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Abstract. We prove a congruence for some coefficients of the expansion of the Drinfeld discriminant
function and from it we determine the coefficients with subsg/fpt 1. 0 2000 Académie
des sciences/Editions scientifiques et médicales Elsevier SAS

Une congruence pour les coefficients de la fonction discriminant
de Drinfeld

Résumé. Nous démontrons une congruence pour certains coefficients du développement de la
fonction discriminant de Drinfeld. En se fondant sur cette congruence nous déterminons
les coefficients d'indicg? + 1. O 2000 Académie des sciences/Editions scientifiques et
médicales Elsevier SAS

Version francaise abrégée

SoientA =F,[T'] 'anneau des polyndmes a coefficients dBpsK =F,(T'), Koo =F,((1/T)) et soit
C' le complété de la clbture algébrique Ae,.

Soit C{7} I'anneau non commutatif des polyndmes & coefficients dansu = est la substitution de
Frobenius. Umodule de Drinfeldle rangr surC' est un homomorphisme d&-algebres¢g : A — C{7}
qui appliquel’ surgr =T7°+ >0, ¢;7%, olic; € C ete, # 0.

Un A-réseau dan€' de rangr est unA-moduleA C C discret, de type fini et tel quéimx KA =r. Au
moyen de la fonction exponentielle

ex(z) =z H (1—;),

AeA—{0}

on établit une bijection entre les réseaux de radgnsC' et les modules de Drinfeld de rangurC.
Dans le cas du rang, on a le module d€arlitz p qui appliquel” surpr = T7° + 7. Soit L =7A le
réseau correspondari st déterminé a une unité depres). Soite;, la fonction exponentielle associée

Note présentée par Jean-Pierre BRRE.

S0764-4442(00)00500-0/FLA
0 2000 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés. 1053



B. Lépez

a L ; on considére les fonctions
t(z)= eL(fz)_l et s(z)= t(z)q_l.

La fonctions(z) correspond a la fonction classiqee .

Les réseaux de rargydansC sont de la formei(zA + A), olu € C*, z € Q= C — K. Ainsi, un
module de Drinfeld de rang est isomorphe a un module de la forme = T7° + g(2)7 + A(z)72, ol
z € (). Les fonctiongy(z) et A(z) sont desormes modulairepour le groupd’(1) := GL(2, A), de poids
g —1etg®? — 1, respectivement.

Enongons le résultat principal. Rappelons que la fonction discrimitént a un développement de la
forme :

fl_qu(z) = Z ans",
n=0

ola, € A etdega,+1 < n. Les coefficients,, sont tels quer,, #0=n =0, 1 mod q.

THEOREME 1. — Soientp = (p) C A un idéal premierp unitaire etdegp = d. Alors, pour chaque
keN,ona

Apgat+141 = Agg+1 mod (pq).
La congruence du théoréme 1 et la conditieg a,, . ; < n déterminent les coefficients d’'indigé + 1 :
COROLLAIRE 2.—Ona
Qga+1yq = agp1 + [d]9.
Pourg=2, ag+1 =1+ [1] et pourg > 2, ay+1 = —[1] (cf. corollaire 10.3de[1], p. 691).

La preuve du théoreme 1 utilise l'action desérateurs de Hecké, (p = (p) est un idéal premier dans
A, p unitaire) sur le développement par rappottde la fonction discriminant.
Soit7 4" A(z) = > >0 Cnt™. Alors, la congruence du théoreme 1 se traduit par

Clmg+1)(g—1) = Clmgi+1+1)(g—1) mod (p7). 1)

La fonctionA(z) est une fonction propre pour 1&% et les valeurs propres correspondantes gént (cf.
corollaire 7.5 de [1], p. 685). On a I'équation :

P < Z C'n,tn) =p! Z Cnty + Z cnGnp(pt), 2)

n=0 n=0 n=0

oUt,(z) = t(pz) et G, , est len®™ polyndme de Gossar rapport der p, (cf. [1], paragraphe 3). Une
analyse élémentaire de I'équation (2) réduit la preuve de la congruence de I'équation (1) a celle du lem
suivant.

LEMME 3. - Soientp = (p) un idéal premierp unitaire etdegp = d. Soit~y le coefficient d&~,, , (pt)
correspondant ™+ 1)@= olip =¢—1mod ¢(q—1). Sin= (mg?*' +1)(¢—1), alorsy = p?~*. Si
n# (mq® +1)(¢ — 1), alorsy = 0 mod (p?9—1).

La preuve du lemme 3 utilise une formule explicite pour les polynémes de Gags (cf. [1],
paragraphe 3).
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1. Preliminaries and main result

We introduce several definitions and results on Drinfeld modules. Details of all these facts can be fou
in [1].

Let A =T,[T] be the ring of polynomials over the finite fielt} in an indeterminaté&. Let K =F (7).
We consider the field(,, =F,((1/7)), its algebraic closuré& ., and the completiod’ of K ..

Let C{r} be the ring of non-commutative polynomials o¢&rwherer is the Frobenius endomorphism.
We can identifyC{7} with the ring of¢-additive ponnomialifz0 ¢; X9 where the product is given by
substitution.

A Drinfeld moduleof rank r over C' is a ring F,-homomorphismp : A — C{7} given by ¢ =
Tr0+ 3", ¢, wherec; € C ande, # 0.

An A-latticein C of rankr is a discrete, finitely generatettmoduleA C C such thatdimyx KA =r.
Through the exponential function

ex(z) =z H (1—;),

AeA—{0}

we can establish a bijection between lattices of raitkC and Drinfeld modules of rank overC'.
Let us first consider the rank one case. Talitz module is given by

pr=T7° +7=TX + X1,

Let L =7 A be its corresponding latticér(is determined up to a unitid). From the exponential function
e, associated td., we define the functions

t(z)=ep(m2)"' and s(z)=t(2)?L.

The expansion of the discriminant function will be given with respect to these functions (as parameters)
For a givena € A, we considenp, = Zogigdega&qu. The leading coefficient of, is the leading
coefficient ofa and the other coefficients satisfy:

b — i

by=a, (= - ,
(4]

1)

where[i] =T —T = 1 P.
p monic, prime
. degp |l . . . -
Any Drinfeld module of rank two ovet’ is isomorphic to one given by:

o =T7% + g(2)7 + A(2)7?,

which corresponds to the latticed + A, wherez € 2 = C — K. The functionsg(z) and A(z) are
modular formgor the groupl'(1) := GL(2, A) of weightsq — 1 andg? — 1, respectively. A functiork on

Q is called amodular form of weight: for I'(1) if it is holomorphic on(2, has an expansion of the form
> n>o0Cns(2)", and satisfies

h(az + b) = (cz+ d)*h(2),

cz+d

for every(z 2) € I'(1). TheC-vector space of modular forms of weights denoted by\/.
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Letp = (p) be a prime ideal iM with p monic anddeg p = d. Hecke operatord}, act on the space¥/y,.
The effect ofl};, ont-expansionsis the following: i =3 -, c,t" € My, then

Tp < Z Cntn> = pk Z Cntz + Z CnGn,p (pf)v (2)

n=0 n=0 n=0

dega

wheret,(z) = t(pz) = tqd/fp(t), fo(X) = po(X~HXT ", andG,, , is then-th Goss polynomialvith
respect toker p,. Goss polynomials are obtained by means of the following recursion forrotil§2],
p. 323) :letp, (X) = Lo X + £, X9+ -+ £,X7" anda; = ¢; /p; then,

Gip(X) =X, Gnp(X)=X(Grn-1p+a1Gn_gp +a2G, g2 p+). (3

There exists also an explicit formula for thig, , that we will introduce in Section 2. It is derived from the
previous formula.

We now present the result on the coefficients of the discriminant function. We recalithats an
expansion of the form

ﬁl_qu(z) = Z ans",
n=0
wherea,, € A, anddeg a,,1 < n. The coefficients,, satisfy also that,,, #0=n =0, 1 mod gq.

THEOREM 1. - Letp = (p) C A be a prime idealp monic anddeg p = d. Then, for each: € N, we
have
Agi+141 = Qg1 mod (pq).

The proof of this congruence is given in Section 2 and it is based on the action of Hecke operators on
expansion of the discriminant function. The basic argument was already used by E.-U. GefkEgrto
prove a similar congruence for a modular fokrfx) whoset-expansion is

hz)=-t [] fa®)”

a monic

The next corollary was stated in [2] (and in [4]) as an empirical rule arising from some computations ¢
the expansion of the discriminant.

COROLLARY 2.—We have
Gga+1y] = Qg1 + [d]q
For¢=2, aq41 =1+ [1] and forg > 2, az4+1 = —[1] (cf., Corollary 10.3,0f [1], p. 691).
Proof. —Let (p) be a prime ideal withdegp = d. By Theorem 1, we have thai;,+1
agqgr1 mod (p?). Now, if d' | d and (p’) is a prime ideal withdegp’ = d’, then alsoayga+1 4
akq+1 mod ((p')?). Thus, sincdd] = I »

p monic, prime
degp|d

Upga+1 41 = Apg1 mod [d]7.

Hence,a i1 — agy1 = ¢[d]? for some¢ € F,. Now, theT""" -coefficient ofagat14q is 1 (cf. Theo-
rem 2.1 of [2], p. 317; note that thg, are defined there in a different way). This implies tiia: 1. O
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2. Proof of Theorem 1

Let us consider the expansionAfwith respect ta(z), 71 ~4° A(z) = Y onsoCnl™. Thena, = cyg-1);
for eachm € N, we will prove the congruence

C(mg+1)(g—1) = C(mg+141)(g—1) Mod (»7), (4)

from which Theorem 1 follows.
The function A(z) is an eigenform for thel}, and the corresponding eigenvalues afe’ (cf.
Corollary 7.5 of [1], p. 685); by equation (2),

P < Z C'n,tn) =p! Z Cnty + Z cnGnp (p1). ®)

n=0 n=0 n=0

Now, in order to prove the congruence of equation (4) we look at'the")(«—1) coefficient of the right-
hand side in equation (5). Let us first consider the suip.,c.Gn »(pt). We observe that the terms
cnGhn,p(pt) are zero forn # 0, ¢ — 1 mod ¢(¢ — 1). On the other hand, if: = 0 mod ¢(¢ — 1), then

n = 0 mod ¢; this implies that&,, ,(X) is ag-th power of some polynomiatf{. Proposition 3.4 of [1],

p. 675), and so, thema+1)a—1 coefficient of Gy, , (pt) is zero. Thus, we have to study only the terms
cnGhn,p (pt) with subscripth = ¢ — 1 mod ¢(g — 1).

LEMMA 3.— Let p = (p) be a prime ideal,p monic anddegp = d. Let v be thet(matD(a=1).
coefficient ofG,, , (pt), wheren = ¢ — 1 mod q(g — 1). If n = (mg?*! + 1)(¢ — 1), theny = p?~1. If
n# (mg?t +1)(qg — 1), theny =0mod (p?~1).

Proof. —The following explicit formula for the+,, , follows from the formula of equation (3kf. [1],
Section 3). Lep, (X) = > oc;<q tiX? anda; = ¢;/p; then,

Crap(X) = (") 5 Cant (6)

J<k i

wherei = (i, ...,iq) runs over the set ofd + 1)-tuples satisfyingo + - - - +iq = j andip +i1qg+--- +
iaq? =k, ol =af -l and(}) = j!/(io!---id)).
By equation (6), the(™a+D(a=1 coefficienty of G.41,(pt) is

I\ i iqg (m -
7:Z<1)%0...addp( a+1)(a-1)

whereig+---+ig+1=7+1=(mg+1)(¢g—1) andig+iyq+- - +iqq? = k. Inwhat follows, we assume
thatk+1=¢—1mod ¢(q¢—1). Theq; satisfyag =1, ag =1/panday,...,aq—1 € A; this follows from
the recursion of equation (1). Thereforej i (io, .. .,iq) is such thaty < (mg+1)(¢ — 1) — (2¢ — 1),
then

0%0 .. 'O‘fid p(7nq+1)(q—1) =0 mod (p2q—1). )

Let us assume that= (i, ..., 1q) satisfiesy > (mqg+1)(g—1) — (2¢—1). Thenig+i1 + - +ig-1 <
2q — 3; this condition and the congruenker 1 = ¢ — 1 mod ¢(q — 1) determine the indek, as follows.
We divide 1 + ig + d1q + --- + iqq? by q(q — 1) consideringg as an indeterminate. The remainder
of this division is (iy + iz + -+ + iq)q + o + 1 = ((mq + 1)(q¢ — 1) — (io + 1))q + ip + 1. Hence,
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k+4+1=—(io+1)(g— 1) mod q(q — 1). Sincek + 1 = ¢ — 1 mod ¢(q — 1) andip < 2¢q — 3, we conclude
thatio = ¢ — 2, and s04y + iz + - - - +ig—1 < ¢ — 1. We now determine the numbe(¥) in this case. Let

ia=(mg+1)(g—1)—(2¢g—1)+r,1<r <gq.Then,

<j) v ((mg+1)(g—1)—1)!

i ZQ'Zd' (q—2)'21'zd'
_(mg+ D=1 —-1)---((mg+1)(g—=1) — (¢—2))
(g —2)!
o (malg—1))---(mglg =) +r+1—q)
il g1 '

The first factor of this last product (considered as an elemeR)iis 1: for eachs with 1 <s < ¢ — 2, we
have
mq(qg—1)+s
S
as an elementiff,. The second factor is zero (for< g); this can be derived from the fact that

:1’

(mg(g—1))---(mgl¢g—1)+r+1-¢q)
(q—r)!

:0’

as an element iff,, and Zl(,q;’")' € N (sinceiy + -+ +i4-1 = g — r). In summary, we have that if

Zd—l!

(i0,-..,1q) satisfiesiy > (mg+1)(¢— 1) — (2¢ — 1), theniyp = ¢ — 2 and

J io ... id o (mg+1)(g—1) _ qul if 1g = mq(q - 1),
<Z) FoAa P 0 if iqg <mg(q—1). 8
In this equation, we use that =mq(q— 1) =iy =---=iq_1 = 0. Inthis casek + 1 =1 +i¢ + iqq? =

(1+mg™)(g—1).
Now, taking together equation (7), fég < (mq + 1)(¢ — 1) — (2¢ — 1), and equation (8), foi; >
(mg+1)(g—1)—(2¢ — 1), we get the result. O

Finally, we observe that the first summand of the right-hand side of equation (5) is congruent to ze
mod (p?¢~1). This remark and Lemma 3 prove the congruence of equation (4).
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