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Abstract. Let G be a group given by generators and relations. It is pos-
sible to compute a presentation matrix of a module over a ring through
Fox’s differential calculus. We show how to use Grobner bases as an al-
gorithmic tool to compare the chains of elementary ideals defined by the
matrix. We apply this technique to classical examples of groups and to
compute the elementary ideals of Alexander matrix of knots up to 11
crossings with the same Alexander polynomial.

1 Introduction

Let G = (x : r) be a group given by generators and relations, where x =
(z1,...,2n) is a base of the free group F' and r = (r1,...,7,,) are the relations.
Through Fox’s differential calculus [Crowell et al.(1977)| it is possible to compute
the presentation matrix of the Alexander module of the group. We review briefly
these concepts.

We build from G the ring of the group ZG. A derivation over the group ring
is a map D : ZG — ZG such that

D(Vl —+ VQ) = Dv1 + Dy,
D(l/lljg) = (Dljl)t(l/z) + Z/lDIJQ,

where t is the trivializer and v, v € ZG. For elements in G, the second condition
is
D(g192) = Dg1 + g1Dgo.
Then a derivation can be seen as the unique linear extension to ZG of a map
D : G — ZG that verifies the previous condition.
It is known that each generator z; in the group G defines a unique derivation

D; = 0/0z; in ZG, such that

8axi

Ba:j
Let H be the abelianized group of G. Considering the group rings we have the
composition of maps

= 6.
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where v is the projection and a is the abelianizer. The Alexander matrix from
G is A = (a;j), where
87’]‘
aij = ay 8.7} .
K3

Note that this matrix is the transposed of the matrix defined by
[Crowell et al.(1977)]. The Alexander matrix presents a module over the ring
ZH. If two groups are isomorphic then the modules are isomorphic.
A finite presentation for M is an exact sequence
« D
R*"—-R™ > M—0
where R"™ and R™ are free R-modules with respective bases fi,...,f, and

e1,...en. If a is represented by the matrix A with respect to these bases then
the m x n matrix A is a presentation matrix for M.

Theorem 1. [Lickorish(1998)l, Thm. 6.1] If A1 and As are presentation matri-
ces of a module M then they are related by a sequence of matriz transformations
of the following form and their inverses:

1. Permutation of rows and columns.

A1 0

01

3. Addition of an extra column of zeros to the matriz A;.

4. Addition of a scalar multiple of a row (column) to another row (column).

2. Replacement of the matriz Ay by (

We say that A; and As are Fitting equivalents.

Definition 2. Let M be a R module, with an m xn presentation matriz A. The
r-th elementary ideal F, of M is the ideal generated by all the (m —r + 1) x
(m — 7+ 1) minors of A.

By convention, F,.(M) = R when r > m and F,. (M) = 0 if »r < 0. They form an
ascending chain Fj (M) C Fi41(M). The elementary ideals are independent of
the presentation matrix chosen to evaluate them.

2 Algorithms in the Ring Group

The ring ZH is commutative, because H is an abelian group, and it has a special
form.

Proposition 3. The ring ZH is isomorphic to Z[azi oy xE])J, where J is the
ideal generated by the relations r1,...,7ym under commutativity.

Proof. Through the abelianizer, all the relations have the form [[z{" = 1, so J
is generated by the elements []z;* — 1.
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Corollary 4. There is an algorithm to compare ideals in ZH .

Proof. Through the bijection between ideals in Z[z5, ..., zX]/.J and ideals in R =
Z[a:li7 ..., 2] that contains J, the problem is reduced to compare ideals in R. In
this ring we can compute Grébner bases [Sims(1994), [Pauer et al.(1999)], or by
the isomorphism R ~ Z[x1, ..., Ty, w]/{z1 - - zpw — 1) [Adams et al.(1994)).

There is no known algorithm to decide whether two matrices present iso-
morphic modules. There are other invariants as the ideal row (column) class
[Fox et al.(1964)] or the Nakanishi index [Kawauchi(1996)]. However we do not
know algorithms to compute them and ad hoc arguments are needed to give their
values for specific matrices |[Fox et al.(1964), [Kearton et al.(2003)].

Ezxample 5. Let consider the groups given by the presentations

Ds = (z,ylz" =1,y° = Lyay ' =27"),Qs = (z,ylz" = L,2> =y*,y oy =27").

Dg is the dihedral group of order 8 (symmetry group of the square) and Qs
is the quaternion group. A classical exercise in group theory is to show that
these two groups are not isomorphic. Let see how can this be accomplished with
elementary ideals. Let r; be the the relations in Dsg:

riiat =1,ro iyt =1,rg tyzy tz = 1.

Then 5 5 5
T1 2 3 O T3 -1
== ]. = 0 = R
Ox totw +x’8m ’ Ox yra
87“1 87‘2 87“3 1
Oy ’ Oy T Oy *

In the abelianized group we add the relation 2y = yz, so 2 = 1,y? = 1. The
Alexander module of the group has a presentation matrix

(2422 0 x4y
M(DS)_( 0 y+1 1—x>’

over the ring Z[z*, y*]/(x? — 1,y% — 1).
We proceed in an analogous way with Qg. We write the relations

1

sprat=1,sp: 2%y 2 =1,s3: a2y oy =1,
and
851 2 3 882 883 1
Oz trtE Ox + Ox Ty
881 882 2 883 1 —1
= 07 = — ]_ s = —
oy ay (1 +y) gy ~ Wt
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As before, in the abelianized group the relations are reduced to 22 = 1,3% =1
and a presentation matrix of the Alexander module is

(2422 1+4+zx 1+xy

over the ring Z[z*, y*]/(x? — 1,y% — 1).
We compute a Grébner basis in Z[z®,y*] of the second elementary ideal.
Adding the polynomials 22 — 1,32 — 1, we get

FQ(M(D8)) = <4a 1 +, 1- $>7F2(M(Q8)) = <271 +z,1 +y>
They are different so the groups are not isomorphic.

Ezample 6. In [Kanenobu(1986)] it is defined a class of knots K, 4, with p, ¢ € N,
that has the Alexander matrix

A t2—-3t+1 (p—q)t
pa 0 2 =3t+1)"

Lemma 2 of [Kanenobu(1986)] asserts that K,, and K, , have isomorphic
Alexander modules if and only if [p — q| = |p’ — ¢/|- Let us show how to apply
our approach to give a new proof of this lemma. If the modules are isomorphic
then the second elementary ideals F, must coincide. A Grébner basis of the
ideal is equal to {t* — 3t + 1,p — q}, so Fa(4,,) = Fa(Ay o) if and only if
lp—al=1p"—dl.

3 An Application to Knot Theory

One of the main invariants in knot theory is the fundamental group of the knot
complement. The Alexander matrix can be computed from the Seifert matrix,
and with the tables listed in [Burde et al.(1985)] and [Livingston(2004)] we can
get the Alexander matrix of knots up to 11 crossings. As an application of
the algorithm described before we give a list of knots with the same Alexander
polynomial (grouped by boxes) and where the elementary ideals give more infor-
mation to distinguish knots (see Table[Il). For example, from Table [I] we deduce
that 11a192 and 1layg; are different, but we cannot say anything about 11ajgo
and 110,199.

The first step was to compute the Alexander matrix of the knot and reduce
it through the transformations given by Theorem [II In all cases we have got
at most a 2 X 2 presentation matrix, so F3 is always equal to R. The Groébner
bases were computed over the ring Z[t, w], adjoining to the ideals the polynomial
tw — 1.
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Table 1. Elementary ideals

Name Elem. ideal F» Name Elem. ideal F» Name Elem. ideal F» Name Elem. ideal I3

11n100 R 10140 (2,8> —t+1) 1060 R 1nges (2,82 +t+1)
937 (3,6 —2) llnzs (2 —t+1)  1lmes (2,8 +t+1) 959 R
n 2 —t+1)
117L97 R 11&223 R 11(131 R
6. R 1n116 R Wnaas (5, 6% + 26+ 1) 114417 (£ 41,5)
96 (3,t+1) 1lna (2,82 +t41)
11&108 R 1067 R
1lawz R 1ln; R 11laise R2 - 1074 (3,t+1)
1lais: (3, —2) 948 (3,t+1) 11‘1231 2;2 zi 1; 1lnes R
1laige R as7 -
10155 (t+1,5) Hass R Mawsy (2,84 + 62 +1)
10113 R 11n37 R 11a R 11a264 R
llawor (2,824+t+1) 8 R 1 109 @ty Maws R
1lasar (2, t? +t+ 1) 11&44 2 1 llasp R
11n164 <t2 —t+ 1> a7 <t -ttt >
1lais7 R 1lngs R 10123 <t4 _ 343 + 342 1063 (2, t2 +t+ 1>
1lasag (3, t— 2> 818 <t2 —t+ 1> —3t+ 1) 938 R
11&33 R 924 R 11@28 R
1las R 1las77 (t +1, 3>
10163 (2,82 +t+1) 105, R llage R
1laze (2,t* +t+1) 1lnsr R 1008 (1 —t+1t%)
1lasse (3,8> —t+1) 98 R ares (2,1 —t+¢2) 1laigs (7,6 +1)
1las R 929 R 1llass R 1laz16 R

1lnge (1—t+t?)  llasss R
1065 (2,#°+t+1) 105 R
1077 R 1lnee R 10144 (2,1 —t+t%)
1nm (=2 +t—1) 940  (*=3t+1) 1lng R
1lngs (=2 +t—1)

1042 R 1lngs (2,62 +t+1)
10103 (5,t+1) 1075 (3,¢+1) 941 (7,1+t)
1040 R
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