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Abstract

We study diameter preserving linear bijections from %4 (X, V) onto ¢ (Y, Z), where X, Y are compact
Hausdorff spaces and V, Z are Banach spaces. In particular, assuming that Z is rotund and the extreme points
of By« satisfy a certain geometric condition, we prove that there exists a diameter preserving linear bijection
from (X, V) onto 4 (Y, Z) if and only if X is homeomorphic to Y and Z is linearly isometric to V. We also
consider the case when X and Y are locally compact, noncompact spaces.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

A problem related to Banach—Stone theorem is the study of linear bijections between function
spaces which preserve the diameter of the range, that is, the seminorm p(f) = sup{|| f(x) —
fI:x,ye X}for f € 4(X, E), being X a compact space and E a Banach space. Such maps
are called diameter preserving linear bijections.

Gyory and Molndr began the study of this problem in [5], followed by Gonzilez and Uspenkij
in [4]. Cabello, in [3] obtains the next result:
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Let X be a compact Hausdorff space, then there exists a diameter preserving linear bijection
T : (X)) — ¥(X) if and only if there exists a homeomorphism ¢ : X — X, a linear functional
u:6(X) = K, where K is the scalar field, and a scalar z with |z] = 1 and u(1x) + z % 0 such
that Tf = zf oo + n(f)1x foreach f € €(X).

Recently there have been new results about diameter preserving linear bijections [1,3,4,6]. The
linear injections which preserve the diameter of scalar maps are studied in [2].

In this paper we study diameter preserving linear bijections 7 : (X, V) — (Y, Z), where
X, Y are compact Hausdorff spaces and V, Z are Banach spaces, being Z rotund and satisfying
the next geometric condition: for z}, z5 € Z*,if [|z][| = Iz3]| = 1 and ||z} + z]|| = 2 then ||z} —
Z1|l < 1. There s alarge list of Banach spaces satisfying the conditions required on Z, for instance
every rotund Banach space whose dual is rotund as well (the L? spaces with 1 < p < oo, etc.).

In this situation we prove that there exist a homeomorphism ¢ : ¥ — X, a linear, surjective
isometry G : V — Z and a linear map L : 4(X, V) — Z such thatif f €e (X, V)andye Y
then T/ (y) = G(f(9(»)) + L(f).

2. Main result

Let X, Y be compact Hausdorff spaces. Let V, Z be Banach spaces. We denote by Ex (V™)
the extreme points of V* and EN (V*) the set of extreme points of By« which attain the norm.

It is easily seen that w*CI(Co(EN(V*))) = By so that, if v € V then ||v| = sup{|v*(v)] :
v € EN(V¥)).

We will denote by E N (Z*) the corresponding set of extreme points which attain the norm and
by €(X, V) and € (Y, Z) the spaces of continuous functions with the supremum norm.

In this paper we suppose that Z is rotund and if z}, z5 € EN(Z*) and ||z] + z;|| = 2 then
lz] — 25l < L.

LetT : 6(X, V) — €(Y, Z) be a diameter preserving linear bijection. Let us denote by %y
the subspace of constant maps of (X, V) and by %z the subspace of constant maps of € (Y, Z).

It can be easily seen that p([ f]) = sup{|l f(x1) — f(x2)| : x1, x2 € X} is a well defined,
complete norm in ¢(X, V)/%y, and we have that [ fi] = [f>] in €(X, V)/%y if and only if
p(fi— f)=0.

Let us consider the map:
T: (6(X,V)/%v.p) — (Y, 2)/%7, p)

defined by T[ f] = [T f].

T is a linear, surjective isometry.

In [1] it is proved that the extreme points of the unit ball of (4(Y, Z)/%z, p)* are precisely
7*(8y, — 8y,) where z* is and extreme point of Bz+ and y1, y» € Y (y1 # y2). So that, for each, z*
and yj, yp € Y there exist x1, xp € X and v* € Ex(V*) such that T*z*(&m —8y,) = v4((6x, —
8x,)). It is easily seen that z* € EN(Z*) if and only if v* € EN(V¥).

Given x; € X we can consider x, x’ € X such that x; ¢ {x, x’} and given v* € EN(V*) we
have that:

T 0 (8, — 8y,) = 25(8, — 8),
1

T+ v*(c?xf — 5x1) = Z;(Syz - ‘Sys)

for y, yi, y2, y3 € Y and z}, 25 € EN(Z*).
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We obtain that T+ v* (8, — 8,/) = 27 (8y —8y,) — 27 (8y, — 8y;) and necessarily z7(8, — 8y,) —
25(8y, — 8y;) must be an extreme point of the unit ball of (¢(X, Z)/%z, p)*, so we can have the
next cases:

(a) #({y, yi} N {2, y3}) = 2, being #({y, yi} N {ya, yg}) the cardinal of this set. In this case
we have that:

T 0% (8, — 8y) = 25 (8y — 8y,)
-1

T* v*(Bx/ - 8X1) = Z%@Y - 5Y1)'

If we consideramap f € 4(X, V) suchthat f(x) = f(x’) = v where v is an element of Sy
satisfying that v*(v) = 1 and f(x1) =0, || fIl = p(f) = 1 we will have that 2} (T f (y) —
Tf(y1) =1and Z3(Tf(y) = Tf(y1)) = 1 sothat |[(Tf(y) —Tf(y1)|l =1 and |z} +
251l = 2, but since f*flv*((Sx — 8x") = z{(8y — 8y1) we deduce that ||z] — 25| = 1 and
this is a contradiction.

(b) #({y, y1} N {y2, y3}) = 0. In this case we have that T 08y — 8y) = 258y — 8y,) —
75 (8y, — 8y;) but this element cannot be an extreme point of the unit ball of (¢ (Y, Z)/

€z, )"
(©) #({y, y1} N {y2, y3}) = 1. In this case we have different possibilities:

(c-1) y = y». We have that y # y1, y» # y1,y # y3 and

~_ —1

T (8¢ = 8v) = 27(8y = 8y,) — 25(8y — 8y3)-

This element will be an extreme point if and only if z] = z3 so we will have

?*711)*(5)( — 8x’) = ZT(S)B — 5}’1)’
T v*(Sx - 8)61) = ZT(‘S)’ - 8)’1)’
-1

T v (80 — 8y) = 25 (8y — 8yy).

Let x” ¢ {x,x’, x1}. There exist z; € EN(Z*) and yo, y, € Y such that:

1

T v (80— 8x) = (8 — 8)-

Necessarily, #({yo, yor N {y, yl}) = land #({yo, yol Ny, y3}) = 1. It is not possible that
yo = y1 and y = y3 because in this case we will have:

T 0% (8, — 8¢) = 21 (8y5 — 8y,
™ v (8x — 8uv) = 21 (8y = By,) — 23 (8y — 8ys)

and we deduce that: z; = —z] and
~ -1
T 0" (8 — 8u) = 27 (8y, — 8y,)-

and this contradicts the injectivity of T*.
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If yo = y then
T v (8xr = 8x) = 25 (8yy — 8y) — 27 (8y — 8y,
and we deduce that zJ = z; and

T 0 (80— 8,) = 21 (8y — 8yy).

If ¥, = yo., then

T v*(8x~ - 8)51) = Z§(5y0 - 8)’)’

and we obtain that

™ v (8xr = 8x,) = 25 (850 — 8y) — 21 (8y — 8y1).

and we deduce that z§ = —z3 and

T 0" (8,0 — 62,) = 25 (8y — 8yy).

So that, given v* € EN(V*) and x; € X, if y = y;, we can deduce that there exists z* €
EN(Z*) such that for each x” € X\{x}, there exists y” € Y\{y} such that 7! v*((qu —
8u) =27 (8y = 8yr) = ()" (8yr = &y).

In other cases: y = y3, y1 = y2, y1 = y3 we obtain analogously the same result.

That is, we have that given v* € EN(V*) and x; € X there exists z* € EN(Z*)and y; € Y
such that, for each x € X\{x;} there exists y € Y'\{y1} (we will denote itby 7 (x), and y; = #(x1))
such that:

T 0" (5, — 84) = 2% (8, — 8y,)

If x" € X\{x, x1}, since

1

T 0" (8¢ — 84,) = 2 (8rx) — Srcan))»
and
T\*flv*((Sx/ —84) =2 (8rxry — Brx))s
we obtain that
?*’lv*(ax —8y) = 2" (8r(x) — Sr(x))-

We have that ¢ is a bijection and we will denote by ¢ the inverse map, ¢ : ¥ — X.
We will prove that the map 7 does not depend on v*.
Suppose that:
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‘We have the next cases:

@) {x1, x2} N {x3, x4} = @, where z} # 2.
In this case v} # v3.
Let vy, vz € Sy such that v} (vy) = v;(v2) = 1 and let f1, f2 € €(X, V) such that support
fiNsupportfo = &, || fill = [ f2ll = 1; fi(x1) = v1, f1(x2) = —v1, f2(x3) =02, fo(x4) =
—v2, p(f1) = p(f2) =2, p(f1+ f2) <2and p(f1 — f2) < 2.
We have that 2 (T f1(y1) — Tf1(y2)) = 2 and | Tfi(31) — TAH G = 2.
Analogously ||T f2(y1) — T f2(y2)|| = 2 and we have that:

4 =2|Tfi(y) — Tfr(y)Il
=T i+ 0D -T(1+ 202 +T(1— 20D =T — L0
<INTf 1+ 200 T+ L2000+ IT — L2001 =T — 202l <4

Since p(f1 + f2) < 2and p(f1 — f2) < 2 we deduce that, if

2 =THGD +TH1) —THG2) —THG2),
2 =T = THG2) —THG2) +Tf(),

then ||z1|| = |lz2]l = 2 and ||z1 + z2]| = 4, ||z1 — z2|| = 4 which contradicts the fact that Z
is rotund.
(i) #({x1, x2} N {x3, x4}) = 1. Suppose that

- 5){1)7
Y

Let g1 : X — [—1, 1] be a continuous map such that g;(x2) = 1 and g;(x1) = —1 and let
f1: X — V be amap defined by f1(x) = g1(x)v; where v € ¥y and vi“(v1) =1.

Let g2 : X — [0, 1] a continuous map such that g2(x3) = 1, g2(x1) = 0 and supportg; N
supportgy = <.

Let f : X — V amap defined by f>(x) = g2(x)vz where v, € ¥y and v3(v2) = 1.

We have that || fi]l = [I f2ll = 1, p(f1) =2 and p(f2) = 1.

It is easily seen that p(f1 + f2) < 2and p(f1 — f2) < 2.

We have that

f*ZT(ayl - 5}‘2) = UT(‘SM
?*Z; (8)’| - 5)’2) =5 (‘SX3

(Tl — Tfi(y) = vi(filx2) — fi(x) =2,

and since p(T f1) = 2 we obtain that

ITfi(y1) = Tfi(y2)ll =2, and
2 (Tfr(y1) — THh() = v5(f2(x3) — falx1)) =1,

so that ||T f>(y1) — Tf2(y2)|| = 1 and we have that

4 =2ITfi(y) = TH )
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=|T(fi+ 2010 - T — LI
ST i+ 200D =Tfi+ LN+ 1T 1 — 2000 =T — ) <4,

so that if

=T 1+ L)) =T+ 202,
2=T1—- L)) —-T(1 - )02,

then ||z1|| = ||z2ll = 2, |llz1 + z2|l = 4 and ||z1 — z2|| = 2 and this is a contradiction with
the fact that Z is rotund.

So, necessarily {x1, x2} = {x3, x4}.
We have proved that there exist a bijection F : EN(Z*) — EN(V*) and a bijection¢ : ¥ —
X such thatif z* € EN(Z) and yq, y, € Y then:

T*Z*((Syl - Syz) = F(Z*)(‘Sw(yl) - ‘Scﬂ(yz))'
We will prove now that ¢ is a homeomorphism.
We suppose that (yy)yer 1S a netin Y such that limges yo = Y0
Given z* € EN(Z*) and y; € Y, y1 # yo we have that
w* limz*((Sya - 5y1) = z*(ByO - 8y1),
and we obtain that
T*z*((SyO — 5},1) = w*lim T*z*((Sya — 8},1) = w*lim F(z*)((Sw(ya) — ‘Sw(yl))
= F(Z*)(‘Sw(yo) - 5w(y1))

for each z* € EN(Z*), so that lim ¢(yy) = ¢(y0).

Let f, f/ € (X, V) and let y;, y2 € Y. If f(p(y1) — f(e(02) = f'(e(y1) — f'(9(32))
then for each z* € EN(z*) we have

T*2" 8y, — 8y,) f = F(2)Bp(y) — Spy)) [ = F(Z*)(Bp(y) — 8¢(Y2))f/
=728y, — 8y) f
and we deduce that
Tf(y) —Tf(2) =Tf (y1) = Tf (y2).

Giveny,y; € Y wedefineG:V — ZbyG(w) =Tf(y) —Tf()if f(y) — f(y1) =v.

For each z* € EN(Z*) we have that z*(G(v)) = z*(Tf(y) = Tf(y1)) = F)(f(y) —
f(y1)) so that G is a linear, surjective isometry such that G*(z*) = F(z*) if z* € EN(Z%).

It is easily seen that G does not depend on y, y; € Y, so that, for each f € 4(X, V) and each
y,y1 € Y wehave that Tf(y) —Tf(y1) = G(f(e() — fe(y))).

We can define the map ¢ : €(X, V) — (Y, Z) by ¢ (f)(y) = G(f(¢(y))) and we have that
¢ is a diameter preserving, linear, bijective isometry. R

Now we consider theAmap 1) :A(g(X, V)/€v — €Y, Z)/%z defined by ¢[ f]1 = [of ]

If fed(X,V)ando[f]# T[f],then p(¢f — Tf) # 0, so that, there exist y;, y» € ¥ such
that (¢f — Tf)(y1) — (@f — Tf)(y2) # 0 and this is not possible, because ¢f (y1) — ¢f (v2) =
Tf(y1) —Tf(y2) = G(f(e(t1)) — f(@(f2))), so that, there exists z € Z which we denote by Lf
such that, if f € €(X,V)andy € Y then: Tf(y) = G(f(¢(y))) + L(f).
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Evidently L is a linear map from ¢ (X, V) onto Z which is continuous if and only if T is.
With the last arguments we have proved the next.

Theorem 1. Let X, Y be two compact Hausdorf{f spaces and let V, Z be two Banach spaces such
that Z is rotund and satisfies that if z}, z5 € EN(Z*) and ||z} + 23 || = 2 then ||z} — 25| < 1.
There exists a diameter preserving linear bijection T : €(X, V) — € (Y, Z) if and only if X is
homeomorphictoY andV is linearly isometric to Z. In this situation there exist a homeomorphism
¢ : Y — X, a linear, surjective isometry G : V — Z and a linear map L : €(X, V) — Z such
that if f € (X, V)and y € Y then Tf(y) = G(f(9(»))) + L(f).

Remark 1. If X, Y are locally compact, non-compact spaces and we consider the spaces
o(X, V), €Y, Z), we can deduce a similar result because %o (X, V) is linearly isometric to
“(yX,V)/C (where yX is the Alexandroff compactification of X and C is the subspace of
constant functions of ¢(y X, V)).
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