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Abstract

The equivalence transformation algebra Lp and some of its differential
invariants for the class of equations u, = (h(u)uy), + f(x,u,uy) (h # 0)
are obtained. Using these invariants, we characterize subclasses which can
be mapped by means of an equivalence transformation into the well-studied
family of equations v, = (V%v,),.

1. Introduction

Nonlinear diffusion equations are employed as mathematical models for several phenomena:
transport in porous media, thermal conduction, evolution of bacterial colonies, plasma physics,
soil water motion, combustion, to cite few.

Several cases of diffusion equations have been deeply studied in the framework of
transformation groups (classical and nonclassical symmetries, Béacklund transformations,
approximate symmetries) and a lot of results have been found concerned with the features of
some exact solutions or concerned with the integrability of someone of them (see e.g. [1-3]).

In this paper, we deal with the following family of diffusion equations:

u; = (h(Wuy), + f(x,u,u,), h#0 (D

in order to find equivalence transformations and some of their differential invariants.

As well known an equivalence transformation for the family under consideration is a non-
degenerate change of dependent and independent variables mapping (1) to another equation
of the same family but with, in general, different functions f and 4. Thus solutions of an
equation can be transformed in solutions of an equivalent equation.

Recently the following family

u, = h(x, wuy + f(x,u,uy), h #0. 2)

has been considered by Ibragimov and Sophocleous [4] in order to find differential invariants.
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As an application of differential invariants, the nonlinear equation

Up = Uxx + f (U, Uy) 3)

has been studied in [5] in order to find classes of linearizable equations.

We show that the knowledge of the differential invariants is useful in order to find a
subclass of equations (1) which can be brought by an equivalence transformation into a
well-studied specific target equation.

The plan of the paper is the following. In the following section we obtain the equivalence
algebra for family (1). In section 3 we look for differential invariants with respect to
the equivalence group Gg. In section 4 we use these latter ones to obtain subclasses of
equations (1) which can be mapped in the well-known family

v = (vkvx)x. “4)

In section 5 we apply the obtained results to show as is possible to get solutions from the
solutions of the target equation. The conclusions are shown in section 6.

2. Equivalence algebra

As is known an equivalence transformation for the class under consideration is an invertible
transformation of the independent and dependent variables,

t=a(l, i), x =B, &, v), u=y(@ % v), (5)
that changes equations (1) into equations of the same form
v = (h)v)s + f (5, v, vp), (6)

where in general (i, f) # (h, f). Our goal is to find an equivalence algebra for the family
of equations (1). In order to obtain continuous groups of equivalence transformations of
equations (1) we consider the arbitrary functions f and 4 as dependent variables and apply,
as suggested by Ovsiannikov [6], the Lie infinitesimal invariance criterion to the following
system:

(hyu)e + f O, u,ux) —up =0,
fi=fu =0, )
hy =hy =h, =h, =0.
Then we search for the equivalence operator Y in the following form:
Y = £'0,+ E20, + 03, + 510y, + 520, + 10y + 20, ®)

which applied to equations (7) leaves them invariants.
In (8) £',£2 and n are sought depending on ¢, x and u, while ; and 1, depend on
t,x,u,u,, uy, fand h, and the components ¢; and ¢, as is known, are given by

¢ = D) —u;D,(EY) — u, Dy (£%),

©))
£2 = Di(n) — u; Dx(§') — ux Dx(87).
The operators D, and D, denote the total derivatives with respect to ¢ and x:
Dt = 81‘ + utau + uttau, + utxaux R (10)
Dy = 0y +uy0y + U0y + Uy 0y + - (11)

The prolongation of operator (8), which we need is

v 1 1 2 2 2 2 2
Y=Y+ {'223”” +w, 8_,; + a)ur 8fu, + a)uahu + w; Bh, + wy Bhk + wu’ Bh + a)ux ath s (12)

ur
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where (see e.g. [7, 8])

02 = Dy (&) — ux Dy (') — uxx Dy (E7), (13)
o} = D)) — £y Dy(E%) — fuDi(n) — fu, Dy(c1), (14)
o), = Dy, (1t1) = fiDu, (%) = fuDu, (1) = fu, Du, (51, (15)
; = Di(12) — hu Dy (1), (16)
@? = Dy (1t2) — hy Dy (1), (17)
@2 = Dy, (12) — hy Dy, (1), (18)
2. = Dy, (12) — hy Dy, (), (19)

while bt, 5x, 5u, 514, and 5,” are defined by

D, =4, (20)
Dy =8, + fidy + frxdy +---, Q1)
l~)u =0y + fu0p +hyop + fuxp + huOp, + fuudp, +-- -, (22)
D, =0y, (23)
Du, = 04, + fu, 05 + fru 0, + fuu, 0, + - (24)

After having applied operator (12) to system (7) and following the well-known algorithm (see
e.g. [7, 9-11]), we found that the class of equations (1) admits an infinite continuous group
G g of equivalence transformations generated by the Lie algebra L p spanned by the operators

Yo =13, — fo; — hdy — u,dy,, (25)
Y, =4, (26)
Ys = s, @7)
Y3 = x0, +2hd), — u,d,,, (28)
Yo = @+ (@uf — hitsuu) 7 + Qultsy, + uitxdy,, (29)

where @ is an arbitrary function of u.

3. Search for differential invariants

A differential invariant of order s for family (1) is a real-valued function J of the independent
variables ¢, x, the dependent variable u and its derivatives u,, u,, as well as of the functions
f, h and their derivatives of maximal order s, that is invariant with respect to the equivalence
group Gg.

That is, by using the infinitesimal method [8, 12], J is a non-constant function which
satisfy the PDE system

where Yi(s) are the sth prolongation of Y;.
We seek for differential invariants of zero order, i.e. non-constant functions of the form
J=J, x,u,u,uy, f,h), 3D

which are invariant with respect to the equivalence group G .
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By applying the invariant test Y (J) = 0 we do not find differential invariants of zero
order, but the invariant equations 7 = 0, u, = 0 and u, = 0.
In order to look for differential invariants of first order

J=J(, x,u, uy, uy, fah7 fX7 fus fu,,(’hu)a (32)
we need the following first prolongation of operator Y:
YD =Y +wld), + w0y, + o, 37, +wpdy,, (33)

where w}, o), @, and w; likewise (14)...(19).
Applying the invariant test Y (V' (J) = 0, after some calculation, we get

J = J(A1, A2, A3), (34)
where
u
A = —hf, (35)
Uy
2 — UxJu
Ay = M (36)
2u,
uh,
Ay = =2 37
U

4. Some classes of equivalent equations

Here, we consider the family of equations
v = (Wu)x keR (38)

belonging to (1). This family has largely been studied in the framework of heat conduction
and porous material [13, 14]. Wide classes of solutions have been found (see e.g. [15, 16])
and for k = —2 it has been linearized [17].

Now, we look for equations of class (1) which are equivalent to (38).

We recall that two equivalent equations of class (1) have the same differential invariants
with respect to G .

For the target equations (38) we get

A =i =0, (39)
while
w2kuk1

Uy

by = (40)

So, from (40), two cases arise:

(i) k =0and A3 = 0;
(ii) £k # 0 and A3 # 0.

We analyse them separately.

41. k=0

In this case our target becomes

Up = Uxx- 41
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So the arbitrary elements f and & of class (1) must satisfy the following conditions:

M= Zhfe=0
u;

2f_uxfu
M=——"""—=0
2 2u, 42)
u’h,
M= — =0.
U

Then the more general form of equations (1), having the same invariant of the target, is the
generalized potential Burger’s equations

u; = hoty, +u’g(u), (43)

where hg # 0 is an arbitrary constant and g is an arbitrary function of u.
Equations (43) are a subclass of the family

Uy = houxx + g(”)|ux|p_]uxs (44)

widely considered in [18, 19].

Since conditions (42) are invariant with respect to the equivalence group, all equations of
class (43) are transformed by an equivalence transformation into equations of the same form.

So it is possible to find at least an equivalence transformation which maps an equation of
form (43) into equation (41).

To this aim following [5] we use, for instance, an equivalence transformation of the form

t = hot, x = hok, u= v, x)).

By applying this transformation to equation (43) and requiring that the transformed equation
must be of form (41), we get that 1 must be solution of the following differential equation:

"

o+ 9z =0, (45)

Now, we are able to affirm the following.

Theorem 1. An equation belonging to class (1) can be transformed by an equivalence
transformation of the group G into the linear equation

U = Uy, (46)
if and only if the function h is a constant and f is given by
f=uzg. (47)
42. k#0
In this case, from
A= %h fi=0
' 48
o b @9
we get the functional form of f(x, u, u,) which reads
f=uigw), (49)

with g being an arbitrary function of u.
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It is a simple matter to see that any equation of class (1) having the form
= (), +uzg(u) (50)

can be mapped by an equivalence transformation into an equation of the same form.
The equation of form (50) falls in the following known family:

u; =V - (x(u)Vu) +,3(u)Vu2 (1))

considered in [20], in the one-dimensional case.

In order to look for the equations of form (50) which can be brought by an equivalence
transformation in the form of the well-known studied subclass (38), we search for differential
invariants for the family of equations (50).

This search implies that we must look for functions of the form

] = J(t9 x, u7 I/l[, u)m h, huv huuv ceey g7 guv gmu .. -)7 (52)
which are invariant with respect to the equivalence generator of (50) (which reads)
Y =E'0, + 520, + 70y + 510y, + 120y, + 110y + 120 (53)

In order to write the infinitesimal components of Y we use the algorithm proposed in
[21, 22]. In fact, by knowing the infinitesimal components of the equivalence generator Y, we
are able to find the corresponding new coordinates &', £2, 7, fi1, ji» by making the changes
of coordinates

=1, (54)
T=x, (55)
i=u, (56)
h=h, (57)
wrg() = f (58)
and by requiring their invariance with respect to
Y'=Y+7Y
=E'0, +E%0, + Ny + ' 0y, + 70 + 1Oy + 11205
+E'9 +E20, + 70, + 'y, + 20y, + +110 + 12D, (59)

In this way, we get

—_

El=¢, (60)
£ =¢% 61)
n=n, (62)
t'=1¢! (63)
P=¢ (64)
A= [ (65)
fi2 = g(2c3 — co — b — hua). (66)

Then the new equivalence generator for class (50) reads
T = (c1+cot)d; + (c3x +¢2) 0 + @)y + 11 (Qu — €0)0u, + (Pu — €3)Ux By,

+[g(2c3 — co — @u) — huuldg + h(2c3 — co) 0y (67)
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So, after performing the invariant test, by using the prolongations of the operator Y, we get
one first-order differential invariant
2
ush
o= 2" =) (68)
Uy
and one second-order differential invariant
4

uX
B = ) (ghy — hhyy) . (69)
u;
We observe that equation (38) satisfies the following invariant equation:
M4]’l2 Mi (ghu - hhuu) _

2 _ x"u
(k= Do +kp = (k = D=5k —
t t

0. (70)

An equation belonging to class (50) can be mapped into an equation of form (38) if the
functions 4 and g satisfy condition (70), i.e. if

@ hhy, k—lh 71
u) = —— — ——hy,
8 I, k
we can say that there exists at least an equivalence transformation mapping the equations
5 (hhy k=1
up = (h@uy)x +uy | —— — ——hy (72)
hy, k
into (38).
In fact if we consider, for instance, the invertible transformation

u =y (v) (73)

by applying it to equations (72), we get
"
_ v hhyy k—1

v, = (h(Y)ve) + vy [hw + WW - Tw/hw . (74)
By choosing

¥ =h"'0h, (75)

we obtain equation (38).
So we showed that it exists at least one invertible transformation between (38) and (72).
We are able, now, to affirm the following.

Theorem 2. An equation belonging to class (1) can be mapped by an equivalence
transformation of the group G g into the well-known equation

vy = (vkvx)x (76)
if and only if the function f is given by
hh k—1
2 uu
= ——h, ). 77
f=u ( e ) an

5. Applications

In this section we wish to apply the result obtained in section 4.2.
As is well known an equivalence transformation maps solutions into solutions of
transformed equation [10].
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Consequently, the solutions of (38) can be mapped to the solutions of (72) and vice versa.
In the following, we show some subclasses which could be brought to the well-studied
nonlinear diffusion equation (38).
(1) If we put k = —2, (71) becomes
hhy, 3
= —— — Zhy, 78
g(u) no 2 (78)
then all the equations of form (50) with A (u) and g(u) satisfying the above condition,
following [17], are linearizable.
(i1) If we put k = 3, (71) becomes

hhy, 2

= — —h,. 79
g(u) 3 (79)

So it is possible to bring all equations, whose h(u) and g(u) satisfy (79), to the form
v = (), (80)

well studied as the thin films spreading under gravity equation [23].
(iii) If we put k = 1, (71) becomes

gy = M @81)
h,
In this case the equation characterized by (81) can be put in the form
v = (Vuy)y (82)
studied as the thin saturated regions in the porous media equation [24].
@iv) If we put k = 6, (71) becomes
gu) = P éhu (83)
hy 6
In this case the equation characterized by (83) can be put in the form
v = (), (84)

known as the equation for radiative heat transfer by the Marshak waves equation [25].

If we consider the well-known invariant solutions of (38) [15], by denoting them with
v(t, x) and taking into account that u (¢, x) = h~'(v¥), we get the following.

(1) Stationary solutions

v:(a1x+a2)ﬁ, u:h_l((a1x+a2)kk71), k # —1, (85)
v = a, eM” u=h"(aae")™", k=—1. (86)

(ii) Travelling wave solutions

v =[kA(At — x) +a1]"k, u=h"Ykrx(rt —x)+ay). (87)
(ii1) A self-similar solution
it — Ty + — & L (88)
v = — *
A S ¥ 2) Ty — 1

2

w=n (ag)t — Tl + —F— _* (89)
- ! 0 26+2) Ty —1t)°
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It is worth stressing that we took into consideration the invariant solutions only for the
simplicity sake.
As an example we consider the non-stationary seepage equation in the one-dimensional
case [26],
ay r.
Uy = — U Uy, (90)
m
where m is the porosity of the medium, « is the seepage coefficient, y is the polytropic
exponent and u is the pressure in the medium.

Equation (90) falls in class (1) with h(u) = %u# and f(x,u,uy) = —m‘(";jl)u_ﬁuﬁ.
In order to find the target equation of the form
v, = (V¥uy),, o1
we consider relation (71) with g(u) = _#le)u—ﬁ , from where we get
2 ky —y +k
! S N Sl b (92)
m(y +1) mk(y +1)

which implies k = y.

el
After observing that h=!(v?) = (%) 7 v7*! in our case, by using some of the invariant
solutions of

v = W)y, 93)
we get the following special class of the solutions of equation (90).

(i) Stationary solutions

ay

m\5
uz(_) (@rx + ). (94)

(i1) Travelling wave solutions

- (2)

(iii) A self-similar solution

+

N

l

YA —x) +ar] . (95)

y+l

padl . b 7*
u= (") day—1E+ 22 . (96)
ay 2 +2) Ty — t

6. Conclusions

After having found the equivalence transformations for the class of equations under
consideration, we look for some differential invariants of equivalence transformations by
restricting ourselves to those of the first order. We use these latter to characterize the form of
the equations of class (1) equivalent to the equation

u, = Wuy),. 7)

For k = 0, equation (97) becomes the linear Fourier’s equation, and we showed that it is
possible to find at least an equivalence transformation which maps the following generalized
Burger’s potential equations:

up = hoty + ulg(u) (98)

into the linear Fourier’s equation.



8812 M L Gandarias et al

For k # 0, we showed that equations (97) are equivalent to the following subclasses of
equations:

hhy, k-1
U = (h(w)uy), +u? < - Thu). (99)

In this case also we are able to obtain at least an equivalence transformation which bring (99)
into (97).

Finally, we applied this transformation in order to bring the known solutions of
equations (97) into the solutions of equations (99).
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