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Abstract

Let T = (T1,...,Ty) be a system of N commuting contractions defined on a infinite dimensional
separable Hilbert space H. In this article, we will prove that if (1, ..., 1) € og.(T)[) TV, where ofe(T)
denotes the essential Harte spectrum of 7 and T/ the unit politorus, respectively, then there exists a non-
trivial cone C invariant for each contraction Tj; j € {l,..., N}. This result complements recent results of
Tsatsomeros and co-workers [Roderick Edwards, Judith J. McDonald, Michael J. Tsatsomeros, On matrices
with common invariant cones with applications in neural and gene networks, Linear Algebra Appl. 398 (2005)
37-67; Michael Tsatsomeros, A criterion for the existence of common invariant subspaces of matrices, Linear
Algebra Appl. 322 (1-3) (2001) 51-59].
© 2008 Published by Elsevier Inc.
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1. Introduction

Let T = (T1, ..., Ty) be a N-tuple of commuting contractions defined on a Hilbert space
H. We say that C C H is a cone of H if rC 4+ sC C C for each r, s > 0. We say that T has
a non-trivial invariant closed cone if there exists a closed cone C C H, C # H, {0} such that
T;(C) c Cforeachje{l,...,N}
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Similary we say that T = (71, ..., Ty) has a non-trivial invariant closed subspace if there
exists ' C H, F #+ H, {0} closed subspace such that 7;(F) C F foreach j € {I,..., N}.

If H is finite dimensional, the existence of common invariant cones and subspaces have been
studied previously in [1,6]. This problem is very interesting for its applications to neural and gene
networks.

From a theoretical point of view, we study the existence of common invariant cones for com-
muting contractions on the infinite dimensional setting. The problem turns really complicated
when H is infinite dimensional. In fact, it is not even known the existence of a non-trivial closed
invariant subspace or cone for a single operator defined on a separable Hilbert space. This is know
as “The invariant subspace problem”.

Let T be a bounded linear operator defined on a separable Banach space X. Let us say that T’
is cyclic if there exists x € X such that

Linear Span{T"x:n € N}

is dense in X. In this case x is called a cyclic vector for 7. With this new terminology in hand, an
operator T has a non-trivial invariant closed subspace if and only if 7' has a non-cyclic vector x.

On the other hand we say that 7 is supercyclic if there exists x € X such that {AT"x; A €
C,n € N} is dense in X. In this case x is called a supercyclic vector for 7. The existence of a
non-supercyclic vector is in general a weaker condition than the existence of a invariant closed
cone. For N-tuple of operators the existence of a non-trivial supercyclic vector and the existence
of a invariant closed cone are not related. In [7] it was proved that under some hypothesis about
the Harte spectrum of T = (T4, ..., Ty), T1, ..., Ty have a common non-supercyclic vector.
For supercyclic operators and related questions we refer to the survey by Montes—Salas (see
(3D.

The next section is devoted to prove our main result (Theorem 2.2). From our main result we
being able to give a spectral sufficient condition which guarantees the existence of a common
invariant closed cone for 71, .. ., Ty and complements the results by Tsatsomeros an co-workers
(see [1,6]).

2. Main result

Let T be a contraction defined on a Hilbert space H. Let us consider the subspaces
Mi={xeH:T"x — 0}
and
My ={xe H:(T""x — 0}.

M and M, are invariant closed subspaces for T and T*, respectively. To find a non-trivial invariant
closed subspace is sufficient to consider the cases M1 = {0}, H and M> = {0}, H. Depending of
the posibles combinations of M1 and M», the classes Cop, C19, Co1, C11 are defined. For example
T € C11if M1 = My = H. Concretely in this case a result of Nagy—Foias guarantee the existence
of a hyperinvariant closed subspace for T (see [5]).

In the case of an N-tuple T = (T, ..., Ty), after the same reduction we have the cases
T; € Cy.orT; € Co. We will guarantee the existence of a non-trivial invariant closed cone for the
cases Tj € Co.,je{l,...,N}orT; € Cyp, j €{l,..., N}, and under some spectral sufficient
conditions.
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Now we will see our main result. We will need the following technical lemma whose proof
can be found in [4].

Lemma 2.1. There exists a sequence of positive numbers (c;),i € N such that Y ;o Ci2 = 1land
B cl.2 > 3¢y forallk > 1.

Theorem 2.2. LetT=(T1, ..., Tny) bea N-tuple of commuting contractions suchthat (1, ..., 1) e
ore(T) N TN and T; € Co.foreach j € {1,..., N}.If{a,} C [0, 1]is a sequence of real positive
numbers converging to zero, then there exists xo € H \ {0} such that for all multi-index n =

(n1,...,nN) withn; > 1 foreach j € {1,..., N}
Re(Tlnl - T;Nxo, X0) = @)
where j(n) is defined by j(n) = max{ny,...,ny}.
Proof. Since Ty, ..., Ty are contractions, the point (1,...,1) is a boundary point, that is,
(1,...,1) € dog(T) and therefore, (1, ..., 1) € 0,.(T), here o,.(T) denotes the upper semi-

Fredholm spectrum. Therefore, foralle > O and M C H of finite codimension, there exists v € M
of norm 1 such that

ITjv—vll<e; jefl,...,N}L
We can suppose without loss of generality that the sequence («;,) is decreasing, in other case
we will replace it for the sequence (sup{a;: j > n}). Let (c,) be another real numbers sequence
satisfying the conditions of Lemma 2.3. Let (§,) be a sequence of real numbers satisfying
1 — o

5,’ < 21’

and
Ck

(S,’ < IIlll'l{l_zﬁ+1

ke{l,...,i—i—l}}.

Since o; — 0, then there exists m such that o, < Z?iz cl.2 — 3c¢;. We will construct by induction

two sequences (my);2; C N and (x;){2, C H from the following form.

Let us suppose that k € N, and that x; € H and m; € N have been already constructed for
i <k. Wetake M ={veH: vJ_Tln1 ...Tﬁin for 0 <n; <mp—y and i < k}. since M is of
finite codimension, there exists x; of norm 1 such that
ka_TI"1 .. Tg"’xi
for0 < nj <my_1andi < k and such that
||Tlnl ... TI:/lek — x|l < 6.

By hypothesis T € Cy.. Let us consider my > my_; large enough such that

IT/xill <8k, jel{l,....N} (D
foralln > myandall j € {1,..., N}, and
0
Uy, < Z cl-2 — 3Ck+1-
i=k+2
However, since 77, ..., Ty are contractions, we deduce from (1) that

1Ty T xill < 8 foralli <k

and whenever max{si, ..., SN} = mg.
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Let us suppose that the sequences (my) and (xx) have been constructed. Let us consider the
vector xo = Zﬁl ¢ix;. Since the sequence (x;) is orthonormal ||xg|| = 1.
Givenn = (ny, ..., ny) amulti-index such that j (n) = max{ny, ..., ng} < mo, then we have

o0
Re(Tln1 el T;Nxo, xo0) = Re Z ci(TI"] .. T;Nx,-, x0)
i=1

= ReZc, < {(x;, x0) <Zx, — T"' T;\}in,xo>>
(00}

o
2 n n
> E i — E cillxi =Ty T xill
i=1

=

1-—
1—26’,8 > 1— 5 Zaj(n). 2)
i=1

We use the inequality ||7}" ... Ty"xx — x|l < & in the third line of (2), and the inequality
8i < =% i the fourth line.

2!
Now let us suppose that my_1 < j(n) < my for k > 1, where j(n) = max{ny,...,ny} and
n=(@ny,...,nyN):

Re(T}" ... TyVx0,x0) =Re Y ci(T{"" ... TN x;, x0)

+ Re (T} ... T xk, x0) + Z Re¢; (T TN xi, x0)
i=k+1
k—1
n1 ny
Zczak 1— ¢k + Z Cl”xl_T TN xi ||
i=1 i=k+1

oo
>—k=D&-1—cx+ Y &

i=k+1
o
> Z ¢ =3k =y, = Xjin)- 3)
i=k+1
We use the inequality o, < Y rog 12 €7 — 3¢k+1in the last line of (3).

Therefore, the proof is complete. D

Using Theorem 2.2, we can obtain the following consequence which complement the results
by Tsatsomeros and co-workers [1,6] in the finite dimensional setting.

Corollary 2.3. LetT = (T, ..., Ty) be a N-tuple of commuting contractions, and let us suppose
that(1,...,1) € og.(T) N TV and T; € Co. foreach j € {1, ..., N}. Then there exists a closed
cone C such that T;(C) C C foreach j € {1,..., N}.

Proof. We can deduce from Theorem 2.2 the existence of xo € H \ {0} such that
Re(T" ... Ty x0, x0) > 0 4



A. Fernandez Valles / Linear Algebra and its Applications 428 (2008) 2955-2960 2959

foralln; > 1,j e{l,..., N}. Let us denote by 2y the set of polynomials p in N variables,
such that the summands of p have the form
cx'fl .. .xr,(,N
withn; > 1forall j € {1,..., N} and ¢ > 0. Let us consider the cone
C={p(T,...,Tny)(x0) : p € N}.
It is clear that C is invariant under each T, j € {1, ..., N} and by (4) C is non-trivial. [
Corollary 24. Let T = (T}, ..., Tn) be a N-tuple of commuting contractions, and let us sup-
pose that (1,...,1) € og.(T)N TV and T; € Coforeach j € {1,..., N}. Then there exists a

non-trivial closed cone C such that T;(C) C C foreach j € {1,..., N}.

Proof. Since T € C.o, then by Theorem 2.2
Re((T7)" ... (T§)"V x0, x0) = ajm) < Re(xo, Ty ... Ty"x0) = &jm)-
Therefore

C={pT,....TN)(x0) : p € PN}

is a common invariant closed cone. [l
3. Concluding remarks and open problems

Let T = (T1, T>) a 2-tuple of contractions. If we change the hypothesis (1, 1) € og.(T) N T2
by (11, U2) € o (T) N T2 we can only get to

T;(C) C u;C. je{l.2).

It would be interesting if in this case we can find a common non-trivial invariant closed cone.

If Ty € Co.and Tp € C.9, with (1, 1) € og.(T1, T>) the existence of a common invariant closed
cone is not known.

Let us consider the subspaces

My = {x € H such that T{'T;'x — 0}
M, = {x € H such that (T;")"(T})"x — 0}.

M/ and M5 are invariant closed subspaces for 7; and Tj?"; J € {1, 2}, respectively, therefore, M2L
is invariant by 77, T>. Hence, we can suppose that M| and M are trivial, that is {6} or H.

Let us suppose that M| = H = Mj, then we said that T = (T, T») is of class K1 and in this
case there exists a common non-trivial invariant subspaces for 71, 7> (see [2]).

If M, = {0} we say that T belongs to the class K., and if M» = {0} T belongs to the class
and K (. These cases are non-trivial. It would be interesting to investigate if Theorem 2.2 is true
if T € K. or K.
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