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Abstract. We introduce a geometric property on Banach spaces, the E-property, that
is implied by the l-property and that implies the Bade property, although these
properties are different. By mean of the E-property we characterize the topological
dimension of compact metric spaces. If �Xn�n2N is a sequence of Banach spaces and
p 2 �1;�1� we relate the E-property of ��Xn�p with the E-property of every Xn.
Finally, if K is a compact Hausdorff space and X is a Banach space, we study the
E-property on the dual space of C�K;X�.

We introduce a geometric property on Banach spaces, the E-property, that is implied by
the l-property and that implies the Bade property, although these properties are different.
By mean of the E-property we characterize the topological dimension of compact metric
spaces. If �Xn�n2N is a sequence of Banach spaces and p 2 �1;�1� we relate the E-property
of ��Xn�p with the E-property of every Xn. Finally, if K is a compact Hausdorff space and X
is a Banach space, we study the E-property on the dual space of C�K;X�.

Let X be a Banach space and let X� be its dual space. We denote by BX the closed unit
ball of X and by SX its unit sphere. The set of extreme points of BX will be denoted by
Ext BX . We denote by co �Ext BX� the closed convex hull of Ext BX, and by s-co �Ext BX�
the sequentially-convex hull of Ext BX : i.e. x 2 s-co �Ext BX� if and only if there exists a

sequence �an�n2N of positive real numbers with
P1
i�1

ai � 1 and a sequence �en�n2N in Ext BX

such that x �P1
i�1

aiei. We have that co �Ext BX� � s-co �Ext BX� � co �Ext BX� and if X is a

finite-dimensional space these three sets are coincident with BX .

X is said to have the Bade property ([5]) if co �Ext BX� � BX. The following concepts were
introduced by R. M. Aron and R. H. Lohman [3]. Let x 2 BX . An ordered triple �e; y; l� in
Ext BX � BX � �0; 1� is amenable to x if x � le� �1ÿ l�y. X is said to have the
l-property if every x 2 BX admits an amenable triple. X has the l-property if and only if
BX � s-co �Ext BX� ([4]).

Let K be a compact Hausdorff space. We denote by C�K;X� the space of continuous
X-valued functions on K endowed with the sup norm. When X � R we denote
C�K� � C�K;X�. The following conditions are equivalent ([5] and [7]): 1) C�K� has the
Bade property. 2) C�K� has the l-property. 3) K is 0-dimensional.
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In [3] it is proved that if X has the l-property then X has the Bade property and that if K
is the unit ball of C then the space C�K;C� has the Bade property but lacks the l-property.

It is not hard to prove that the following conditions are equivalent: 1) X has
the Bade property. 2) Every continuous linear form f : X ! R is such that
kfk � sup ff �e� : e 2 Ext BXg. 3) If Y is a Banach space and T : X ! Y is a continuous
linear mapping then kTk � sup fkT�e�k : e 2 Ext BXg.

Theorem 1. Let X be a Banach space. The two following conditions are equivalent:
1. For every continuous linear form f : X ! R such that jjf jj � 1 and f �x� � 1, for some

x 2 SX, there exists an e 2 Ext BX such that f �e� � 1.
2. For every Banach space Y and every continuous linear mapping T : X ! Y such that
kTk � kT�x�k, for some x 2 BX, there exists an e 2 Ext BX such that kTk � kT�e�k.

Pr oof. Let us assume that 1) is true and let us suppose that T : X ! Y is a continuous
linear mapping such that kTk � 1 and that x0 2 SX is such that kT�x0�k � 1. Let y�0 2 SX� be
such that y�0�T�x0�� � 1. We have y�0T 2 SX� and, by hypothesis, there exists an e0 2 Ext BX

such that y�0�T�e0�� � 1. Hence, 1 ^ kT�e0�k ^ y�0�T�e0�� � 1 and therefore kT�e0�k � 1.

De f i n i t i on 2 . Let X be a Banach space. We will say that X has the E-property if X
verifies either of the two equivalent conditions that appear in Theorem 2.1.

Theorem 3. Let X be a Banach space and let us consider the following conditions: 1) X has
the l-property. 2) X has the E-property. 3) X has the Bade property. We have that
1� ) 2� ) 3�.

Pr oof. 1) ) 2). Let f : X ! R be a continuous linear form such that kfk � 1 and
f �x� � 1 for some x 2 SX. If �e; y; l� 2 Ext BX � BX � �0; 1� is an amenable triple to x then
x � le� �1ÿ l�y, hence f �e� � 1.

2) ) 3). Let f : X ! R be as before. We are going to check that sup ff �e� :

e 2 Ext BXg � 1. Let " > 0. By Bishop-Phelps Theorem ([8]) there exist a z� 2 SX� and a
z 2 SX such that jjf ÿ z�jj < " and jz��z�j � 1. By hypothesis, there exists an e0 2 Ext BX

with jz��e0�j � 1. Therefore, we have jf �e0�j ^ jz��e0�j ÿ jf �e0� ÿ z��e0�j > 1ÿ ".
Re ma r k 4 . Let K be a compact Hausdorff space and let X be a Banach space.

a) As a consequence of Theorem 3, it is easy to prove that the following conditions on a
Hausdorff compact space K are equivalent: 1) C�K� has the Bade property. 2) C�K�
has the E-property. 3) C�K� has the l-property. 4) K is 0-dimensional.

b) By [2], the following statements are also equivalent: 1) C�K;X�� has the Bade
property. 2) C�K�� and X� have the Bade property. 3) K is dispersed and X� has the
Bade property.

If K is 0-dimensional and K is not dispersed then X � C�K� has the E-property, but X� does
not have the E-property.

Ex a mple 5 . Let us prove that there exist Banach spaces with the Bade property that
lack the E-property.

Let D � fz 2 C : jzj % 1g. The space X � C�D;C� has the Bade property ([8]). Never-
theless, we will prove now that X does not have the E-property.
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If X has the E-property and m is a positive regular Borel measure with kmk � 1 and whose
support is S1 � fz 2 C : jzj � 1g, let l 2 X be defined by l�z� � z, for every z 2 D, and let
x� 2 X� be defined by x��f � � � l � fdm; f 2 X. We can see immediately that kx�k % 1 and
x��l� � � l � ldm � �

S1

1 � dm � 1. Hence, there is a g 2 Ext BX (i. e. jg�z�j � 1 for every z 2 D

([8])) such that x��g� � 1. Therefore
�

l � gdm � 1 and l � g � 1 m-almost everywhere in S1.
Since l and g are continuous functions, we have that g�s� � l�s� holds for s 2 S1. This proves
that g must then be a retract from the unit disc D onto its frontier, which is impossible.

Re ma r k 6 . In [6] it is proved that:
a. If K is a compact Hausdorff space and X is an n-dimensional strictly convex space then

the following conditions are equivalent: i) C�K;X� has the l-property, ii) every
continuous mapping g : F ! SX defined on a closed subset F of K has a continuous
extension from K into SX, iii) dim �K� % nÿ 1, where dim �K� is the covering dimension
of K.

b. If K is a Hausdorff compact space and X is an infinite-dimensional strictly convex space
then i) and ii) are both true.

Theorem 7. Let K be a compact metric space and let Rn be the n-dimensional euclidean
space. If C�K;Rn� has the E-property then dim �K� % nÿ 1.

Pr oof. Let F � K be a closed set and let g : F ! SRn be a continuous mapping. Let
ĝ : K ! BRn be a norm one extension of g and let T : C�K;Rn� ! R be the mapping
defined, for f 2 C�K;Rn�, by T�f � � �

K
f �t� � ĝ�t�dm; where m 2 C�K�� is such that m ^ 0,

kmk � 1 and supp m � F and where we denote by f �t� � ĝ�t� the usual inner product in Rn of
f �t� and ĝ�t�. It is easy to check that kTk � T�ĝ� � �

F
1dm � 1. There exists an

e 2 Ext BC�K;Rn� (i.e. ke�t�k � 1 for every t 2 K) such that T�e� � 1. Hence,
1 � �

F
e�t� � g�t�dm and e�t� � g�t� � 1, for every t 2 F. Since ke�t�k � kg�t�k � 1, e�t� � g�t�,

for every t 2 F, and e is a continuous extension of g from K into SRn .

Re ma r k 8 . As a consequence of Theorem 7 we have that:
a) C�BRk ;Rn� has the E-property if and only if k % nÿ 1.
b) If K is a metric compact space and X � Rn then C�K;X� has the l-property if and only

if C�K;X� has the E-property. Nevertheless, we do not know if that equivalence is also valid
if K is an arbitrary compact Hausdorff space and X is an arbitrary Banach space.

Theorem 9. If X is a reflexive Banach space then X has the E-property.

Pr oof. Let f : X ! R be a continuous linear form with kfk � 1 and let
M � fx 2 BX : f �x� � 1g. Then M �j ; and M is a weakly compact convex set. By the
Krein-Milman Theorem there exists an extreme point e 2M. It is now easy to check that
e 2 Ext BX .

Ex a mple 1 0 . There are Banach spaces with the E-property that lack the l-property.
If, for every n 2 N, we consider the space Xn � �Rn; jj jj1�, then every Xn has the

l-property and X � ��Xn�p, 1 < p < �1 , is a reflexive Banach space. However, X does
not have the l-property ([1] and [9]). Hence, X has the E-property but lacks the l-property.

335Vol. 69, 1997 On operators which attain their norm at extreme points



Theorem 11. Let �Xn�n2N be a sequence of Banach spaces and p 2 �1;�1�. X � ��Xn�p
has the E-property if and only if Xn has the E-property, for every n 2 N.

Pr oof. We will consider that p > 1. We have that X� � ��X�n�q, where 1=p� 1=q � 1.
Let us suppose that X has the E-property. Let n 2 N, let z�n 2 SX�n and let zn 2 SXn be such
that z�n�zn� � 1. Let f 2 X� be defined as the sequence f � �x�i �i2N where x�n � z�n and x�i � 0
for i �j n. Obviously kfk � kz�nk � 1. If �xi�i2N 2 X is such that xn � zn and xi � 0 for i �j n
then f��xi�i2N� � z�n�zn� � 1 and, therefore, there exists a sequence �en�n2N 2 Ext BX which
satisfies f��en�n2N� � z�n�en� � 1. In other words, en 2 Ext BXn .

If, for every n 2 N, the Banach space Xn has the E-property, let us consider the sequences

f � �x�n�n2N, in SX� , and �xn�n2N, in SX , such that f��xn�n2N� �
P1
i�1

x�i �xi� � 1: It is easy to
check that

1 �
X1
i�1

x�i �xi�
�����

����� %
X1
i�1

x�i �xi�
�� �� %

X1
i�1

jjx�i jj jjxijj %
X1
i�1

jjx�i jjq
 !1

q X1
i�1

jjxijjp
 !1

p

� 1:

Therefore if xn �j 0 we have that jx�n�xn�j � kx�nk kxnk and, by hypothesis, there exists an
en 2 Ext BXn such that x�n�en� � kx�nk. Let �zn�n2N be the sequence defined by zn � kxnken, if
xn �j 0, and zn � 0, if xn � 0. It is easy to check that �zn�n2N 2 Ext BX and

f��zn�n2N� �
P1
n�1

x�n�zn� �
P1
n�1
kx�nk � kxnk � 1: This proves the theorem if p > 1.

Now we will consider that p � 1. We have that X� � ��X�n�1 . If X has the E-property
then we can show, similarly to the case p > 1, that Xn has the E-property, for every n 2 N.
Conversely, let us suppose that Xn has the E-property, for every n 2 N. Let
f � �x�n�n2N 2 SX� be such that there exists a sequence �xn�n2N 2 SX with f��xn�n2N� � 1.
We have that

1 �
X1
n�1

x�n�xn� %
X1
n�1

jx�n�xn�j %
X1
n�1

k xn k� 1:

Hence, if m 2 N and xm �j 0, we have that x�m
xm

k xm k
� �

� 1 and k x�m k� 1. By hypothesis,

there exists an e0m 2 Ext BXm such that x�m�e0m� � 1. Let �en�n2N be the sequence defined by
em � e0m and en � 0 if n �j m. Obviously �en�n2N 2 Ext BX and f��en�n2N� � x�m�e0m� � 1.

Let T be a set and let X be a Banach space. We consider the space
l1�T;X� � f�xt�t2T :

P
t2T
kxtk < �1g; endowed with the norm k�xt�t2Tk �

P
t2T
kxtk. It is easy

to check that �xt�t2T 2 Ext Bl1�T;X� if and only if there exists a t0 2 T such that xt0 2 Ext BX

and xt � 0, for t 2 T n ft0g.
Theorem 12. The space l1�T;X� has the E-property if and only if X has the E-property.

Pr oof. Let us suppose that X has the E-property. For every f 2 l1�T;X�� and t0 2 T let
ft0 : X ! R denote the continuous linear form defined, for x 2 X, by ft0�x� � f �xt0�, where
xt0 2 l1�T;X� is defined by xt0

t0 � x and xt0
t � 0, if t �j t0. We have f ��xt�t2T� �

P
t2T

ft�xt� and

jjf jj � sup fjjftjj : t 2 Tg. Let us suppose now that there exists �xt�t2T 2 Sl1�T;X� such that
f ��xt�t2T� � jjf jj � 1: We have that 1 � P

t2T
ft�xt� %

P
t2T
kftk � kxtk %

P
t2T
kxtk � 1:
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Hence, ft�xt� � kxtk and kftk � kxtk, for every t 2 T. Let p 2 T be such that xp �j 0. We

have fp
xp

kxpk
� �

� kfpk � 1 and, by the hypothesis, there exists an e 2 Ext BX such that

fp�e� � 1. Therefore, ep 2 Ext Bl1�T;X� and f �ep� � fp�e� � 1.

Conversely, let us suppose that l1�T;X� has the E-property and let g : X ! R be a
continuous linear form which verifies that g�z� � kgk � 1, for z 2 SX . Let p 2 T and let us
define f : l1�T;X� ! R by f ��xt�t2T� � g�xp�. We have also kfk � 1 and f �zp� � g�t� � 1.
Hence, there exists a sequence �et�t2T 2 Ext Bl1�T;X� such that f ��et�t2T� � g�ep� � 1. It is
clear that ep 2 Ext BX .

Re ma r k 1 3 . Recall that if K is a compact Hausdorff space and X is a Banach space then
K is dispersed if and only if C�K;X�� ' l1�K;X��. From Theorem 12 and Remark 4 we can
derive the following corollary.

Corollary 14. Let X be a Banach space and let K be a compact Hausdorff space. The
following conditions are equivalent: 1) K is dispersed and X� has the E-property. 2) C�K��
and X� have the E-property. 3) C�K;X�� has the E-property.
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