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Abstract. We prove a congruence for some coefficients of the expansion of the Drinfeld discriminant
function and from it we determine the coefficients with subscriptqd + 1.  2000 Académie
des sciences/Éditions scientifiques et médicales Elsevier SAS

Une congruence pour les coefficients de la fonction discriminant
de Drinfeld

Résumé. Nous démontrons une congruence pour certains coefficients du développement de la
fonction discriminant de Drinfeld. En se fondant sur cette congruence nous déterminons
les coefficients d’indiceqd + 1.  2000 Académie des sciences/Éditions scientifiques et
médicales Elsevier SAS

Version française abrégée

SoientA= Fq[T ] l’anneau des polynômes à coefficients dansFq ,K = Fq(T ),K∞ = Fq((1/T )) et soit
C le complété de la clôture algébrique deK∞.

Soit C{τ} l’anneau non commutatif des polynômes à coefficients dansC, où τ est la substitution de
Frobenius. Unmodule de Drinfeldde rangr surC est un homomorphisme deFq-algèbres,φ :A→C{τ}
qui appliqueT surφT = Tτ0 +

∑r
i=1 ciτ

i, oùci ∈C et cr 6= 0.
UnA-réseau dansC de rangr est unA-moduleΛ⊂C discret, de type fini et tel quedimKKΛ = r. Au

moyen de la fonction exponentielle

eΛ(z) = z
∏

λ∈Λ−{0}

(
1− z

λ

)
,

on établit une bijection entre les réseaux de rangr dansC et les modules de Drinfeld de rangr surC.
Dans le cas du rang1, on a le module deCarlitz ρ qui appliqueT surρT = Tτ0 + τ . SoitL = πA le

réseau correspondant (π est déterminé à une unité deA près). SoiteL la fonction exponentielle associée
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àL ; on considère les fonctions

t(z) = eL(πz)−1 et s(z) = t(z)q−1.

La fonctions(z) correspond à la fonction classiquee2πiz .
Les réseaux de rang2 dansC sont de la formeu(zA+ A), où u ∈ C∗, z ∈ Ω = C −K∞. Ainsi, un

module de Drinfeld de rang2 est isomorphe à un module de la formeφT = Tτ0 + g(z)τ + ∆(z)τ2, où
z ∈Ω. Les fonctionsg(z) et ∆(z) sont desformes modulairespour le groupeΓ(1) := GL(2,A), de poids
q− 1 et q2 − 1, respectivement.

Énonçons le résultat principal. Rappelons que la fonction discriminant∆(z) a un développement de la
forme :

π1−q2

∆(z) =
∑
n>0

ans
n,

oùan ∈A et degan+1 6 n. Les coefficientsan sont tels quean 6= 0⇒ n≡ 0, 1 mod q.

THÉOREME 1. – Soientp = (p) ⊂ A un idéal premier,p unitaire et degp = d. Alors, pour chaque
k ∈N, on a

akqd+1+1 ≡ akq+1 mod
(
pq
)
.

La congruence du théorème 1 et la conditiondeg an+1 6 n déterminent les coefficients d’indiceqd + 1 :

COROLLAIRE 2. – On a

aqd+1+1 = aq+1 + [d]q.

Pour q = 2, aq+1 = 1 + [1] et pourq > 2, aq+1 =−[1] (cf. corollaire 10.3de[1], p. 691).

La preuve du théorème 1 utilise l’action desopérateurs de HeckeTp (p = (p) est un idéal premier dans
A, p unitaire) sur le développement par rapport àt de la fonction discriminant.

Soitπ1−q2

∆(z) =
∑
n>0 cnt

n. Alors, la congruence du théoreme 1 se traduit par

c(mq+1)(q−1) ≡ c(mqd+1+1)(q−1) mod
(
pq
)
. (1)

La fonction∆(z) est une fonction propre pour lesTp et les valeurs propres correspondantes sontpq−1 (cf.
corollaire 7.5 de [1], p. 685). On a l’équation :

pq−1

(∑
n>0

cnt
n

)
= pq

2−1
∑
n>0

cnt
n
p +

∑
n>0

cnGn,p(pt), (2)

où tp(z) = t(pz) etGn,p est lenème polynôme de Gosspar rapport àkerρp (cf. [1], paragraphe 3). Une
analyse élémentaire de l’équation (2) réduit la preuve de la congruence de l’équation (1) à celle du lemme
suivant.

LEMME 3. – Soientp = (p) un idéal premier,p unitaire etdegp= d. Soitγ le coefficient deGn,p(pt)
correspondant àt(mq+1)(q−1), oùn= q− 1 mod q(q− 1). Sin= (mqd+1 + 1)(q− 1), alorsγ = pq−1. Si
n 6= (mqd+1 + 1)(q− 1), alorsγ ≡ 0 mod (p2q−1).

La preuve du lemme 3 utilise une formule explicite pour les polynômes de GossGn,p (cf. [1],
paragraphe 3).
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1. Preliminaries and main result

We introduce several definitions and results on Drinfeld modules. Details of all these facts can be found
in [1].

LetA= Fq[T ] be the ring of polynomials over the finite fieldFq in an indeterminateT . LetK = Fq(T ).
We consider the fieldK∞ = Fq((1/T )), its algebraic closureK∞ and the completionC of K∞.

LetC{τ} be the ring of non-commutative polynomials overC, whereτ is the Frobenius endomorphism.
We can identifyC{τ} with the ring ofq-additive polynomials

∑`
i=0 ciX

qi where the product is given by
substitution.

A Drinfeld moduleof rank r over C is a ring Fq-homomorphismφ : A → C{τ} given by φT =
Tτ0 +

∑r
i=1 ciτ

i, whereci ∈C andcr 6= 0.
An A-lattice in C of rankr is a discrete, finitely generatedA-moduleΛ ⊂ C such thatdimKKΛ = r.

Through the exponential function

eΛ(z) = z
∏

λ∈Λ−{0}

(
1− z

λ

)
,

we can establish a bijection between lattices of rankr in C and Drinfeld modules of rankr overC.
Let us first consider the rank one case. TheCarlitz module is given by

ρT = Tτ0 + τ = TX +Xq.

LetL= πA be its corresponding lattice (π is determined up to a unit inA). From the exponential function
eL associated toL, we define the functions

t(z) = eL(πz)−1 and s(z) = t(z)q−1.

The expansion of the discriminant function will be given with respect to these functions (as parameters).
For a givena ∈ A, we considerρa =

∑
06i6dega `iX

qi . The leading coefficient ofρa is the leading
coefficient ofa and the other coefficients satisfy:

`0 = a, `i =
`qi−1 − `i−1

[i]
, (1)

where[i] = T q
i − T =

∏
p monic, prime

degp | i

p.

Any Drinfeld module of rank two overC is isomorphic to one given by:

φT = Tτ0 + g(z)τ + ∆(z)τ2,

which corresponds to the latticezA + A, wherez ∈ Ω = C − K∞. The functionsg(z) and ∆(z) are
modular formsfor the groupΓ(1) := GL(2,A) of weightsq− 1 andq2 − 1, respectively. A functionh on
Ω is called amodular form of weightk for Γ(1) if it is holomorphic onΩ, has an expansion of the form∑
n>0 cns(z)n, and satisfies

h

(
az + b

cz + d

)
= (cz + d)kh(z),

for every
(
a b
c d

)
∈ Γ(1). TheC-vector space of modular forms of weightk is denoted byMk.
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Let p = (p) be a prime ideal inA with pmonic anddegp= d. Hecke operatorsTp act on the spacesMk.
The effect ofTp on t-expansions is the following: ifh=

∑
n>0 cnt

n ∈Mk, then

Tp

(∑
n>0

cnt
n

)
= pk

∑
n>0

cnt
n
p +

∑
n>0

cnGn,p(pt), (2)

wheretp(z) = t(pz) = tq
d

/fp(t), fa(X) = ρa(X−1)Xqdeg a

, andGn,p is then-th Goss polynomialwith
respect tokerρp. Goss polynomials are obtained by means of the following recursion formula (cf. [2],

p. 323) : letρp(X) = `0X + `1X
q + · · ·+ `dX

qd andαi = `i/p; then,

G1,p(X) =X, Gn,p(X) =X(Gn−1,p + α1Gn−q,p + α2Gn−q2,p + · · ·). (3)

There exists also an explicit formula for theGn,p that we will introduce in Section 2. It is derived from the
previous formula.

We now present the result on the coefficients of the discriminant function. We recall that∆ has an
expansion of the form

π1−q2

∆(z) =
∑
n>0

ans
n,

wherean ∈A, anddegan+1 6 n. The coefficientsan satisfy also thatan 6= 0⇒ n≡ 0, 1 mod q.

THEOREM 1. – Let p = (p) ⊂ A be a prime ideal,p monic anddeg p = d. Then, for eachk ∈ N, we
have

akqd+1+1 ≡ akq+1 mod
(
pq
)
.

The proof of this congruence is given in Section 2 and it is based on the action of Hecke operators on the
expansion of the discriminant function. The basic argument was already used by E.-U. Gekeler (cf. [2]) to
prove a similar congruence for a modular formh(z) whoset-expansion is

h(z) =−t
∏

a monic

fa(t)q
2−1.

The next corollary was stated in [2] (and in [4]) as an empirical rule arising from some computations of
the expansion of the discriminant.

COROLLARY 2. –We have

aqd+1+1 = aq+1 + [d]q.

For q = 2, aq+1 = 1 + [1] and forq > 2, aq+1 =−[1] (cf., Corollary 10.3,of [1], p. 691).

Proof. –Let (p) be a prime ideal withdeg p = d. By Theorem 1, we have thatakqd+1+1 ≡
akq+1 mod (pq). Now, if d′ | d and (p′) is a prime ideal withdegp′ = d′, then alsoakqd+1+1 ≡
akq+1 mod

(
(p′)q

)
. Thus, since[d] =

∏
p monic, prime

degp |d

p,

akqd+1+1 ≡ akq+1 mod [d]q.

Hence,aqd+1+1 − aq+1 = ζ[d]q for someζ ∈ Fq. Now, theT q
d+1

-coefficient ofaqd+1+1 is 1 (cf. Theo-
rem 2.1 of [2], p. 317; note that thean are defined there in a different way). This implies thatζ = 1. 2
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2. Proof of Theorem 1

Let us consider the expansion of∆ with respect tot(z), π1−q2

∆(z) =
∑

n>0 cnt
n. Then,an = cn(q−1);

for eachm ∈N, we will prove the congruence

c(mq+1)(q−1) ≡ c(mqd+1+1)(q−1) mod
(
pq
)
, (4)

from which Theorem 1 follows.
The function ∆(z) is an eigenform for theTp and the corresponding eigenvalues arepq−1 (cf.

Corollary 7.5 of [1], p. 685); by equation (2),

pq−1

(∑
n>0

cnt
n

)
= pq

2−1
∑
n>0

cnt
n
p +

∑
n>0

cnGn,p(pt). (5)

Now, in order to prove the congruence of equation (4) we look at thet(mq+1)(q−1)-coefficient of the right-
hand side in equation (5). Let us first consider the sum

∑
n>0 cnGn,p(pt). We observe that the terms

cnGn,p(pt) are zero forn 6≡ 0, q − 1 mod q(q − 1). On the other hand, ifn ≡ 0 mod q(q − 1), then
n ≡ 0 mod q; this implies thatGn,p(X) is a q-th power of some polynomial (cf. Proposition 3.4 of [1],
p. 675), and so, thet(mq+1)(q−1)-coefficient ofGn,p(pt) is zero. Thus, we have to study only the terms
cnGn,p(pt) with subscriptn≡ q − 1 mod q(q− 1).

LEMMA 3. – Let p = (p) be a prime ideal,p monic anddeg p = d. Let γ be the t(mq+1)(q−1)-
coefficient ofGn,p(pt), wheren ≡ q − 1 mod q(q − 1). If n = (mqd+1 + 1)(q − 1), thenγ = pq−1. If
n 6= (mqd+1 + 1)(q− 1), thenγ ≡ 0 mod (p2q−1).

Proof. –The following explicit formula for theGn,p follows from the formula of equation (3) (cf. [1],
Section 3). Letρp(X) =

∑
06i6d `iX

qi andαi = `i/p; then,

Gk+1,p(X) =
∑
j6k

∑
i

(
j

i

)
αiXj+1, (6)

wherei= (i0, . . . , id) runs over the set of(d+ 1)-tuples satisfyingi0 + · · ·+ id = j andi0 + i1q + · · ·+
idq

d = k, αi = αi00 · · ·αidd and
(
j
i

)
= j!/(i0! · · · id!).

By equation (6), thet(mq+1)(q−1)-coefficientγ of Gk+1,p(pt) is

γ =
∑
i

(
j

i

)
αi00 · · ·α

id
d p

(mq+1)(q−1),

wherei0 + · · ·+ id+1 = j+1 = (mq+1)(q−1) andi0 + i1q+ · · ·+ idq
d = k. In what follows, we assume

thatk+ 1≡ q− 1 mod q(q− 1). Theαi satisfyα0 = 1, αd = 1/p andα1, . . . , αd−1 ∈A; this follows from
the recursion of equation (1). Therefore, ifi = (i0, . . . , id) is such thatid 6 (mq + 1)(q − 1)− (2q − 1),
then

αi00 · · ·αidd p(mq+1)(q−1) ≡ 0 mod (p2q−1). (7)

Let us assume thati= (i0, . . . , id) satisfiesid > (mq+1)(q−1)− (2q−1). Then,i0 + i1 + · · ·+ id−1 6
2q− 3; this condition and the congruencek+ 1≡ q − 1 mod q(q − 1) determine the indexi0, as follows.
We divide 1 + i0 + i1q + · · · + idq

d by q(q − 1) consideringq as an indeterminate. The remainder
of this division is (i1 + i2 + · · · + id)q + i0 + 1 = ((mq + 1)(q − 1) − (i0 + 1))q + i0 + 1. Hence,
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k+ 1≡−(i0 + 1)(q− 1) mod q(q− 1). Sincek+ 1≡ q− 1 mod q(q− 1) andi0 6 2q− 3, we conclude
that i0 = q − 2, and so,i1 + i2 + · · ·+ id−1 6 q − 1. We now determine the numbers

(
j
i

)
in this case. Let

id = (mq + 1)(q− 1)− (2q− 1) + r, 16 r 6 q. Then,(
j

i

)
=

j!

i0! · · · id!
=

((mq + 1)(q − 1)− 1)!

(q − 2)! i1! · · · id!

=
((mq + 1)(q− 1)− 1) · · · ((mq + 1)(q− 1)− (q − 2))

(q − 2)!

× (mq(q − 1)) · · · (mq(q − 1) + r+ 1− q)
i1! · · · id−1!

.

The first factor of this last product (considered as an element inFq) is 1: for eachs with 16 s6 q− 2, we
have

mq(q − 1) + s

s
= 1,

as an element inFq . The second factor is zero (forr < q); this can be derived from the fact that

(mq(q − 1)) · · · (mq(q − 1) + r+ 1− q)
(q− r)! = 0,

as an element inFq, and (q−r)!
i1!···id−1! ∈ N (since i1 + · · · + id−1 = q − r). In summary, we have that if

(i0, . . . , id) satisfiesid > (mq+ 1)(q− 1)− (2q− 1), theni0 = q− 2 and(
j

i

)
αi00 · · ·α

id
d p

(mq+1)(q−1) =

{
pq−1 if id =mq(q − 1),
0 if id <mq(q − 1).

(8)

In this equation, we use thatid =mq(q − 1)⇒ i1 = · · ·= id−1 = 0. In this case,k+ 1 = 1 + i0 + idq
d =

(1 +mqd+1)(q − 1).
Now, taking together equation (7), forid 6 (mq + 1)(q − 1) − (2q − 1), and equation (8), forid >

(mq+ 1)(q− 1)− (2q− 1), we get the result. 2
Finally, we observe that the first summand of the right-hand side of equation (5) is congruent to zero

mod (p2q−1). This remark and Lemma 3 prove the congruence of equation (4).
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