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In this paper we find some new classes of solutions for a family of Cahn-Hilliard
equations. For some equations of this family several solutions have already been
obtained by using several methods: the Lie method, the direct method and the
singular manifold method. We make full analysis of the symmetry reductions of the
family of Cahn—Hilliard equations by using the classical Lie method of infinitesimals
and the nonclassical method. New classes of nonlocal symmetries for the family of
Cahn-Hilliard equations are obtained. These nonclassical potential symmetries are
realized as local nonclassical symmetries of a related integrated equation. For an
equation of the Cahn-Hilliard family with the conditional Painlevé condition, we also
compare symmetry reductions by using the nonclassical method with those obtained
elsewhere by the singular manifold method. For this equation, we obtain nonclassical
symmetries that reduce the original equation to ordinary differential equations with
the Painlevé property. Such symmetries have not been derived elsewhere neither by
the direct method nor by the singular manifold method.

1. Introduction

The Cahn-Hilliard equation was introduced to study phase separation in binary alloy
glasses and polymers [4] and it is a good approach to spinodal decomposition. Based
on the numerical version of the Fourier transformation approach to the nonlinear Cahn-
Hilliard diffusion equation, computer simulations of the spinodal decomposition for a
model alloy were carried out by Liu and Haasen [14]. The Cahn-Hilliard diffusion equa-
tion is also an equation that serves as a model for many problems in physical chemistry,
developmental biology [2], and population movement [8]. The existence of a weak solution
for the Cahn-Hilliard equation with degenerate mobility was proved in [9).

The Cahn--Hilliard flux equation describing diffusion for the decomposition of a one-
dimensional binary solution can be written as

Ug + Kgzas — (f(w)ug), =0, (1

(89]
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which is appropiate for the cases in which the motion is isotropic. Here u is the solute
concentration at point z, t is the time, f/(u) is the interdiffusion coefficient of solute,
which is concentration dependent, k/2 is the gradient energy coefficient describing the
contribution of the diffuse interface to the decomposition. In [8] bifurcations of the
equilibrium to nonuniform states have been discussed for f(u) = Dy + Dau? and in [15]
several nonlinear results were derived.

Although the direct method is found to be more powerful than the Lie classical
method [5], similarity reductions for the Cahn-Hilliard equation (1), with f(u) = u and
f(u) = u?, have been obtained in [17] by using classical Lie symmetries as well as the
direct method. The direct method did not yield any reduction that could not be obtained
by Lie classical symmetries.

In this paper we solve a complete group classification problem for Eq. (1) by study-
ing those diffusion coefficients f(u) which admit the classical symmetry group. Both the
symmetry group and the diffusion coefficients will be found through consistent applica-
tion of the Lie-group formalism. The fundamental basis of the technique is that, when
a differential equation is invariant under a Lie group of transformations, a reduction
transformation exists.

Motivated by the fact that symmetry reductions for many partial differential equa-
tions (PDE’s) are known that are not obtained by using the classical Lie group method,
there have been several generalizations of the classical Lie group method for symmetry
reductions. Clarkson and Kruskal [5] have developed a direct method for deriving sim-
ilarity reductions of PDE’s; this method does not employ group theory. Bluman and
Cole [3] developed a nonclassical method to study the symmetry reductions of the heat
equation. Recently, the family of Cahn-Hillard equations (1) has raised a great interest
because of an apparent contradiction between the scope of the singular manifold method
(SMM) and the nonclassical symmetry reductions.

In [10] Estévez and Gordoa developed a method for identifying the nonclassical sym-
metries of PDE’s using the SMM, based on the Painlevé property (PP), as a tool. They
studied six different equations, of which four were equations with the PP while the other
two were equations with only the conditional PP. The obtained results allowed them to
propose the following conjecture: “The singular manifold method allows us to identify
nonclassical symmetries that reduce the original equation to an ODE with the Painlevé
property”.

The combination of this statement with the Ablowitz, Ramani and Segur conjecture
[1] means that for equations with the PP, the SMM should identify all nonclassical
symmetries. Nevertheless, for equations with the conditional PP, the SMM is only able to
identify the symmetries for which the associated reduced ODE’s are of the Painlevé type.
Recently Tanriver and Choudhury [18] have applied this method to a family of Cahn-
Hilliard equations and their results were in apparent contradiction with the conjecture
proposed in [10]. However, Estévez and Gordoa proved in [11] that the results of [18]
were incomplete.

In [11] the authors claim that, for (1) with f(u) = u, the SMM allows them to
determine two different symmetries and that these symmetries are the only ones in which
the associated similarity reduction leads to an ODE of Painlevé type. Nevertheless, for
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(1) with f(u) = u, apart from the symmetries derived in [11], we have derived two new
nonclassical symmetries for which the corresponding associated similarity reductions lead
to two different ODE’s of the Painlevé type.

2. Lie symmetries and optimal systems

To apply the classical method to (1) we require that the infinitesimal generator
V =&z, t,u)d, + 7(x,t,u)0; + ¢z, t,u)d, (2)

leaves invariant the set of solutions of (1). This yields an overdetermined, linear system
of equations for the infinitesimals &(z,t.u), 7(z,t,u) and &(z, ¢, u). Having determined
the infinitesimals, the symmetry variables are found by solving the invariant surface
condition

P=E€u, +7ur —p=0. (3)

We consider the classical Lie group symmetry analysis of Eq. (1). The invariance
of Eq. (1) under a Lie group of point transformations with infinitesimal generator (2)
leads to a set of forty determining equations for the infinitesimals £(z,¢t,u), 7{r.t.u)
and ¢(z,t,u). The solutions of this system depend on f(u). For f(u) arbitrary, the
only symmetries admitted by (1) are the group of space and time translations, which are
defined by the infinitesimal generators

V1=8A,;, ngat.
Iu this case, we obtain travelling wave reductions
z =1 — A, u = h(z),
where h(z), after integrating once with respect to z, satisfies
kR — f(h)h' — Ah = k. (4)

Eq. (4) is invariant under translations and this allows us to reduce the order by one.
The only functional forms of f(u), with f(u) # const., for which Eq. (1) has extra
symmetries, are f(u) = (au + b)” and f(u) = de®”, and these symmetries are defined
respectively by the following infinitesimal generators:

2 2
V31 = g0z + 4t0; — —n(au + b)8y, V32 = xlx + 4td; — —0,.
a a

For the sake of completeness, we provide the generators of the nontrivial one-dimensional
optimal system which are:

-— for f(u) = (au + b)™ the set {(V1), (Va), (V1 + V2), (Vi) };

~ for f(u) = de®, the set {{V1), (Va), (Vi + Va), (V) }.

Since Eq. (1), with f(u) = (au + b)" and f(u) = de**, has additional symmetries, and
the reductions that correspond to V; and V; have already been derived., we must only
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determine the similarity variables and similarity solutions corresponding to Vi and V2,
which are:

— for V3
z=atTi,  w=tTPh(z) - -,
where h(z) satisfies the ODE
1
hll//__nn//_fl_ npn—lep/N2 = p .
k a”h™h 4h nah" " (k') th 0 (5)

Eq. (5) does not admit Lie symmetries. Nevertheless, for n = 2 this equation can be
easily integrated with respect to z, yielding

kh" — a2h2h — Zh =k

— for V£

where h(z) satisfies the ODE
AkRPR™ — 4d [h2h” Y (h’)2] — 4kh? [4h'h"' +3 (h”)2]
— B3R + 48kh (h')° b — 24k (B')* + 2h* = 0. (6)

Eq. (6) does not admit Lie symmetries.

3. Nonclassical symmetries

The basic idea of the method is that the PDE (1) is augmented with the invariance
surface condition (3) which is associated with the vector field (2). By requiring that
both (1) and (3) are invariant under the transformation with infinitesimal generator
(2), one obtains an overdetermined nonlinear system of equations for the infinitesimals
&(z,t,u), T(x,t,u) and ¢{x,t,u). To obtain nonclassical symmetries of (1), we apply the
algorithm described in [7] for calculating the determining equations. We can distinguish
two different cases:

— In the case 7 # 0, without loss of generality, we may set 7(z, ¢, u) = 1. The nonclassical
method applied to (1) gives rise only to the classical symmetries.

— In the case 7 = 0, without loss of generality, we may set £ = 1 and the determining
equation for the infinitesimal ¢ is

kbezrs + 4kdPuybrz + Ahktus bz — fbze + 3kduu(dz)? + 6kd?duuude + 12kdduusds
+10kSubuubs + 6kuzztdy + 4hdubuzds — 3F 0bs + kd* unun + 4k° unuz
+6k$>Pubuun + 6k Puuzz + 12k6% Gy buus + 4kd® (Guu)? + 12k6% Pz bu
+7k¢? ($0)*bun — FO*buu + 4kPPuszs + 6kdduduss + Bkd(Puz)?
+4k¢($u)? buz — 2f dbus — 2f $*du + ¢ — f9° = 0. (7)
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We cannot solve (7) in general because of its complexity. Thus we proceed by making
an ansatz on the form of ¢(z,t,u). Due to the invariance under temporal and spatial
translations, we can take tg = 0 and x¢ = 0 without loss of generality, and in this way
we have found many new solutions. In Table 1 we list the functional forms of f(u) for
which we obtain nonclassical symmetries, the corresponding similarity solutions and the
corresponding ODE’s.

Table 1: Each row shows the functions, infinitesimals, similarity solutions and ODE,.

! filuw) di(z,t,u) u; ODE;
2\ 2 2% 0
n+2 0% 1
1 ", —~1,-2 - = 2 - J =0
whon# (ka) “ <n2(1+u’)2> v
T x?
2 u % e + w(t) 3tw' +w =0
3 k1u2 + kou — ! w(t) — w Aki1tw’ +2kiw + ko =0
2vkqt 2V k1t
k 2 .
4 kiu + \/_217 ?u z2w(t) w — 6kiw? =0
2 -2 3u 3 ; s
5 k1u3 + kou™ 3 — % w(t) w — 12kiw3 =0
x
6 —kifi(u)+ ka + k3 - w(t) exp (-—L> Akt w’ + 2k1tw fo (w) + kw = 0
u 2kt NoTaT: ! B '

In Table l a = (n+ 1)(n+2), fi(u) =log v —1 and fo(w) = ki log w — k3.
Solutions of all these similarity equations can be obtained by using elementary techniques
in ODE’s. Consequently, we obtain exact solutions of Eq. (1).

2ka 'L‘ CL‘2 k‘1 1T kg
Uy = <~n2$2> s UQ=~E+E~, U3:“_2 /_kﬂfi?i]ﬁ.
ozt x3 B z k
“ar T o lEtE )

We must point out that:

- For i = 1, we obtain travelling waves.

- For @ = 2, uy is not a travelling wave reduction and it is not invariant under the
scaling group.

— For i = 3,4,5, when f(u) takes the functional forms of f3, fy and f5, Eq. (1) does
not admit any classical symmetry but translations. Consequently, these solution cannot
be obtained by Lie classical symmetries. The scaling reduction can be used to reduce (1)
to a system of ODE’s.

- For ¢ = 6, when f(u) takes the functional form f5, Eq. (1) does not admit any
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classical symmetries but translations, and consequently this solution is unobtainable by
Lie classical symmetries. We point out that ug is a noncharacteristic solution. Most of
the solutions obtained are characteristic solutions, and consequently, they do not feel the
influence of the diffuse interface.

The complexity of the determining equation (7) appears for many 7 = 0 symmetries
[6] and one advantage of the SMM is that it provides nontrivial solutions of (7). In a
recent paper [11], Estévez and Gordoa have studied the Cahn-Hilliard equations (1) with
f(u) = u and f(u) = u? by using the SMM method. Below we compare these results
with ours by using the nonclassical method.

In [11] the authors claim that besides the trivial generator

£€=0, r=1, ¢=0 (8)

(which corresponds to a classical symmetry). For f(u) = u? the only nontrivial infinites-
imal generators of the nonclassical symmetries that reduce (1) to an ODE with the PP
are

£€=1, 7=0, ¢=-—=u" (9)

(9) is a particular case ¢ = 1, with n = 2. This last infinitesimal generator yields the
similarity reduction u;, where w(t) satisfies ODFE; which satisfies the PP.
For f(u) = u they got the following symmetry

2u

=1, :Oa = y
£ T ¢ PR

which corresponds to case ¢ = 4 with k; = 1 and k; = 0. In [11] the authors claim
that the SMM allows to determine two different symmetries, and that these symmetries
are the only ones in which the associated similarity reduction leads to an ODE of the
Painlevé type.

Nevertheless, it is easy to check that the following symmetry

which is a particular case of i = 1 with n = 1, satisfies Eq. (7) for the nonclassical
symmetries with 7 = 0 and yields the similarity reduction u;, where w(t) satisfies ODE},
which also satisfies the PP.

It is also easy to check that the following symmetry, corresponding to the case i = 2,

T

¢=L  7=0, ¢=-5

satisfies Eq.(7) for the nonclassical symmetries with 7 = 0 and yields the similarity

reduction
2
w=-—= 4 w(t)
6t ’
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where w(t) satisfies the linear ODE
3tw' +w =0

which satisfies the PP.

Therefore, for the Cahn-Hilliard equation (1) with f(u) = u, we have obtained sym-
metry reductions by using the nonclassical method that were not obtained in [17] by the
direct method, nor in [11] by the SMM.

4. Nonclassical potential symmetries

In order to find the potential symmetries of (1), we write the equation in a conserved
form, and the associated auxiliary system is given by

vy = U,
(10)
vy = fw)uy — kggs -

If (u(z), v(x)) satisfies (10), then u(z) solves the Cahn-Hilliard equation and v(z) solves
an integrated Cahn-Hilliard equation

v = f(7’z)vzz — kvzaes - (11)

The basic idea for obtaining nonclassical potential symmetries is that (10) or (11) are
augmented with the invariance surface condition

Evg +Toe —p=0. (12)

By requiring that both (11) and (12) are invariant under the transformations with in-
finitesimal generator

X =&(z,t,v)0; + 7(x,t,0)0; + ©(z,t,v)0,

one obtains an overdetermined, nonlinear system of equations for the infinitesimals
&(z,t,v), 7(z,t,v) and p(z,t,v). We obtain nonclassical potential symmetries if any
of the following conditions

(©)ow #0,  (P)zw #0 (13)

is satisfied.

In the case 7 # 0, without loss of generality we may set 7(x,t,v) = 1. The nonclassical
method applied to (11) gives rise only to the classical symmetries.

In the case 7 = 0, without loss of generality we may set £ = 1 and we obtain the
determining equation for the infinitesimal ¢ which is solved by making an ansatz on the
form of p(z,t,v). In this way we have found some new solutions of (11).

In Table 2 we list the functions f;, infinitesimals ;, similarity solutions v; and reduced
ODE’s corresponding toeach i = 1,...,4.
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Table 2: Each row shows the functions, infinitesimals, similarity solutions and ODE;.

z fi(vm) (pi(m’tav) (4 ODE@

2

1 —log(vs) _\/v?t w(t) exp (—\}%) 412w’ + twlog (%%) +kw=0

k v x2 z
2 11) _Fz - 3 +w® Viw' — 2k =0

V e

2 3
3 V3 x ’LU(t) _
3 SUz - <— 53 3tw' +w=0
’U% 2
4 —vi+kivg ey (27’1-+w(t)) dtw 4+ w — kit =0
1 q

By using elementary techniques in ODE’s, we obtain the following exact solutions of
Eq. (11):

T k .’ES 1
:\/2 —_— — =1 = — 4k-t2
Y1 texp(\/Q_t+2t >; (3 3t+ kl y

3 1\ 2
v T k1 T N kitt
= —_—— e —— y vy = —_—
’ 3t 3t3 ‘ 2ti 2

Although by (10) we get exact solutions of (1), these solutions have been obtained in
Section 3 by the nonclassical method. We must point out that for ¢ = 1, 2 the symmetries
obtained do not satisfy (13), and consequently, these symmetries are not nonclassical
potential symmetries, while for ¢ = 3,4 the symmetries obtained do satisfy (13) and this
means that we have nonclassical potential symmetries.

For i = 1,2,4, when f(v;) takes the functional form f;, fo and f4, solutions vi, v2
and v, are not group-invariant; consequently, they cannot be obtained by Lie classical
symmetries.

5. Concluding remarks

In this paper we have seen a classification of symmetry reductions of a family of
Cahn—Hilliard equations (1) using the classical Lie method of infinitesimals. We have
found that the nonclassical method yields symmetry reductions which are unobtainable
by using the classical Lie method. For f(u) = u and f(u) = u?, the nonclassical method
with 7 = 0 leads to symmetry reductions that were not obtained in [17] by the direct
method.
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We have also derived a new class of nonlocal symmetries: these nonclassical potential
symmetries are realized as local nonclassical symmetries of (11) and yield solutions of
(11) which are not group-invariant.

It is known [16] that the Cahn~Hilliard equation with f(u) = u has the conditional
Painlevé property. We have compared the symmetry reductions of this equation by using
the nonclassical method with those derived in [11] by the singular manifold method. For
this Cahn-Hilliard equation we have obtained nonclassical symmetries that reduce the
equation to ODE’s with the Painlevé property and were not obtained in [11] by the
singular manifold method.
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