), q(x), k() =Ns,  lim_(a(x), q(x), k(x)) = Nz, X >0, ¢ <0,
xﬁ)f[loo(a(X), q(x), k(x)) = N1, Xﬂrﬂw(a(xx q(x),k(x)) =Ns, x<0,c<0.

>0, ¢>0,

i

<0,c>0,

i

Therefore, our solutions (4.13) and (4.14) correspond to heteroclinic trajectories of (4.18) that connect two
nonlinear fixed points and, hence, they correspond to domain boundaries, eitherGforc < 0. The group
velocities in the corresponding frames moving with velodity= 0 are given, according with formula (2.51)
in [23], by 1y = 4¢; ca . In every case, these domain boundaries have outgoing waves: the fixed points in the
left column(x — oo) have negativey and those in the right colum@x — +o0) have positivevg for the
corresponding signs gf andc. Therefore [23], these heteroclinic trajectories are sources (takget).

Now, we will analyse some asymptotic aspects of solution (4.13) and (4.14). Let us observe that

Z(x) ~(x —x0)x asx — xp, ¢x(x0) =0

and that (x) and¢, are bounded functions &s— xg) — oo. This type of solutions corresponds to a wave which
is emitted on alternating sides of the care= xo and periodically. This type of solutions is, for two-dimensional
A—w systems, the analogue to spiral waves.
Let us analyse the behaviour of solutions given by (4.13) and (4.14) nearby and faraway the core. From (4.14),
it is clear that

\/Z| |>1 theng¢ 1\/E| lc+ @ +d)yt+D 2‘:lo 2
Slx = X0 3V " xol¢ + (£ 3b9,

while

b 1 -
\/;x —xo|>1 then¢ ~ é(x —xo)zé‘ + (& +d)yt+ D.

11t should be mentioned that the nomenclature for coherent structures is not uniform in the literature. We have adopted the terminology in
Ref. [23].
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Fig. 1. Source solution correspondingite= —1, b = 2, ¢ = v/2, d = +/2, x0 = 0, x0 = 1/+/6.

Then, the solution of (1.2) determined by (4.13) and (4.14) can be considered as a wave with constant amplitude
and velocity whenx — xg| > 1. This wave has opposed velocitiesras> +oo. If we denote these velocities
by v+ then

b d

and then the role ofy varies depending on the sign of the parameters. This solutiod,/fo< —1, is plotted
in Fig. 1.
If xo # %, using again (3.6), we have

)= \/? sinh [/6/2(x — x0)]
= b Wxo — Y)e @721 1 (1/3) cosh 1/B/2(x — x0)]’

1 1 1 b
(— - T) e GP/2 L — cosh \/i(x — X0)
X0 X X 2

2. If xo > 0, the solution blows up at any fixed point at a finite time given by

. Elog 1-X/xo
3b “cosh|/b/2(x — x0)]’

thus, the blow-up propagates througjwith a non-constant velocity

3b2(1 - 3 /xo)e” /2"
[1+ (1 - x/x0)%e~ P12

We plot the amplitude of this solution in Fig. 2, the blow-up on the curve (4.20) can be clearly appreciated.
Let us observe that if we take= €V in Eq. (3.60) of [23] and assumss now the temporal variable, a family
of solutions describing blow-up processes can be found. However, this behaviour is not explicitly mentioned in
[23] and the relationship between this family of solutions and our blow-up solutions is not clear.
3. If ¥ < xo < 0, the solution is bounded inands and ag — oo behaves as the source (4.13) and (4.14). This
solution is plotted in Fig. 3.
4. If xo < x, fort > 0, the solution remains bounded and it also approaches to the souree as.

2 i}
¢(x,t)=@§ log + (& +dt+C.

(4.20)
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Fig. 2. Amplitude of a solution exhibiting a blow-up process. The corresponding parameters=are-1, b = % c=+2d =2,

x0=0, xo=1.

Fig. 3. Bounded solution behaving as a source as oo. The corresponding parameters are= —1, b = % c=+2,d=+2 x =0,

—_ 1
X0 = — 100"

5. Conclusions

In this work, we have classified the one-dimensiorab systems which admit classical and nonclassical sym-
metries and we have reduced these systems to ODE systems by using some of these symmetries. Besides, we have
been able to reduce the order of one of these systems (the one obtained by using a nonclassical symmetry) and in
this way we have got some solutions of the system. Consequently, some new solutions of the corregpanding
system have been found. As far as we know, some of these theoretical results are new.

Finally, we have devoted ourselves to get the dynamical interpretation of the solutions obtained in this symmetry
reduction context. In this way, we have found
1. Special solutions consisting in sources with core in an arbitrary potatxg. Depending on the sign of the

asymptotic velocities the behaviour of the core varies, and both cases are not equivalent due to that (1.2) is not

invariant under temporal inversion. The asymptotic behaviour nearby and faraway the core is analysed.
2. A family of solutions which present a finite time blow-up process propagating through a fixed: poing.
3. A family of solutions which behaves asymptotically (as- co) as the sources.
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