
Abstract The generation of internal lee waves (ILW)

in the Strait of Gibraltar takes place in the main

sill where the tidal flow interacts with a submarine

obstacle. The tidal flow is perturbed by subinertial

phenomena of different nature summarized in the

subinertial currents that can inhibit the ILW genera-

tion. The authors present an attempt to randomize the

problem by the introduction of a Gaussian noise in the

Taylor–Goldstein equation. The random number sets

are generated from the statistical distribution of the

previously isolated random part of the subinertial

currents from experimental data taken in the area

during the Gibraltar Experiment 94–96. The effect of

the noise is translated into a continuous spreading of

the spectrum around the solution of the noise-free

problem. A stability analysis is carried out in order to

determine the single neutral modes of oscillations and

the phase space is divided onto regions of stability and

instability as a function of the inflowing subinertial

current. The methodology and results could be useful

for the design and timing of oceanographic surveys in

straits where the ILWs occur.

Keywords Subinertial currents Æ Internal lee waves Æ
Camarinal sill

1 Introduction

The Strait of Gibraltar is the natural channel between

the Atlantic and the Mediterranean. Lacombe and

Richez (1982, 1984) identified three scales of motion in

the strait: long period (longer than annual), related to

the two-layer water masses exchange; subinertial (with

periods greater than the inertial period of the location),

related to the meteorological; and tidal forcing. All of

them consider the water masses exchange between the

Atlantic and the Mediterranean basins. Alonso and

Andonegui (2005) added a fourth scale of shorter

period, from minutes to 3 or 4 h, associated with

internal waves. This is responsible for the vertical

mixing between the Atlantic and Mediterranean layers

if a two-layer model of the Strait of Gibraltar is

assumed and the internal waves, hydraulic jump and

lee waves fall in this new category. The observations

reported in the CANIGO project (CANIGO 1999),

Bruno et al. (2002), Echevarrı́a et al. (2002) and the

prediction model developed in Alonso et al. (2003) are

the basis for the addition of the fourth time scale

(Alonso and Andonegui 2005).

The internal waves at the Strait of Gibraltar are well

known oceanographic phenomenon. The classical

internal bore is present when critical conditions occur

over Camarinal sill. There are many references to this

phenomenon in the literature but they are focused on

the generation, propagation and release towards the

Mediterranean of internal waves (Frassetto 1964;

Ziegenbein 1969; Cavanie 1972; La Violette et al. 1986;

La Violette and Lacombe 1988; Richez 1994; Bray

et al. 1990; Watson and Robinson 1990; Bray et al.

1990; Brandt et al. 1996; Morozov et al. 2002, among

many others). Bruno et al. (2002) reported a new type
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of internal wave, classified after as internal lee wave

(ILW) by Alonso et al. (2003). A discussion of the role

of these waves in the mixing process in the Strait of

Gibraltar was given in Echevarrı́a et al. (2002). A full

discussion and an analytical high order model were

presented in Alonso and Andonegui (2005). This

happens in subcritical conditions when a suitable

combination of the stratification and the incoming flow

allows the upward propagation of hydrodynamic per-

turbations generated at the bottom. In Alonso et al.

(2003) a study of the conditions for the generation,

vertical propagation and a linear prediction model for

ILW generation were developed. In addition the

topographic criterion of existence and a critical velocity

were also established and it was demonstrated that the

water mass exchange is not always maximal through

the Strait of Gibraltar. In the opinion of the authors,

the first and only very basic attempt to describe the

effect of the subinertial currents on the generation of

ILW can be found in the same publication. One of its

main conclusions is that subinertial currents can distort

and inhibit the generation of ILW.

On the other hand, the driving force of the subin-

ertial fluxes has been related to the air pressure fluc-

tuations over the Mediterranean basin (Crepon 1965;

Garrett et al. 1989; Candela et al. 1989, 1990). Subin-

ertial and tidal flows have a similar distribution with

the maximum values at Camarinal sill decreasing to the

east and west of the sill (Pillsbury et al. 1987). They can

be considered as barotropic and responsible for 93.4

and 84% motion of the semidiurnal and the subinertial

frequency band, respectively (Candela et al. 1990).

Garrett (1989) showed the relationship between the

non-astronomical signal of M2 in the water column and

the fluctuations of subinertial currents along the Strait.

Tsimplis (2000) and Bruno et al. (2002) explained the

vertical structure of currents in the Strait of Gibraltar

and Mañanes et al. (1998) showed that the distortions

of the barotropic M2 wave are correlated with the

barotropic mode of the subinertial currents. These lead

to the idea that the subinertial currents in the Strait of

Gibraltar have an important baroclinic component.

Their measurements carried out at one point showed

that they introduce large deviations in amplitude and

phase lags.

The same kind of ILW has been found in the Kuril

Straits and they have been reported in Nakamura et al.

(2000). They showed that the phenomenon does not

follow the classical theories of internal waves, includ-

ing the concept of critical slope (Wunsch 1969; Baines

1982; Huthnance 1989), and the inability of the modal

decomposition to explain and characterise the short

period internal waves. In addition, Nakamura and

Awaji (2001) show that the actual models as those

studied by Hibiya (1986) and Gerkema and Zimmer-

man (1995) cannot explain the observed ILW. In

Nakamura and Awaji (2001) they find the solution

using the method of characteristics applying the same

model that Nakamura et al. (2000) and assume the

hypothesis that the growth of the ILW is due to

advection. This conclusion was also demonstrated by

Lott and Teitelbaum (1993a, b) for the amplification of

unsteady atmospheric lee waves. In Nakamura et al.

(2000) and Nakamura and Awaji (2001) a single tidal

wave is considered in the simulations and the vertical

profile of velocities is not perturbed by subinertial

currents as in the Strait of Gibraltar. In Nakamura

et al. (2000) and Nakamura and Awaji (2001) a single

tidal wave is considered in the simulations and the

vertical profile of velocities is not perturbed by subin-

ertial currents as in the Strait of Gibraltar. However

their results coincide with Bruno et al. (2002), Eche-

verrı́a et al. (2002) and Alonso et al. (2003) about a

very important role of the ILW in mixing the water

masses. The hydrodynamic conditions are subcritical at

the top of the sill.

In addition, there is an unavoidable and additional

complexity not contemplated in Nakamura et al.

(2000) and Nakamura and Awaji (2001). This is related

to the physics of resonant processes and the possibility

of Holmboe’s waves. This kind of waves occurs when

the dimensions of the physical system verify that the

flow becomes stable for all generated wavelengths

(Hazel 1972), hence all internal waves (even the short

period ones) can be generated and all of them become

resonant. The Holmboe’s critical limit depends on the

potential function of the associated Sturm–Liouville

problem as shown in Hazel (1972). This hypothesis

must be considered since the Taylor–Goldstein equa-

tion can be obtained from the mathematical model of

Nakamura et al. (2000).

The two objectives of this work are (1) the study and

characterization of the subinertial currents at the Strait

of Gibraltar and (2) the inclusion and the analysis of

the effect of the subinertial currents on the wavelength

of the ILW generated in subcritical conditions at the

main sill of the Strait of Gibraltar.

The outline of this work is as follows. In Sect. 2, the

description of the data and the area under study is

given. Section 3 is devoted to make review of the sub-

inertial currents in the Strait of Gibraltar. Section 4 is

devoted to establish the conceptual framework. In the

Sect. 5 the statistical vertical structure of the subinertial

currents at the main sill of the Strait of Gibraltar

and the characterisation of the Gaussian noise are

developed. In Sect. 6, the numerical experiments are
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commented upon and described. Section 7 is devoted to

obtaining of the dispersion relationships and stability of

the analysed conditions. Finally, the conclusions are

outlined in Sect. 8.

2 Data description and pre-processing

Data used in this study are the same of those fully

described in previous works by Bruno et al. (2002),

Echevarrı́a et al. (2002), Alonso et al. (2003) and

Alonso and Andonegui (2005). They consist of two

types of data. The first set is the data from an ADCP

taken in the Gibraltar 94/96 experiment. Two years of

hourly data current from an upward looking 150 kHz

ADCP moored at the top of Camarinal sill in the Strait

of Gibraltar (Fig. 1) have been used. The mooring was

located in the generation area of the internal waves in

the Strait of Gibraltar where the highest velocities are

observed. Small gaps of less than one day were due to

the operations of recovering, data reading, cleaning

and repeated deploying of the ADCP. Periods of

mooring are detailed in Table 1. Available depths are

from 45 to 245 m with a 10 m interval and the data

close to the surface and bottom were not considered

because of the reflections of acoustic beams. The

subinertial currents have been obtained by filtering with

a low-pass filter with a cut-off frequency of 1 cycle/day.

The newly formed velocity time series were re-sampled

to one value per day and named udepth
2 . Although some

CTD measurements were taken in the same survey [see

Bruno et al. (2002) and Echevarrı́a et al. (2002) for full

description] they are not useful for the prediction of the

ILW because they are distorted by them.

The second set is CTD data from two surveys per-

formed during CANIGO project on June 18–25, 1997

and September 2–9, 1997 (Echevarrı́a et al. 2002; Bruno

et al. 2002). The CTD profiles were taken with a Phal-

mouth multi-parameter probe with CTD, fluorimeter

and nephelometer. Profiles were repeated hourly dur-

ing a semidiurnal tidal cycle. The resulting profile used

in this study is the average of the CTD profiles taken

close to the sill in the Strait of Gibraltar and it was

parameterized to a five parameters sigmoidal function

[see Alonso and Andonegui (2005) for full details] to

make easier the handle in the theoretical models:

qðzÞ ¼ q0 þ
qa

1þ exp � z�qz0

qb

� �� �qc
: ð1Þ

Fig. 1 The Strait of
Gibraltar. The ADCP was
moored at the Camarinal sill,
marked with D, in the
Gibraltar Experiment 94/96
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The coefficients were computed by non-linear least

squares following the Levenberg–Marquardt method

(Press et al. 1986). The resulting values are qa = 3.36;

qb = –10.08, qc = 1.29 and q0 = 26.5. (Alonso et al.

2003; Alonso and Andonegui 2005). The depth of the

interface is computed from the vertical profiles of

velocity following Tsimplis and Bryden (2000). They

found a maximum difference between the depth of the

interface from CTD data and the inflexion point from

the vertical profile of velocity of 8 m. Hence, the depth

of the interface can be deduced from the vertical

profile of velocities and this is computed from the

harmonic prediction of currents.

Because the CTD and ADCP data sets are not

simultaneous some errors are introduced in the com-

putation, but the parameterization is quite good as

shown in Bruno et al. (2002), Alonso et al. (2003) and

Alonso and Andonegui (2005).

3 Subinertial currents in the Strait of Gibraltar

Many efforts have been made and reported in the lit-

erature about the subinertial currents in the Strait of

Gibraltar. It is possible to consider that the subinertial

currents in the Strait of Gibraltar have several sources.

The main and most obvious is the tidal forcing. The

tidal flow interacts with the bottom topography pro-

ducing baroclinic contributions to the currents in all

tidal bands. Mañanes et al. (1998) studied the interac-

tion of the M2 tidal wave with the subinertial baro-

tropic flows; Tsimplis (2000) gave the structure of the

vertical modes for waves on various time scales but

for the vertical modes associated to the long tidal

waves the results are not definite. The other considered

source of perturbations is the fluctuating field of air

pressure over the Mediterranean basin studied by

Crepon (1965) and Garrett et al. (1989) among others.

Two of the most interesting subinertial tidal waves

are the fortnightly, Msf, and the monthly, Mm, because

they are used to present anomalous values. Experi-

mental evidences for these components are available

(Geyer and Cannon 1982; Griffin and LeBlond 1990;

Freeland and Farmer 1980; de Silva Samaringhe and

Lennon 1987; Nunes and Lennon 1987; Valle-Levinson

and Wilson 1994; Candela et al. 1989, 1990) and

numerical models have been developed in order to

explain such observations (Hibiya et al. 1998). Hence,

the attention is focused on Mm and Msf and, in order to

show why the subinertial currents in the Strait of

Gibraltar cannot be predicted by classical methods such

as harmonic analysis, in which the knowledge of only

the harmonic constants of the two waves is considered.

The amplitudes (in m/s) and phase lags (in degrees) for

three selected depths are presented in Table 2. The

values of the amplitudes of both waves are quite con-

stant for the four phases of the experiment. However

there are many variations in the phase lag with large

variations up to 60� or more. The harmonic analysis will

give an average value of the phase lag for the analyzed

period that will be far from the perturbed instantaneous

value. Hence as a hypothesis, it is possible to postulate

that the main effect of the pressure fluctuation over the

Mediterranean will result in at the Strait of Gibraltar as

strong variations in the phase lag values of the subin-

ertial waves. Then the harmonic prediction of the long

tidal waves (subinertial) will not reproduce the behav-

iour of the tidal waves and another approach is needed

to parameterize the long period band. In the absence of

more information that allows the correct prediction of

the phase lag of the subinertial waves, these deviations

can be considered as noise.

4 Conceptual framework

The conceptual model has suffered some corrections

before be definitively stated. The basic and partially

Table 1 Start time and number of data available for each
moored period

Start time Number of data

15 00 hours 21-10-1994 3,954
18 45 hours 06-04-1995 4,554
13 15 hours 16-10-1995 4,494
11 15 hours 21-04-1996 3,739

Table 2 Harmonic constants of Mm and Msf tidal waves for 75,
125 and 225 m depth for the four phases of the Gibraltar
Experiment 94/96

Depth (m) Mm (A, /) Msf (A, /)

Phase 1
75 0.0803, 170.32 0.1442, 221.74
125 0.0547, 169.56 0.1541, 226.61
225 0.1236, 14.08 0.2196, 28.57

Phase 2
75 0.0921, 223.22 0.1997, 210.39
125 0.0907, 215.94 0.1980, 212.15
225 0.1122, 14.29 0.1968, 36.47

Phase 3
75 0.0869, 144.05 0.1454, 205.44
125 0.0932, 139.45 0.1485, 210.60
225 0.1330, 25.05 0.2087, 29.11

Phase 4
75 0.0746, 214.36 0.1356, 223.34
125 0.0806, 220.39 0.2055, 218.01
225 0.0947, 10.73 0.1753, 31.95

Amplitudes are expressed in m/s and phase lags in degrees
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erroneous conceptual model was described in Bruno

et al. (2002) and in Alonso et al. (2003) as heritage. The

final conceptual frame was stated in Alonso and

Andonegui (2005) and a brief outline is now given in

order to fix concepts.

The generation of ILW is an internal resonant pro-

cess that depends on the background velocity profile

and on the stratification conditions (Hazel 1972; Bruno

et al. 2002; Alonso et al. 2003; Alonso and Andonegui

2005). Because of this they can be also named internal

resonant waves (IRW), meaning the same as ILW. The

triggering mechanism is the interaction of the flow with

the topography. The composite densimetric Froude

number is always taken less than unit and the hydraulic

jump has nothing to do. Close to the bottom a pertur-

bation occurs due to the advection terms in the equa-

tions of motion. When the conditions for the upward

propagation are favorable (x = Uk < N, x is the fre-

quency of the internal wave, U is the background

velocity, k is the wave number and N is the root squared

of the buoyancy frequency) an harmonic solution is

obtained and it can propagate upward, otherwise the

energy will be dissipated (damped solution) (Gill 1982;

Konyaev and Sabinin 1992). Considering a zero relative

velocity (c = 0), the internal wave is arrested by the flow

(Bogucki et al. 1999). Following the results of Nakamura

et al. (2000) and Nakamura and Awaji (2001), the en-

ergy reflection at the surface has no effect and it could

be neglected. This is exact and introduces a difference

with the previous and partially no-accurate conceptual

model presented in Bruno et al. (2002) and in Alonso

et al. (2003), as heritage, that stated it as a crucial point

in the theory. This was properly modified in Alonso and

Andonegui (2005). Then the conditions for resonance

are observed and the internal wave will be non linear

amplified, producing a very strong mixing (see Eche-

varrı́a et al. 2002) with a constant energy input radiating

from the bottom. The study of the vertical propagation

angles for a three layer water column can be found in

Alonso et al. (2003) following the Garrett and Munk

(1972) scheme. Because the tidal forcing is the driving

force of the process and it is time dependent, the ILW

must be named unsteady lee waves (Nakamura et al.

2000) and they will occur as pulses (Alonso et al. 2003).

With this, the ILW and the internal bore in the Strait of

Gibraltar are excluding and alternating processes.

5 Determination of the subinertial noise

At the present, it is no possible to predict subinertial

currents in the Strait of Gibraltar as it was pointed out.

Because these currents are important in the deter-

mination of ILW wavelengths (Alonso et al. 2003), a

statistical approach is needed in order to obtain the

probabilities of wavelengths occurrence. For the pur-

poses of this study a Gaussian noise has been consid-

ered and it is necessary to compute the corresponding

parameters for the generation of noise.

The parameters of the Gaussian noise were com-

puted from the histograms for the udepth
24 series for all

available depths. In Fig. 2, the daily mean flow at 75,

125 and 225 m depth are presented. The 75 m depth

for the ‘pure’ Atlantic inflow layer, the 225 m depth

for the ‘pure’ Mediterranean outflow layer and the

125 m depth is a typical depth for the interface at the

main sill of the Gibraltar Strait on a long term scale.

The time series are not harmonic and they are com-

posed by the harmonic subinertial signals and noise.

In Fig. 3, the relative histograms (the noisy line) of

the three selected and representative depths are also

shown. From the computation of the frequency his-

tograms for the available depth it is easy to see that

they have a bi-modal distribution except for the 225 m

depth case.

Several two-modal analytical functions were con-

trived to fit the experimental distribution. A very

common procedure from X-ray spectroscopy was used

in order to solve the problem. Since the 1970s the

Rietveld Method or Rietveld Refinement is widely used

to fit X-ray spectra (Rietveld 1963). This allows us to fit

of a linear combination of peak functions to an X-ray

spectrum (Young 1995; Rietveld 1995; Toraya 1995).

The more usual peak functions used in the Rietveld

method are the Gaussian, the Lorentz and their linear

combination in the pseudo-Voigt function (Young

1995). The pseudo-Voigt function is built by the

weighted summation of a Lorentz and a Gaussian

functions (L-contribution and G-contribution, respec-

tively). Although it is usually formulated with the same

location (Young 1995), it can be easily extended for

two peaks with different one. The pseudo-Voigt func-

tion for two peaks with different locations in the x-axis,

considering the values of the coefficients given by

Young (1995) reads as:

pVðxÞ ¼ ð1� gÞ 4 lnð2Þ
DG

ffiffiffi
p
p exp �2:7726

ðx�GÞ2

D2
G

 !

þ g
2

DLp
1

1þ 4 ðx�LÞ2
D2

L

; ð2Þ

where the first term is the G contribution function

and the second is the L contribution. For currents
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expressed in cm/s, g is a mixture dimensionless

weighting parameter with g2[0, 1]; L and G are the

x-axis positions of the L-contribution and G-contribu-

tion in cm/s; DL and DG are their standard deviations

in cm/s also. It is straightforward to verify that Eq. 2)

verifies all the requirements of the probability function.

Each frequency histogram was fitted to the general-

ised pseudo-Voigt equation (Eq. 2) by the Levenberg–

Marquardt method (Press et al. 1986) in order to

obtain the best estimations of the five adjustable

parameters in the sense of least squares. The fitting of

the pseudo-Voigt function is highly non-linear because

the analytical form of the L and G functions. The

inclusion of the dimensionless weighting parameter

increases the difficulty of the numerical procedure.

However this problem is very efficiently solved by the

use of a constrained Levenberg–Marquardt method

by the assignment of an interval to the location of

L-contribution and G-contribution from the analysis of

the frequency histograms. With this, the convergence

of the fits was accelerated and the quality of the fit was

drastically improved. In each of the cases the correla-

tion coefficient was greater than 0.83. The parameters

obtained from the non-linear fitting are presented in

Table 3 and could be biased due to the unavoidable

experimental errors. The superposition of experimen-

tal probability function and the corresponding pseudo-

Voigt function are also shown for 75, 125 and 225 m

depths in Fig. 3 (smoothed lines). Since the histograms

were not previously smoothed for the fits and the

correlation coefficients seem small, the non-linear fits

have a high quality. The only exception with three

peaks structure is at 225 m depth. Some additional fits

were also tried considering additional Gaussian distri-

butions but the results are quite un-sensitive to more

complex structure at only one depth. A collateral result

is the mean regime of the current at any depth that can

be easily computed from the cumulative numerical
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b)
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Fig. 2 Time series of the
daily mean flux at 75, 125 and
225 m depths
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integration of the Eq. 2 with the corresponding

parameters in Table 3 as:

Pðu24
depth < uÞ ¼

Zu

umin

pVðxÞ� dx ð3Þ

5.1 Preliminary discussion

In order to discuss the parameters of Table 3, their

plots are presented in Fig. 4a–c. In Fig. 4a, the

dimensionless weighting factor is plotted in depth.

Here, g gives the proportion of each contribution, L

or G, over depth. The area to the left of the curve

belongs to the L-contribution and the area to the right

corresponds to the G-contribution. Four segments can

be distinguished. The first one from 45 to 115 m depth,

the second one from 125 to 175 m depth, the third one

from 185 to 225 m depth and the last from 225 m to the

last available depth at 255 m. The first segment can be

clearly associated with the Atlantic inflow layer. The

second segment is associated with the interface layer

and the two deepest with the Mediterranean outflow

layer. The upper of the two is not affected by

some undetermined phenomenon that increases the

Gaussian contribution. In the Atlantic inflow layer

the average weight factor is over 0.45, implying that the

G-contribution is about 55% of the total variance. The

second layer belongs to the usual depth of the interface

location. The weight factor is greater than 0.20 with

about 80% of G-contribution, denoting an extremely

high variability of the mean flow at such depths. Below

the interface layer it is possible to distinguish two sub-

layers. The upper one can be assigned to the ‘pure’

Mediterranean outflow with a weight factor exceeding

0.60 and 40% of the G-contribution and the lower one

with a weight factor of 0.15 or 85% of the G-contri-

bution. The reason of why the mixture parameter

obtains these values requires further studies and the

use of fully nonlinear numerical model.

Notice that the standard deviation of all estimates

increases when g decreases (Table 2), when the

G-contribution is higher. This is general and affects all

a)

b)

c)
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Fig. 3 a Relative frequency histogram and fit of the analytical
function for the subinertial signal at 75 m depth. Solid line
(noisy) corresponds to the frequency histogram and the dashed
one (smooth) corresponds to the analytical function. b Same but
for 125 m depth time series. c Same but for 225 m depth time
series

b

Stoch Environ Res Risk Assess (2007) 21:259–272 265

123



parameter estimates complicating the fits. They also

present higher values at interface depths and close

to the bottom compared to the other depths where the

G-contribution is higher.

The depth distributions of G and L-contributions are

shown in Fig. 4b. The shape of the vertical profile of the

L-contribution (dotted line) is a quasi two layer flow

with a constant upper part of 50 cm/s, a bottom layer

part exceeding –96 cm/s and an intermediate transition

layer with a zero crossing. The mean interface depth is

located between 115 and 125 m depth where a sudden

change in the mean flow occurs from 31.89 to –9.02 cm/s

occurs. Hence, the depth of interface over 120 m is a

good option for two-layer models over the sill. This

vertical profile can be associated to the long-term steady

two-layer dynamic in the Strait of Gibraltar. The

G-contribution (solid line) shows a similar vertical

profile with the same layers but with an abrupt change in

the behaviour between 115 and 125 m, where the mean

depth of the interface was found from the L-contribution

analysis. This change implies a drastic modification in the

trend of the vertical profile. The depth of the mean

location of the interface coincides with the inversion of

the L and G contribution locations and the Atlantic in-

flow layer is thinner than the Mediterranean one.

Finally, the weighted variances (g D2
L,(1–g) D2

G)

of the two contributions are plotted in Fig. 4c.

Because the G-contribution (solid line) is wider that

the L-contribution (dotted line) the standard devia-

tion of the second is always smaller. At these esti-

mates, the G-contribution variance is always much

greater than the L-contribution. Only at the depth of

the interface and below 200 m they are approxi-

mately equal.

Taking into account that the vertical profile of the

L-contribution is similar to the vertical distribution of

the long term current in the Strait of Gibraltar, it is

possible to hypothesize that the sub-inertial distortions

of the currents are summarized in the G-contribution.

Hence, in order to include it in the numerical experi-

ments, a sequence of Gaussian random numbers

N G; ð1� gÞD2
G

� �
for each depth with the parameters

of Table 3 will be generated. They will be used in the

simulation of the next section.

6 Numerical experiments

Once the mathematical model is formulated for the

ILW, the model is solved many times introducing the

corresponding noise structures (see Sect. 5) at each of

the depths. The resonant wavelengths are computed

for each simulation and the frequency histogram of the

obtained wavelengths is plotted.

Table 3 Parameters of the fitting of the pseudo-Voigt function

Depth(m) G DG L DL g

45 35.29 (5.03) 40.48 (6.81) 53.27 (0.46) 15.31 (3.91) 0.42 (0.19)
55 32.14 (5.16) 42.33 (7.54) 52.63 (0.44) 14.95 (3.25) 0.45 (0.17)
65 29.10 (4.72) 43.32 (7.55) 51.75 (0.44) 15.33 (2.76) 0.46 (0.14)
75 27.34 (4.32) 44.34 (7.04) 51.00 (0.50) 14.85 (3.03) 0.41 (0.14)
85 23.85 (3.04) 45.18 (5.18) 49.03 (0.44) 13.45 (2.46) 0.36 (0.09)
95 17.28 (2.47) 43.35 (4.95) 45.04 (0.53) 14.30 (2.17) 0.37 (0.08)
105 8.34 (1.70) 38.52 (3.99) 39.01 (0.63) 15.21 (1.84) 0.42 (0.06)
115 0.07 (1.42) 35.20 (3.50) 31.89 (0.80) 16.52 (2.13) 0.42 (0.06)
125 21.48 (1.64) 27.66 (4.30) –9.02 (1.36) 23.58 (2.96) 0.61 (0.07)
135 –1.52 (2.36) 42.06 (4.37) –26.54 (0.63) 10.51 (3.06) 0.23 (0.09)
145 –14.64 (3.10) 35.85 (5.02) –33.73 (0.73) 10.71 (4.18) 0.25 (0.14)
155 26.23 (3.56) 29.24 (5.26) –40.13 (0.71) 11.28 (4.37) 0.30 (0.22)
165 –38.22 (2.05) 24.26 (3.22) –50.69 (0.74) 8.26 (4.33) 0.19 (0.16)
175 –46.69 (1.08) 24.40 (2.80) –59.82 (0.59) 6.99 (3.30) 0.18 (0.12)
185 –47.28 (1.04) 18.34 (2.54) –64.58 (0.73) 13.04 (1.46) 0.56 (0.07)
195 –51.67 (1.35) 21.67 (3.16) –70.89 (0.91) 16.16 (1.61) 0.58 (0.08)
205 –54.18 (1.04) 20.32 (2.72) –75.88 (0.90) 19.26 (1.69) 0.64 (0.06)
215 –68.76 (1.73) 37.84 (3.41) –92.56 (1.02) 10.57 (4.52) 0.14 (0.08)
225 –70.88 (1.81) 39.14 (3.79) –96.96 (1.05) 11.84 (4.18) 0.18 (0.08)
235 –70.21 (2.22) 38.22 (4.63) –96.24 (1.29) 15.93 (3.99) 0.27 (0.10)
245 –69.80 (2.04) 39.17 (4.29) –96.59 (1.12) 15.17 (3.71) 0.26 (0.09)
255 –69.65 (1.30) 42.53 (2.85) –99.34 (0.58) 7.45 (2.24) 0.14 (0.04)

First column is the depth in meters, the second and third are the position and standard deviation of G-contribution, respectively. Next
two are the same but for L-contribution (all in cm/s) and the last one is the dimensionless weight or mixture factor. Between
parenthesis the standard deviations of all estimates from fits
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6.1 Computation of resonant wavelengths:

the Taylor–Goldstein equation

The generation of ILWs in a continuously stratified

flow can be investigated from the Taylor–Goldstein

equation following Kundu (1990), Konyaev and

Sabinin (1992), Bruno et al. (2002), Alonso et al. (2003)

or with an extended high order model in Alonso and

Andonegui (2005):

ŵzz þ qðzÞŵ ¼ k2ŵ: ð4aÞ

This is obtained by taken the equations of motion

(Kundu 1990; Bruno et al. 2002; Alonso et al. 2003;

Nakamura et al. 2000) neglecting rotation, viscosity and

the non-linear terms, introducing the stream function

and taking normal modes. Here, ŵ is the complex

amplitude of the stream function and the potential

function is:

qðzÞ ¼ N2

ðU � cÞ2
� Uzz

ðU � cÞ ; ð4bÞ

where U(z) is the background horizontal velocity,

N2 (z) is the buoyancy frequency and c is the phase

speed of the internal wave. Subscripts indicate deriv-

atives. Eq. 4a together with the boundary conditions

ŵð0Þ ¼ ŵðhÞ ¼ 0; is a harmonic Sturm–Liouville prob-

lem where the solutions are the eigenvectors, ŵn ; with

their corresponding eigenvalues, kn
2. The eigenvectors

satisfy the orthogonality condition as usual.

The Sturm–Liouville problem for an arbitrary

potential function must be solved numerically. There

are several numerical standard methods to do it,
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among which are those related in Henrici (1962) and

Bailey et al. (1991). The latter, based in the Prüffer

decomposition instead the eigen-decomposition of the

coefficient matrix, severely affected by round off errors

in the former, is the best one but useful for the smallest

eigenvector. The interest is in the internal waves that

can be resonant, in other words in the internal waves

with zero velocity relative to the flow phase velocity of

the flow, c = 0 (Bogucki et al. 1999; Bruno et al. 2002;

Alonso et al. 2003; Alonso and Andonegui 2005). Since

the solution of Eq. 4a is not unique, the topographic

criterion for its existence was applied (Alonso et al.

2003). In the same paper it was demonstrated numer-

ically that at least one of the wavelengths determined

from the bottom topography could be found in the

ILW wavelength spectrum.

The vertical profile of the background velocity is

computed from harmonic prediction without consid-

ering the subinertial frequency band. The buoyancy

frequency is easily computed from Eq. 1.

6.2 Numerical experiments and discussion

Although it is possible to perform the following anal-

ysis at any moment of the tidal cycle because the

harmonic prediction of the velocity field, five time

moments of ILW generation were considered. The

vertical profile of the background velocity is computed

from the harmonic constants of the current at all

available depths (Alonso et al. 2003). After that, a

random number NðGðzÞ; ð1� gðzÞÞD2
GðzÞÞ is generated

and added to the corresponding depth from the corre-

sponding parameters of Table 3. The Sturm–Liouville

problem is solved using the background velocity

perturbed by the subinertial noise. The resonant wave-

lengths for the unperturbed problem and the corre-

sponding times in GMT are given in Table 4. Each one

of the five simulations has 15,000 profiles of noise. The

profiles of the potential function are shown in Fig. 5.

The normalized histograms of the wavelength of

each case are presented in Fig. 6. The solutions

of the noise free problems coincide with the maximum

of the frequency distribution except for case e

(Fig. 6e). A continuous spreading of wavelengths

around the wavelength of the noise free solution can be

observed. In cases a, b, and e (Fig. 6a, b, e), a high

probability of ILW inhibition is observed (zero wave-

length). This means that the subinertial noise is capable

of inhibiting the generation of ILW. In case e (Fig. 6e)

the inhibition is almost complete. The explanation of

this last result lies in the field of the physics of the ILW

phenomenon. The ILW occurs with a suitable combi-

nation of stratification and background velocity. If

their combination is not stable in the presence of a

perturbation (i.e. a subinertial noise) then the genera-

tion of the ILWs is inhibited. From the knowledge of

the authors, there is no criterion to predict the ILW

inhibition. That kind of highly theoretical work must

be left for further works.

7 Stability analysis

Hazel (1972) developed an elegant and clear mathe-

matical analysis of stability for many standard cases

based in the Taylor–Goldstein equation. We shall fol-

low his ideas with some modifications. His analysis

consisted of the joint representation of dimensionless

wavelength and the dimensionless Richardson number.

However the procedure for getting the dimensionless

expression of the Taylor–Goldstein equation is quite

unphysical. The curves in such a phase space are

named single neutral modes (SNM) and respond to a

curve J0 = a(1-a) as a function of the dimensionless

wavenumber, a = kh, where k is the wavenumber and h

is a certain reference depth. This fixes the SNM of

maximum stability. In this study such an approach

cannot be applied because the cases correspond to a

Table 4 Analysed time moments and resonant wavelengths for
the unperturbed problems

Case
number

Hours
(GMT)

Date Unperturbed
wavelength (m)

A 16 00 11/24/98 1151
B 16 00 11/25/98 1220
C 15 00 11/27/98 1884
D 20 00 11/29/98 1029
E 22 00 11/29/98 1484
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Fig. 5 Vertical profiles of the potential function for the cases of
Table 4
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single point in the Hazel’s diagrams, in particular when

the stability of the water column follows a hyperbolic

tangent profile. The critical depth or limit given by

Hazel (1972) is z/h 2[1.195, 1.25]. The theoretical

interval of Hazel is accomplished if the depth of the

interface is 50 m. Obviously this happens in the Strait

of Gibraltar at a few moments when the interface is

close to the surface. From the observations, the depth

of the interface is about 125 m depth and the number

of reference is 2.5 (depth of the sill/depth of the

interface), this must be considered the critical limit for

this work and it will be a more complex function

depending on the q(z) (Eq. 4b).

In order to build a dispersion relationship plot

for the selected cases, the Taylor–Goldstein equation

(Eq. 4a) can be treated as the dispersion relationship if

different values of a barotropic subinertial current

(named s) are added to U(z). For the five cases the

unrealistic, but useful to fix ideas, interval [–3,3] m/s

was finely scanned (Ds = 0.01 m/s) in order to obtain

good representations of the subinertial dispersion

relationships. Positive values of s denoted subinertial

currents towards the Atlantic and negative towards

the Mediterranean. Results are presented in Fig. 7,

corresponding to the analysed cases of Table 4. The

value of the computed wavelength when s = 0 is the

same as presented in Table 4. In all cases the result for

s = 0 corresponds to situations far away from the

central and most complicated zone.

Smooth branches forming parabola can be distin-

guished in all plots. They are the SNMs of the Hazel’s

analysis and represent the evolution of the wavelength

of the most stable oscillation mode when changing the

velocity of the wave. Several solutions can appear for a

determined value of s, given principal and secondary

modes. In general, the secondary branches are not

symmetrical around the minimum value of the wave-

length defined by the main ones. There are many

combinations of {s,L} where the ILWs are not gener-

ated. They correspond to the places out of limits of the

wider parabola and between the branches.

Cases a and b are the most stable because the

spreading is lesser than in cases c, d and e (Fig. 5). This

is related to the shape of the dispersion relationships.

For cases a and b, the branches are well defined and

few solutions are allowed. For cases c, d and e, many

solutions can appear and the curves in the middle

present many branches. Cases c, d and e have a branch
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running on the zero wavelength line. In addition, in

cases d and e the s = 0 solution is to the left and in the

other cases to the right of the central position of zero

wavelength.

8 Conclusions

Simulations of the influence of noise on the generation

of ILW were carried out. In order to perform the

simulation it was necessary to establish the character-

istics of the noise in the water column. Hence the

Gaussian subinertial noise was parameterized at all the

depths and simulations were carried out in five selected

cases: two correspond to very stable conditions, two are

related to medium stability conditions and one is fully

unstable. The results lead to a continuous spreading of

the distribution of wavelengths, implying that the

presence of noise greatly distorts the generation of

ILW and it is capable of inhibiting them.

A stability analysis is also carried out following and

extending the ideas of Hazel (1972). The dispersion

relationships obtained present many branches corre-

sponding to a SNM and fixing the combinations (s, L)

without generating ILW. If the unperturbed solution

(s = 0) lies to the left of the central point of the dis-

persion relationships plot the distribution of the

wavelengths represents higher spreading. In addition

small increments in the subinertial barotropic current

affect strongly the wavelength of the ILW.

This kind of analysis has the advantages that covers

most of the cases of ILW generation and leads to the

possibility of obtaining the probabilities of occurrence

of the phenomenon. This leads to the possibility of

improving the design and timing of oceanographic

surveys devoted to the study of ILW in any strait.
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