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Abstract

In this paper we study the existence of weakly efficient solutions for some nonsmooth and nonconvex vector optimization
problems. We consider problems whose objective functions are defined between infinite and finite-dimensional Banach
spaces. Our results are stated under hypotheses of generalized convexity and make use of variational-like inequalities.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The connection between variational inequalities and optimization problems is well known (e.g. [1,6,11,12])
and have been extensively investigated in the recent years by several authors. One of the main works in this
direction was done by Giannessi [§], where many existence results for optimization problems were obtained by
using variational inequalities.

For multiobjective optimization problems, Giannessi proved in [9] that there exists an equivalence between
efficient solutions of differentiable convex optimization problems and the solutions of a variational inequality
of Minty type. He also established similar results for efficient solutions. On the other hand, using subdifferen-
tials, Lee showed in [13] that analogous results are true for nonsmooth convex problems defined between
finite-dimensional spaces.

For some nonconvex differentiable vector problems defined between infinite-dimensional Banach spaces,
Chen and Craven [4] proved the equivalence of weakly efficient solutions and the solutions of a certain
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variational-like inequality. Using this characterization they proved an existence result for weakly efficient
solutions.
In this work we consider the following two problems.

1. An infinite-dimensional problem:
Minimize  f(x)

Pl
subjectto x € K, (P1)

where X and Y are two Banach spaces, f : X — Y is a given function and K is a nonempty subset of X.
2. A finite-dimensional problem:

Minimize  f(x) := (fi(x), ..., f,(x))

. (P2)
subjectto x € X,

where f; : R" — R (i = 1,...,p) are given functions and X is a nonempty subset of R".

For both problems, by “minimize” we mean “find the weakly efficient solution of the problem” Our objec-
tive is to solve problem (P1) without assuming hypotheses of differentiability, which extends early results by
Chen and Craven [4], and to solve problem (P2) under assumptions of generalized convexity, which extends
early results by Lee [13].

This paper is organized as follows: In Section 2 we fix the notation and recall some facts from nonsmooth
analysis. In Section 3 we consider the problem (P1) and establish our existence result. In Section 4 we consider
the problem (P2).

2. Preliminaries

Let X and Y be two real Banach spaces. We will denote by || - || the norm in Y. Let K be a nonempty sub-
set of X and P C Y a pointed convex cone (i.e. P[)(—P) = {0}) such that intP # (). Also, let f : X — Y be a
given function. We consider the problem (P1) given in the previous section. The notion of optimality (or
equilibria) that we consider here is the weak efficiency. We say that xo € K is a weakly efficient solution of
(P1) if

f(x) = f(x0) ¢ —intP, VxeK.

In particular, for the problem (P2), the definition of weakly efficient solution is done by taking P = R, in the
previous definition, that is, xo € X is a weakly efficient solution of (P2) if does not exist x € X such that

filx) < filxo), Vi=1,...,p.

Now, we recall some notions and results from nonsmooth analysis. Let ¢ be a locally Lipschitz function from
a Banach space X into R. The Clarke generalized directional derivative of ¢, at a point X € X, and in the direc-
tion d € X, denoted by ¢°(x;d), is given by:

9" (x;d) = lim sup w

110
and the Clarke generalized gradient of ¢ at X is given by
0pF) = {x" e X*: ¢°"(%:;d) > (x*,d), Vd € X},

where X* denotes the topological dual of X and (-, -) is the canonical bilinear form pairing X* and X.
The next proposition establish some properties of the generalized directional derivative and the generalized
gradient of Clarke.

Proposition 1. Let f: Q — R be a locally Lipschitz function with Lipschitz constant k. Then the following
assertions are true:
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1. The function v— f°(x;v) is finite, sublinear and satisfies
£ (s 0)] < ]Joll.

2. For each x € Q,0f (x) is a w*-compact and nonempty subset of X*. Furthermore,
where

1<l = Su)l(?(é,x% EeX.

[lll<1

&l <k, for all &€ € df (x),

3. For each v € X, we have

fO(x;0) = max{(¢,v) : £ €0f(x)}.

4. One has & € 3f (x) if and only if fO(x;v) = (&, v) for each v € X.
5. The function (x;v) — f°(x;v) is upper semicontinuous.

A function [ : Q — R is called regular (or Clarke regular) at x € Q, if

(i) For each v € X, there exists the usual directional derivative of f at x, in the direction v, denoted by
f(x;0).
(ii) For all v € X, f'(x;v) = f°(x; v).

Furthermore, if fis regular at x € Q, for each x € Q, then we say that f is regular in Q. The following result
holds (see [5]).

Proposition 2. These following assertions are true:

(a) If f; are regular at x € Q, then d(3_1_,f;)(x) = >_r_8fi(x). (The inclusion C is true, without the regularity
assumption).

(b) If f is convex and Lipschitz near x € Q then f is regular at x.

(c) If fis continuously differentiable at x € Q, then df (x) = {f"(x)}, where [ is the usual derivative.

We note that if C is a nonempty subset of X, then the distance function dc:E — R, defined by
dc(x) = inf{||]x — ¢|| : ¢ € C}, is not differentiable, but it is (globally) Lipschitz, with Lipschitz constant equal
to 1.

Let C be a nonempty subset of X and x € C. We say that v € X is a tangent vector to C at x if d°(x;v) = 0.
We denote by T¢(x) the set of tangent vectors to C at x and T¢(x) is called tangent cone of C at x. The normal
cone of C at x is defined by

Nex)={¢eXx : (&v) <0, Vve Tc(x)}

It can be proved that, for each x € C,T¢(x) is a convex cone, closed in X, and Nc(x) is a convex cone,
w*-closed in X~.
The following Proposition establishes a necessary condition for optimality.

Proposition 3. Let f: Q — R be a locally Lipschitz function and let x* be a minimum of fin C C Q. Then
0€9f(x*) + Nc(x*). (1)
Note that the condition (1) is equivalent to
O(x0) =0, Yoe Te(x). (2)

For more details on nonsmooth analysis, we refer the reader to the book by Clarke [5].
Next, we recall the definition of strongly compactly Lipschitz function, which is very important for the
analysis of the infinite-dimensional problem (P1).
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Definition 4 [19]. A function 4 : X — Y is said to be strongly compactly Lipschitz at X € X if there exists a
multifunction, that is, a point-to-set-map, R : X — Comp(Y), where Comp(Y) denotes the set of all compact
subsets of Y, and there exists a function r: X x X — R satisfying

(i) limy—zr(x,d) = 0.
d—0
(i1) Exists o > 0 such that
t'h(x +td) — h(x)] € R(d) + ||d||r(x,t)By

for all x € x + aBy and ¢ € (0, ), where By denotes the closed unit ball around the origin of Y.
(ii)) R(0) = {0} and R is an upper semicontinuous multifunction.

Moreover, we say that / is a strongly compactly Lipschitz function if it is strongly compactly Lipschitz at all
XeX.

If Y has finite dimension, then / is strongly compactly Lipschitz at x if and only if it is locally Lipschitz near
x. If his strongly compactly Lipschitz, then (u* o h)(x) = (u*, h(x)) is locally Lipschitz, for all u* € Y*. This fact
is very important because it allows us to extend some results of the nonsmooth analysis to functions defined
between infinite-dimensional spaces. For more details about strongly compactly Lipschitz functions, we refer
the reader to [19].

3. The infinite-dimensional problem (P1)

We recall some definitions of generalized convexity for functions defined between Banach spaces. Given a
cone P C Y, the dual cone of P is defined by

Pr={¢eY :({x) =0, Vx e P}

It can be proved that, if P is a convex cone, with intP # (), then (¢, v) > 0, for all v € int P (see [10]). We will
need the following concepts of generalized convexity:

Definition 5 [15]. We say that a locally Lipschitz function 6 : K C X — R is invex on K, with respect to #, if
for any x,y € K, there exists a vector #(x,y) € Tx(y) such that

0(x) — 0(y) — 0°(vin(x,)) = 0.

Definition 6 [2]. Let X and Y be two Banach spaces and suppose that P C Y is a convex cone. We say that
f:K CX — Y is P-invex on K, with respect to 5, if ®* o f : K — R is invex on K with respect to 5, for each
w* € P

Certainly, if f : K C X — R is differentiable and convex on K, then f'is invex and #(x,y) = x — y.

Note that when K is open, or more generally, if y € intK, we have Tx(y) = X and, in this case, the above
definition coincides with that given by Weir and Jeyakumar [20]. Moreover, when Y is infinite-dimensional
and fis differentiable, the Definition 6 is the same to that given by Santos et al. in [17]. Recall that the set
K is called invex with respect to # if the vector y + an(x,y) is in K for each x,y € K and o € [0, 1].

In the sequence, we suppose that X and Y are two Banach spaces, K is a nonempty subset of X and P C Y is
a convex cone such that intP # ().

We consider the following vector variational-like inequality.

(V) Find x € K such that, for each x € K, there exists w* € P*\ {0} such that
(@ 0 ) (x0; 1(x, %0)) > 0.
Under suitable hypotheses, each solution of (77) is a weakly efficient solution of (P1). In effect we have.

Theorem 7. Let K be an invex set with respect to n and f : K C X — Y be a P-invex function with respect to 1.
Then each solution of (VI) is a weakly efficient solution of (P1).
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Proof. Suppose that x; is solution of (V) which is not a weakly efficient solution of (P1). Then there exists
x € K such that
f(x) = f(x) € —intP. (3)

On the other hand, there exists »* € P*\ {0} such that (w* o f)°(xe; 7(x, o)) = 0. Since fis P-invex, it follows
from (3) that

"o f(x) = o f(xo) = (" o f)"(x0,n(x,3)) > 0. 4)
On the other hand, it follows from (3) that
o' (f(x) = f (%)) = @ o f(x) =" o f(x0) <O,
which contradicts (4). O
The following Lemma will be useful in the proof of our main result of this section.

Lemma 8 (KKM-Fan Theorem [7]). Let X be a topological vector space, E C X be a nonempty set and
F : E = X a multifunction such that for each x € E, the set F(x) is closed and nonempty. Moreover, suppose that

there exists some x € E such that F(x) is compact. If for each finite subset {x,...,x,} of E one has
co{xy,...,x,} C U _ Fx),

where co{xi,...,x,} is the convex hull of {xi,...,x,}, then
ﬂerF(x) 7 0.

Now we establish our existence result for (P1).

Theorem 9. Let X be a reflexive Banach space and K a closed, convex and bounded subset of X. Let f : K — Y be
a strongly compactly Lipschitz function, P-invex respect to n. Suppose that for each x € K and each
w* € P*\ {0}, the sets

b(x,0) = {y €K : (0" o /) (x;n(y,x)) < 0}
are convex. Furthermore, assume that n is continuous and n(x,x) = 0 for each x € K. Then problem (P1) has a

weakly efficient solution.

Proof. For y € K and w* € P*\ {0} we define
F(y.o):={xeK: (0o f)(xnlyx) = 0}.

By Theorem 7, it is sufficient to prove that the variational-like inequality (77) has a solution, that is,

ﬂ}EKU(»*EP “\{0} y’ ) 7& @

To this end, we will prove that

ﬂyeKﬂw *eP*\{0} y’ ) # @
Consider the multifunction G : K = X, defined by

G(y) = m(u*EP*\{O}F( ,Q)*).

We will prove that (), ,G(v) # () by using of Lemma 8. Suppose that the space X is equipped with the weak
topology. Note that G(y) is nonempty for all y € K. In fact, #(y,y) =0 and thus y € F(y,w*) for all
o* € P\ {0}. Hence y € G(y). Furthermore, G(y) is closed. In fact, let y € K and (x;) C G(») be a sequence
such that x; — x. Then (@* o f)(x;n(y,x¢)) = 0 for all w* € P*\ {0}. Fixed o* € P*\ {0}, we have

lim sup (& o f)° (x; (v, %)) = 0. (5)

k—o0
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But the function (w* o f )0(-, -) is upper semicontinuous (see Proposition 1). Hence, it follows from (5) that

(@ 0 /) (xn(r,x) =0,

that is, x € G(y) and thus G(») is closed. But G(y) is convex and hence, weakly closed.

On the other hand, K is weakly compact, because it is a convex, closed and bounded subset of X and X'is a
reflexive space. So G(y) is weakly compact.

Now, take xi,...,x, € K. We should prove that co{xy,...,x,} C U, G(x;).

Suppose that this is false. Then there exist o; >0, i=1,...,n, such that > " o,=1 and
x:=> 0 € UL, G(x;). Hence, for each i, there exists w; € P*\ {0} such that x & F(x;,w}), that is,
(] 0 1) (xi (i) < 0.

Next we construct a w* € P*\ {0} such that x; € Q(x, »*) for all i, which will contradict the convexity of
Q(x, w*) since n(x,x) = 0.

Define for i,j € {1,...,n},m € N,

(m) wj if (wj Of)o(x;ﬂ(xnx)) <0,
w; i (7 0 f) (v n(x;,x)) = 0,

o™ = i wf’lm

Clearly a)l(m) are linear, and for each m, a)l(
tinuous. In fact, define

Ji= (s () 0 ) rinlxx) <0}, o =4,
Jr= (i (@) 0 ) () > 0}, @ =,

M = max [fonlB

m) (m)

are not all zeros, for i = 1,...,n. Furthermore, w,"’ are con-

where #J is the number of elements of J.
Then, for all u € Y, we have

>0} +5 i

Jje J€J2

()| =
that is, ") € Y*. Furthermore, »" (1) > 0, for each u € P (because "’
of functionals in P*).

On the other hand,

<D ool + lew full = (m +—ocz>M|u||

Jjes j€J2

is a nonnegative linear combination

(" o f)° (e n(xi, [Zw of +=— Zw of] (x, (1, ))

J€J1 /EJz
* d l *
< (0] o i)+ 3] 0 f) (i)
Jje J€J2
and hence, by taking m sufficiently big, say, m > m(i), we have
(" 0 f)* (e n(xi, %)) < (@) 0. f) (6 1(x:,%)) <0, Ym = m(i).
JeN1

Take M = max,<;<,m(i) and define o™ = 3" ™. Then we have o™ is in P*\ {0} and

(0" 0 1)’ (il x)) < D (@ 0 1) (xim (%)) < 0

and so x; € ®(x; ™) for all i = 1,...,n. But @(x;w™) is convex and thus x € ®(x; »™)). This contradicts

1(x,x) = 0. Therefore, it follows from Lemma 8, that (,.xG(v) # 0. The proof is complete. [
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Remark 10. We notice that if K is compact and f'is continuous, then (P1) has a weakly efficient solution (see
Sawaragi et al. [18]). Thus, if we apply Theorem 9 to the problem (P2), we do not obtain any new result,
because the hypotheses considered there imply that K is compact and f'is continuous (see Brézis [3]).

4. The finite-dimensional problem (P2)

In this Section, we will consider a variational-like inequality of (weak) Minty type and we establish a char-
acterization of weakly efficiency for (P2), in terms of the solutions of that inequality. Using this result and a
fixed point theorem for multifunctions, we establish our existence result for (P2).

Our variational-like inequality is:

(WMVLI) Find y € X such that, for each x € X and each & € 0f;(x),i=1,...,p,
(Enx,y),..., Enlx,y)) & —int R,

In [16], Santos et al. proved that, under certain hypotheses, the solutions of (WMVLI) are weakly efficient
solutions of (P2).

Proposition 11 [16]. Let X be a nonempty set of R", invex with respect to n, and f; : R" — R,i=1,... p are
invex functions, locally Lipschitz with respect to . Suppose that n is skew (that is, n(x,y) = —n(y,x),Vx,y € X).
Then y € X is a weakly efficient solution of (P2) if and only if y € X is a solution of (WMVLI).

Now, we recall a fixed-point theorem of Fan—Browder, whose proof can be found in Park [14].

Lemma 12 [14]. Let X be a nonempty convex subset of a Hausdorff topological vector space E and let K be a
nonempty compact subset of X. Suppose that A,B : X = X are multifunctions satisfying the following conditions:

1. Ax C Bx for all x € X,

2. Bx is a convex set for all x € X,

3. Ax £ 0 for all x € K,

4. A"y = {x € X;y € Ax} is an open set for eachy € X,

5. for each finite subset N of X, there exists a compact, convex and nonempty subset Ly of X such that Ly O N
and Ax(\Ly # 0 for all x € Ly \ K.

Then there is a X € BxX (that is, X is a fixed point of B).

Next, we will use Proposition 11 and Lemma 12 to establish our result about the existence of weakly effi-
cient solution for nonsmooth invex vectorial problem, under a weaker compactness hypothesis on the feasible
set X.

Theorem 13. Let X be a nonempty and invex subset of R" with respect to n, and f; : R" — R,i=1,...,p, invex
and locally Lipschtz functions with respect to the same 1. Assume that n is skew and such that n(-,y) is convex and
continuous, for each y € X. Moreover, suppose that there exists a compact, convex and nonempty set Ly C X,
such that Ly D N and for all x € Ly \ K, there is z € Ly such that there exist & € 0fi(z),i = 1,...,p satisfying

(&n(zx), ..., En(z,x)) € —int R,
Then problem (P2) has a weakly efficient solution.

Proof. For sake of readability, we give a proof using a concise notation. We denote by Of(x) the set
9fi(x) X ... 0f,(x),x € X. Let s = (s1,...,s,), where s; € R",i = 1,..., p. We denote by s'n(x,y) the vector

(sin(x,»), - son(x,»)) € R

Let 4,B : X = X be multifunctions defined by:
Ax == {z € X : 3t €0f(2),t" n(z,x) € —intR" };
Bx:={z€X :Vt €df(x),{"n(z,x) € —int R }.
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We will prove (by using of Lemma 12) that exists y € K such that Ay = (), that is, y is solution of (WMVLI).
By Proposition 11, this is sufficient to prove our result.

First we prove that the multifunctions 4 and B satisfy the conditions (1), (2), (4) and (5) of Lemma 12 and
that B does not have a fixed point. So, Lemma 12 will imply the existence of y € K such that 4y = ().

We show that the condition (1) of Lemma 12 holds. Take x € X and z € Ax. Then, exists t = (¢;,...,¢,) €
0f(z) such that
(En(z%), .., &y (7,%) € —int R (6)
Let s = (21, . ,Ep) € 0f (x). By using of the invexity of functions f; and the skewness of #, we have that, for
eachi=1,...,p,
Enz,x) < f20x,n(z ) < [E) — fix) = =(fx) = £i(2) < =&nx,2) = &nlzx). (7)

Follows from (6) and (7),
(ETn(zx),..., El(z.x)) € —int R,

and so z € Bx.
Now, we will see that the second condition of Lemma 12 holds: Let x € X,z;,z; € Bx and 4 € [0, 1]. Then,
for each s = (y,...,¢,) € 0f (x), we have

(En(z1,x), . .., on(zl,x)), (Ein(za,x), ..., an(zz,x)) € —intR7. (8)

For each j=1,...,p, we consider ¢ = ( . £<” ), where é € R,n(x,y) = (m(x,»), ..., n,(x,3)),
e (x,») € R. Then from the convexity of n, and (8) we obtain

&z + (1= 2z, Zf m(dz + (1 = Az, x Zf i (z1,%) + (1 = (22, %))

= )“éj '7(217?5) + (1 - )“)éj 11(22,)() <0,

for each j =1,...,p. Hence Az; + (1 — 1)z, € Bx.

The fourth condition is proved as follows. For all z € X, we will show that the set (47'2)° is closed. To do
this, consider a sequence (x,) C (A’lz)c such that x, converges to x. Then x, & A 'z,¥ne N. Let
t=(&1,...,¢,) €0f(2) be such that

(En(zxn), .-, Enlz,x,)) & —int R ©)

Because #(-, z) is continuous and skew, we have that #(z, -) is also continuous and skew and, since (—int R”)“ is
a closed set, by taking n — oo in (9) we obtain

(&n(z.x),..., & n(z,x) & —int R,

and thus x € (47'2)".

From the hypotheses, condition (5) of Lemma 12 also holds.

However, B does not have a fixed point, because otherwise it would exists some x € X such that s € 0f (x)
and sTn(x,x) = 0 € —int R, which is an absurd. Thus, from Lemma 12, it follows that exists y € K such that
Ay=190. O

We have the following consequence of Theorem 13.

Corollary 14. Let X be a nonempty subset of R", invex with respect to n, and suppose that y is skew and such that
n(-,y) is convex and continuous. Moreover, assume that

K ={xeX: (f{(20;n(z0,%)), -, /) (z01(20, %)) & —int R},

is compact for some zy € X. Then (P2) has a weakly efficient solution.
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Proof. Let N be a nonempty and finite subset of X. Define Ly = co(N [JK) (where co denotes the closed
convex hull of A4). Then, for each x € Ly \ K we have

(fY (203 1(20, %)), - .- ,f,?(zo;’?(zo,x))) € —intR. (10)
Take z=2z) € K C Ly and &; € 0f;(z). We have
f,-T’I(ZOax) <f;0(zo3’7(207x))7 i= 17 Y 2) (11)

and from (10) and (11), we obtain
(&in(z,x), ..., En(z,x)) € —int kY.
Thus, by Theorem 13, (P2) has a weakly efficient solution. [

5. Conclusions

In this paper, we obtain an existence theorem for weakly efficient solutions of vector optimization problems
defined between infinite dimensional Banach spaces whose objective function is invex and strongly compactly
Lipschitz. We characterize the solutions of this problem in terms of the solutions of a variational-like inequal-
ity and, by applying this characterization and the KKM-Fan Theorem, we establish our result. The approach
that we used here is similar to the one employed by Chen and Craven [4], where the authors considered a dif-
ferentiable problem.

Also, we consider the vector problem defined between finite-dimensional spaces, and for this problem we
also obtain a result on the existence of weakly efficient solution. Our approach is analogous to the one used
by Lee [13], where it was considered the non-differentiable convex case. We use a characterization of the
weakly efficiency in terms of the solutions of the (weak) Minty type inequalities and a fixed point theorem
for multifunctions to prove our result.

The results that we present in this paper generalize those obtained by Chen and Craven [4] and Lee [13].
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