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Abstract

Critical points of semiclassical expansions of solutions to the dispersionful Toda
hierarchy are considered and a double scaling limit method of regularization
is formulated. The analogues of the critical points characterized by the strong
conditions in the Hermitian matrix model are analysed and the property of
doubling of equations is proved. A wide family of sets of critical points is
introduced and the corresponding double scaling limit expansions are discussed.

PACS number: 02.30.1k.

1. Introduction

In a recent work [1] we considered the large N expansion of the Hermitian matrix model

N
ZN(t)=/dHexp —tr Ztka , H=H', (1)
k=1
from the point of view of the dispersionful Toda hierarchy [2]
oL ;
ey = [(L)y, L], L=A+u+vA"", A = exp(edy), €:=g/N, 2)
J

where (), denotes the polynomial part in A. If the equilibrium measure in the large N limit
is supported on a single interval (one-cut case), then the partition function becomes a tau-
function 7 (x, t) of this hierarchy at x = g. The corresponding solution of (2) is characterized
by two string equations which can be solved in terms of a semiclassical expansion

u= Zeku(k)(x, t), v = Ze2kv<2’<>(x, t). (3)
k>0 k>0

The coefficients (u®, v@?) can be expressed as rational functions of the leading terms
@@, v©®) and their derivatives with respect to x.
A method to determine expansions (3) was provided in [1]. It uses two functions

R 3 T k]
R=Y BV g Iy =,
k>0 < k>0

1751-8113/08/335202+17$30.00 © 2008 IOP Publishing Ltd Printed in the UK 1


http://dx.doi.org/10.1088/1751-8113/41/33/335202
http://stacks.iop.org/JPhysA/41/335202

J. Phys. A: Math. Theor. 41 (2008) 335202 L M Alonso and E Medina

which are related to the resolvent R := (z — £)~! of the Lax operator £ through the equation

2R
(Z B mA) Re=F,

so that they generate the trace densities Res(RA /) for j > 0, where Res( Y ¢t A*) := cq.
These functions are determined by the equations

2
T+T[_1] +—(u — Z)R =0,
Z

A @)

Tz — Z—zv[l]RR[l] =1.
where we denote

Fii(x) == F(x +re).
As was shown in [1] the string equations for (u, v) reduce to the system
d
f V. DR, v) =0,
y 2miz
(%)

dz
% —V.(z, )T _1y(z, u, v) = —2x,
v 2mi

where V(z,t) = 2711 tjz/, and y is a large positively oriented closed path. For e = 0
system (5) reduces to a pair of hodograph-type equations

fo@t,u® vy =0, fut, u® 0Oy = 2x, (6)
where

f@, u,v) = L f dzV.(z,t)((z — u)* — 4v)% = —2vt; — 4uvty + - - -. 7
27i J,

These equations determine (u®, v?) and represent the planar limit contribution to the partition
function of the Hermitian model [6]. However, near critical points of (6) the functions
@@, v©®) are multi-valued and have singular x derivatives (gradient catastrophe), so that
the semiclassical expansion (3) breaks down. In terms of the Hermitian matrix model this
situation corresponds to the critical points of the large N expansion of Zy (%) and, as it is well
known [3-12], a double scaling limit method of regularization is available. This method leads
to an important nonperturbative approach to two-dimensional quantum gravity.

Recent research [13—16] shows that the double scaling limit expansions are also relevant
in the asymptotic analysis of solutions of dispersionful integrable systems. They supply good
approximations in the transition regions from the semiclassical to the oscillatory regimes after
the time of gradient catastrophe. These applications motivate the interest in reconsidering
the double scaling limit method from the point of view of the theory of string equations for
integrable systems of dispersionful type. The formulation of the double scaling limit within
the theory of the dispersionful Toda hierarchy was already addressed in [1], but only the case
corresponding to ¥ = 0 and even potentials V(—z) = V(z) was analysed. The purpose of
the present paper is to analyse the general case that exhibits a much richer structure of critical
behaviours (see [10-12] for its relevance in the Hermitian matrix model of random surfaces
and quantum gravity).

According to the strategy of the double scaling method we look at systems (4) and
(5) as singular perturbation problems in the small parameter € and consider the semiclassical
expansions near critical points as outer expansions of the solutions of (4) and (5). Consequently
the problem consists in characterizing appropriate inner expansions

x = x. + "%, u=u.+ E eul, V=10, + E A e =gl 8
Jj22 Jj22
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with coefficients depending on stretched variables (x,%). This type of expansions were
determined in the theory of random matrix models through several methods of analysis of
discrete string equations for orthogonal polynomials in the large N limit. The present work
provides an alternative scheme based on the characterization of solutions
R=Y eR”, T=Y &7,
=0 jz0

of the resolvent trace equations (4) of the dispersionful Toda hierarchy. This scheme establishes
the existence of series (8) to all orders in € and leads to the characterization of the subleading
coefficients (‘?, 7®) in terms of ordinary differential equations involving the Gel’fand—Dikii
polynomials of the resolvent trace expansion of the Schrodinger operator.

We analyse two different classes of critical points. Firstly, we consider the sets C, of
critical points which underlie the Hermitian matrix model of quantum gravity [10, 11] and we
determine inner expansions (8) which satisty the doubling property

G, +(us) =X, us =v% £ JSou?,
with G, 1 being the Gel’fand-Dikii polynomials. Secondly, we characterize a wide family
of sets Cjy,, of critical points where [ > 1,m = 1,...,[ and n > 2, describe the branching

behaviour of (1@, v®) near the critical points. Then we develop the double scaling limit
method for the case n = 2 with stretched variables

)C=)CC+E4)_C, l‘jzlc,j+g4ij, ]21, 5261/5.

For C;1> we find that the subleading coefficients satisfy
7 =+ oa®,
with 7@ being determined by the Painlevé I equation. For the other cases Cy,,2, I > 2, we find
again the doubling property. Indeed, the functions
uy =%+ Jou?,
turn out to be determined by a pair of decoupled Painlevé I equations.

The double scaling limit expansions at critical points of the types Cj,,, can be applied to
the asymptotic analysis of solutions of the dispersionful Toda hierarchy. As an illustrative
example we end our work by applying our results to regularize some critical processes of ideal
models of Hele-Shaw flows [18-20] based on the Toda hierarchy.

Our scheme can be formulated with other scaling ansatz for stretched variables like those
of Galilean type used in [13-16]. Furthermore, it can be applied to the study of the double
scaling limit of the normal matrix model which is related to another solution of the two-
dimensional dispersionful Toda hierarchy [21-23] determined by a pair of string equations.
We also expect the methods of this paper to be applicable to dispersionful versions of the
multi-component KP hierarchies which arise in random matrix theory and Dyson Brownian
motions [26].

The layout of the paper is as follows: in section 2 we show how inner expansions of
the generating functions R and T can be determined from the resolvent trace equations (4).
In section 3 we characterize the double scaling limit expansions at critical points satisfying
strong conditions. Finally, we devote section 4 to introduce families Cy,,,, of critical points and
to develop the corresponding double scaling limit method.

2. Inner expansions of the resolvent functions

Let us consider the hodograph system (6)
fo=0, fu =2x. 9
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Note that the function f defined in (7) satisfies
fuu - vav =0. (10)

The hodograph system determines a solution of the dispersionless Toda hierarchy provided that
the implicit function theorem applies for obtaining (u(x, t), v(x, t)) from (9). For example,
(9) implies

Uy = Uy, Uy, = Vly,
so that
Vey — (logv)y,, =0,

which is the hyperbolic version of the long-wave limit of the Toda lattice equation. It is also
easy to see that the solutions of (9) verify

utz - 2(uut| + vt])a U[z - 2(vu)t| )

which is the dispersionless limit of the focusing nonlinear Schrodinger equation [16].
The set of critical points (x., t., u., v.) of (9) is characterized by the system

fo =0, fu = 2x, 2 = fuufow =0. (11)

Our main aim in this work is to characterize inner expansions for solutions (u, v) of systems
(4) and (5) near critical points of (9).
2.1. Symmetric variables

Let us start by analysing the resolvent trace system (4). It is form invariant under the change
of variables

x = x. + "%, € = et n>2. (12)

Indeed since €9, = €95 we can rewrite (4) as

2
T+T—+-(u—-2)R=0,
b4

, 4 (13)
T — Z—zv[T]RR[T] = 1,
where we denote
F[,-.]()E) = F(X +ré).
We will prove that if (u, v) are expansions of the form
u:uc+ZE-iﬁ(j), v:vC+ZEj6('7), (14)
j=2 =2
then the solution of (13) can be expressed as
T=Y &7, R=> eR”, (15)

jz0 jz0

where the coefficients (T(J),ﬁ(”) are differential polynomials in the coefficients of the
expansions of (u, v).

An important property of the combined system (4) and (5) is its invariance under the
transformation

U(E,X) :=u(—€,x+¢), (€, X) :=v(—F€,X),

Y Y 16
T(e, 7, %) := T(—F€, z, X + 2¢), R, z,%) := R(—€, 7, X +©). (16)
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Thus it is convenient to introduce the symmetric variables
_ __ € _
w(E) =ule,x — 5 = u[f/z](e), 17

U@ :=TE, 2,3 — € = T=,(@) V@E z,%) =R <E, ¥ — %) = R3®.  (18)

which transform under (16) in the simple form
W(e) = w(—e), Ue) := U(—e), V() = V(—9). (19)
In terms of (w, v, U, V) system (13) reads as
2
Um +U+ E(w[ml — Z)V[m] =0,

, 4 20)
U™ - Z_ZUV[T/MV[Wl =1

Moreover, from (20) one easily deduces the following linear equation for U:
(@ —wzip) @ — wip) @ — wep) U —U) =y @ — wizg) U + Upg)
—v(z = wzp)) Uz + U). (21)

It can be expressed as

ZE"jk U=0, (22)

k>1

where J; are linear differential operators depending on the coefficients of the expansions of
(w, v) of the form

L7k = (Z - uc)rcjk,o + (Z - uc)u7k,l + rcu7k,2 + jk,’j,
where
re =re(z) = (2 — u)* — 4ug,

and Ji; are z independent. For example, the first few are

1
Jr = (Z - uc)rca)Ts Jh = _(Z - uc)rca)%9
—u 2 @)
Tz = 5 CrL»Bxé —3rauPd — (z — uc)(vcaxE +40Poc + 2v;2)) - 4vc(2u(2)8y+ ug))
We will now use both (20) and (21) to determine the expansions of U and V.

If we substitute into (20) the expansions

w:uc+25jw(j), v:vc+Z€jﬁ(j),
iz2 j=2
V= Zgjv(])’ U:ZEJ‘U(.I)’
j=0 j=z0
then by identifying the coefficients of the powers of € we find
(O -
4 1 —O) 2= U Vi —m

A u” = , —=7" =0,
PR 17 z
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and the recurrence system (j > 2)

) ()
—(j) 4 1 [N 0) LV
U' —@Zz—u)—=—= Z —ozU "+ (z—u.) Z s —
(e k()1 *
< 2 k+i=j,k>1 k! k+i=jk>1 25(k)! <
5 (i2)
1 i oV
_ Z (@i <az ) 7
kitky Jr VJert S X
i1 +ipt+k +ho=j 28k ey ! z
=2
—0) =)
—(0)—(j V'V 1 (i) —
7T _ 40, _ 1 3 FOT®
Z Z , , X .
i+k=j,1<i,k<j—1

(1) —(2)
(=Dk oV LY
+ Z 2k1+k271k1 !kz! Ve af z X z

Ci|+i2+k|+k2=j
1<[],[g<j71,k1+k2 even

(1) —(2)
= oV VY
+ Z 2ki+ka ey 1y ! v % z O z )

i1+ip+k +hky+l=j
122,k +k; even

—(j )
These equations are linear with respect to U Y and VT Furthermore the determinant of their

. . .12
corresponding coefficients is 2,

Thus one obtains

o 1 ve o
U~ = <400 +2(z — u)v?], — = =207 + @ —ur)w?],
ré < ré
-3
—@3) 1 . _ \%4 | O _
U7 = M4 +2(z —u)v?], — = 209 + (z —u)w?],
r2 Z r2

— 1
U(4) |:4v w® + > w D 4+ 47w @ 4+ 2(z—u )v(4)i|

1
—5[4v2_(2) +240.09%W? + (2 — u) (2002 72 + 699" + 60, WP’ )]
ré
—(4)
Vv 1
— = [2_(4) 324w 4z —u )ww}
Z ch
1
—§[2vC ) 4+ 6v, o+ 6@ & (z — ut)(vtw + 6v(2)_(2))]
re

and by using induction one proves that the coefficients of the expansions of U and V are of
the form

J 2/) 2j) J 2/+1) (2j+1)
—=2)) (z—uc)+8 . —(2j+1) (z—uc)+p .
U = s > 3, U = s > 2,
; i+5 ' 121: ri+7 e

@) j —2j+D) j 2j+1 2j+1
14 V2i(z —ue) + 2, Vv J/l( Dz —u) + 77( AR

=E , s J =3 E , J=2

z l+3 I+1
I=1 Te =1 e
(24)
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Moreover by substituting (24) into the linear equation (21) and taking into account (23) it can

be proved by induction that the functions «”, 8", 3"’ and n"" are differential polynomials

in (@2, ..., 007D 5@ wlTA),

2.2. Invariant solutions

The solution (U, V) of system (20) is uniquely determined by (w, v). Hence if we assume
that (w, v) are even functions of €, then as a consequence of the invariance of (20) under
transformation (16) we deduce that (U, V) are even functions of € too. In this way we have

w=u+y ew®, v=1+y eI,
=1 jzl1
el i 2j
U=y &7, v=Y v (25)
>0 >0

These solutions will be henceforth called invariant solutions of the resolvent trace equations.
=2 25

As we have seen in the above subsection the coefficients U " and V" can be expanded
in powers of r. with leading terms
2)) 2))
— 2 (z—u )Ol + /3 1
U( 1) ¢ i +O — ),
r]+§ r./—i
c c
. (26)
20 2)) 2))
4 (z —uy;”" +n; 1
= te — —+0|— |-
Z rg 2 rC/ 2

Furthermore, by identifying the coefficient of €%/ in the first equation of system (20) and by
taking into account that (z — u.)? = r. + 4, it follows that

2 p o 2 2

@p _ @p _ Q)

i = 4—1)6, n j = i (27)
Now we prove the connection between these coefficients and the Gel fand—Dikii differential
polynomials of the KdV theory.

Theorem 1. The functions

B
e — 28
PATR J V¢ (28)

are the Gel fand-Dikii differential polynomials in us = v® £+ Jv.u®, respectively.

Gj,:t =

Proof. By identifying the coefficient of €2/*! i

> au? = (29)

k+21=2j+1

in (22) we get

From (23) and by taking into account that (z — uo)? = re + 4, it is clear that only the terms
—@j-2 . .

JU ( » and U @/=2 contribute to the coefficient of ll .

-2

re
relations
8_a(2]) (U 8’5 +4U(2)&+2—(2)) (2(/ D) (25(2)8*4'_(2)),3(2(] 1))’

0B = (ved +4v<2)&+2—(2))ﬁ<2(/ D) 4 4o, (2090 +72)a Y,

in (29). Thus we get the recursion

(30)
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which lead at once to the well-known third-order differential equation for the Gel’fand-Dikii
differential polynomials

G = (v +4usds +2us 5)G 1 4. (31)
O
From (28) we have that G| ;. = :I:%ui and by using (31) we find
2 2
G2,j: =+ (vcui,ﬁ + 31/{:‘:),
Gz ==+ 2 (Uz.uj: o + 10veus wus + SUL-Lti —+ IOui),
s ﬁ [& s s WX
G —j:2(3 ey + 1402 e + 280U g 7+ 210703
4,4 = ﬁ V. U4t XXXXXX V UL UL Fxxx V U4 xxxU+ 3 VU 55

+ 7OUcu2iui,H + 701)Cuiuf‘E + 35141).

3. Strong conditions for critical points and the doubling property

In what follows the notation F© will represent the value of a function F at a critical point
(x¢, te, Ue, ve) of (9). We will also suppose that v, # 0. The following sets of critical points
were considered in the applications of the Hermitian matrix model to quantum gravity [10-12].

Definition 1. Given n > 2 we denote by C, the set of critical points of the hodograph system
(9) which satisfy the (strong) conditions

(05 1) = (3.0 £) =0, 1<k<n, 1<i<n—1, (32
and such that (37 £)©, (3,07 1)) # (0, 0).

Due to (10) it is clear that C, is also determined by the condition that all derivatives
(0ka! f )(C) with (k,1) # (1,0) up to order n vanish and such that at least one (n+1)-order
derivative is different from zero.

An alternative characterization of C, can be formulated in terms of the integrals

1 V.(z, t.) 1 ?g V.(z, t.)
— — Ji(te, u, == Q dz(z —uc)——5—
i . rf+1/2 k(te, e, V) i ” 2(z —ue) r5+1/2

(33)

Li(te, ue, ve) =

Indeed, /; and J are proportional to (35*! f )(C) and (9,05 f )(C) , respectively. Hence it follows
that

Lemma 1. (x., t., u., v.) € C, if and only if

=0, Jo=-2x, L=J=0, for 1<k<n—1, (I,J)%(©0). (34

Let us consider the system of string equations (5) at points (x, £, u, v) near a given critical
point (x., ., u., v.) € C,. In terms of symmetric variables it reads as

f &yt =0,
v 2mwiz
(35)

d
f Ly (UG = —2x.
v 271
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Then if we set

X = x. +52nf’ € = 52n+l’

and assume (25) we obtain a recursive method for determining the coefficients of w and v.
Indeed (35) is equivalent to

d s
7{ = V.tV () =0,
2miz

(36)
dz —(2)) _
% —V (z,t)U 7' (2) = —2x.8j0 — 28,X.
y 2mi
For 0 < j < n — 1 these equations are identically satisfied because of (34). For j = n we get
from (26) and (27) that equations (36) reduce to
J.BP + 4u.La? =0,
‘lﬂn citn*p - (37)
LBPY + J,al® = —2%,

or, equivalently, in terms of the Gel’fand—Dikii polynomials (28) we obtain a pair of decoupled
ordinary differential equations for uy := v® £ /v.u®

2
(/== Zx/v_cln)Gn,i(Mi) = :F\/U—Cf (38)

Thus if the condition
Jy £2/v.1, #0,

is satisfied, we have the so-called doubling property arising in the one-cut case of the Hermitian
matrix model [10, 11].
The first few cases of (38) are

2 —
(£ £ o £9) (vert s 55 + 3ul) = 125, n=2;
2 2 3 -
(£, £ Vo £5) (Vius sees + 10vcus weus + Sveu ¢+ 10ul) = 120x, n=3;

( u(;zm + /v v(;,)wv)(v Uy v + 1402 U Uy wew + 2812 “Uy wErlle + 2102 ui =
+70vcuiui,ﬁ + 70vcuiuij + 35ui) = 1680x, n=4.
Finally for j > n system (36) yields the pair of equations

J J
S + 1) =0, > (ne? +187) =0, (39)

l=n I=n

which determine each pair (w1 y@U=+D) recursively.

4. Further critical points and regularized expansions

Let us go back to system (11) for critical points of the hodograph equations (9). Itis equivalent
to

fv:()a fu=2x, fuvzo—ﬁfvv’ o= =l1. (40)

Let us consider solutions of the hodograph equations near critical points and assume that

Jolte,u,ve) #0
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(similar results are obtained by interchanging the roles of u and v). Then there exists an integer
[ > 1 verifying

(k)9 =0 O<k<I), (L £,) #0. 1)

As a consequence the first hodograph equation f,(¢., u, v) = 0 can be used to eliminate the
variable u as a function of v near (u., v.). Indeed, from Weierstrass’ preparation theorem it
follows that near (i, v.) there exists a factorization

Folte,u, v) = (Ao, v) + -+ Ay (te, ) ™ +u)g(te, u, v), (42)

where A;(0 < j <) are analytic functions of v, and g is an analytic function of (u, v) which
does not vanish near (u., v.). Hence the solutions of the hodograph equation f,(¢., u, v) =0
near (u., v.) are given by the roots of the polynomial factor in (42)

Ao(te, v) + -+ A (e, v)u' ™+ =0, (43)
and consequently they are characterized by a Puiseux series
ute.v) = uc+ Y ax(t) (v — ve), (44)
k>1

for a certain integer 1 < m < [. If we now introduce the function
H(te, w) := fu(te, ulte, ve +w™), ve +w™) (w = (v —v)) (45)

then at t = £, the second hodograph equation in (9) reads H (., w) = 2x.
Furthermore, it is easy to see that as a consequence of system (40) we have

H(C) f(C) © 4 u(;) l(:) — amf(‘)(ofu(‘) + U(c))
On the other hand, by differentiating the identity f,(t., u(t., v. + w™), v, + w™) = 0 we get
FOUO + OO = £ (5 o + ) =0,
Hence, we deduce that
HY =0. (46)
In this way if we assume that there exists an integer n > 2 such that
0k H) =0, (1 <k<n), (02 H) 0, (47)

then the hodograph equation H (t., w) = 2x determines w as a function of x with a branch
point of order n — 1 at x = x,

Definition 2. We will denote by Cjpp, (1 = 1,1 < m < I, n > 2) the set of critical points of
(9) characterized by (40), (41) and such that

(i) u = u(t., v) has branching order m — 1 at v = v,.
(ii) The corresponding function H (t., w) defined by (45) satisfies (47).

Example
If we set t, = 0 for n # 1, 3 then system (40) reads

te + 3tc3(u3 + 2vc) =0, 613U Ve + x. =0, Ue = 0./v, o= =l1. (48)

Let us consider the critical points (x., t.1, .3, Uc, V.) With .3 # 0. They are given by

fe1
Ve = — s Ue = 04/ V¢,

9tc3

10
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where (x., t.1, t.3) are constrained by the equation

1/2
3x. = 201, —tCl
¢ ¢ 9t{,‘3 )

As we assume that v, # 0, we have that 7.; # 0 and u, # 0 so that (41) is satisfied by [ = 1.
Moreover the hodograph equation

te + 3t (u? +2v) =0, (49)
leads to
u(t w)—<—2(w—&))l/2 wi=v—0v v, —_ta #£0
oo 2 ’ o © T 91y
Furthermore H(t., w) := —12tsu(t., w)(w + v.) verifies Hy,, (t;,0) # 0. Therefore, it

follows that (x., t.1, &3, Ue, U¢) € Cii2.

The following statements will be useful for the subsequent discussion. They are easily
proved by differentiating (45) and the identity f, (¢, u(w), v, + w™) = 0.
Lemma 2. Given (x., t., uc, v:) € Cn Wwith v. # 0 then

o Ifl = 1then f'© does not vanish and

HE = —ov 2 (3£9 + 40, £C) — 4o Jo £9)) . (50)
o Ifl > 2then f© = [\ = i =0and
o _ {vcfu(ﬁl(ui?) 20 flud + £, for m=1, 51)
v fW) . for m =2,

where uflf) satisfies

:vc i ;?) F2fOuD+ [ =0 for m=1, )
fOuO =0, for m>=2.
As a consequence we deduce the following conditions for critical points with n = 2.
Proposition 1. Given (x., t., u., v.) € Cyuo with v. # 0, then it follows that
(i) If (x¢, e, ue, ve) € Crya, then

309 +dov f9) — A4S £ # (53)
(ii) If (xc, te, e, ve) € Cinp with 1 > 2 then

fior = veflor #0. (54)
(iii) If (x¢, te, e, Ve) € Cppa withl,m > 2 then

fisn #0 and — fi7, =0. (55)

Proof. For [ = 1 we have that m = 1 so that (53) is a consequence of (50). For/ > 2 and
m = 1, by substituting the solution of (52) into (51) we obtain condition (54).
Finally suppose that [ > 2,m > 2. Then according to (52) and (51) we have that

ul f© =0, and HS) = v, (u(c)) £ Therefore the conditions for H() # 0 are f©) =0

)

and £ =£ 0 which proves (55). O

uvv

11
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Let us consider the system of string equations (5) at points (x, ¢, u, v) near a given critical
point (x., t, u¢, V) € Cipp. In terms of symmetric variables it reads as

dz
f _-VZ(Zs t)V(Z) = 07
y 2miz
dz (56)
% —V.(z,t)U(z) = —2x.
y 2mi
One may introduce stretched variables not only for x but also for ¢. The most symmetrical

choice is

X = x. + €%, t;=t.;+€"t;, iz e =", (57)
Note that €9, = €9;; so that (12), (57) and
u=uc.+2€jﬁ(j), v=vc+Z€jim, (58)
jz2 iz2

are consistent with the Lax equations (2).
We will next concentrate on the case n = 2 and will provide a recursive method for
determining expansions of form (58) near critical points in C,,2. Thus we set

X:XC+E4)_C, tj:tc,j+g4ijv ]Zl, EZEUS.
From (56), equating the coefficients of order €/ one finds
e For0 < j<3:
dz v dz —()
f —V.(z,t.)— =0, % —V.(z, t.)U" = —=2x.:8j0, (59)
y 2mi z y 2mi
e For j > 4:
() =4
dz \%4 dz -V
%TVZ(Z,tC)_"'%TVz(th) =0,
y 2mi z y 2mi Z (60)

d —( d o
f—z. V.(z t) T +7§ E v @ HT™ = 2w,
y 2mi y 2mi

Let us first analyse system (59). For j = 0 it reduces to the hodograph equations
£R7=0,  f9=2x,

and for j = 1 is trivially verified since U’ = V' = 0. Furthermore, it is straightforward to
see that for j = 2 both equations in (59) reduce to

(o Jvu? +9P) £ = 0. (61)

Hence to proceed further it is required to distinguish the two types of critical points
corresponding to Cy1, and Cy,,p with [ > 2.

Case 6112
In this case < # 0 and (61) implies
=) _ =) _ 7 =@
" =w"? = —-——3"Y.
v
For j = 3 both equations in (59) lead to
T = __7 56

S

12
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By setting j = 4 in (60) we find that

7@ = _ % (3,2 1_(2> 1 1 er _ oful®, ue, ve)
Ve g 2vc S f(c>
6 _ 0
(2) —(2
+ sl —ovin] (2 7).

Moreover 12 = —o ,/v:u® must satisfy the Painlevé I equation

6 - _

rO@2 + 23 = 602% — fu @, uc, vo) + 0o fu€, e, Vo)), (62)

Ve

where

re.=— */_(3f<c>+4vc © — 4o Ju £).

Ul)'l) MUU

Note that since (x, t;, U, v.) € Ci12 then proposition 1 implies r© =£0.
To proceed further one uses induction in the recurrence system for U(j), vV

to prove that the only coefficients in the expansions of U(]) vV depending on
o, gU=D gU=2 %W wU=D and w2 are those corresponding to / = 1 or 2. Moreover
one finds

a) =279 + AP,
o =200 + 12825972 + 120, 5P T2 + 4Y,

" . V. . . . :
B = dvn?) + Zwl? s wUD 4 4yl 4 B,
By = 4* Wl + 240, 3P w2 + 72w ?) + By,

y = 4 C(j)
) = v + 652wV + 652w + Y,
ng” =25 + 4 U7 125 PwU 2 4 DY,

= 20,0972 + 120,TPWI D + 1209502 4 DY

where Alg ), Bi(j ), Cl.(J ) and D,.(j )j > 5,i = 1,2 are differential polynomials in
7@, oV @ wY Y. Then, for J = 5 substituting (24) into the first equation in
(60) yields expressions

7 = -2 50+ K,ET?, ... 79,

Ve
where K ; are differential polynomials in 1@, ..., Y72, Moreover, both equations in (60)
imply that ©Y~% must verify a second-order hnear dlfferentlal equation of the form
12 . _ .
r© (—0 24 = v@)v(fZ)) = H; (3,92, ..., 707, (63)
c

where H;_, are differential polynomials in v, ..., 99, In this way, we have a scheme

for determining the coefficients 7, w'/ in (14).

We note that if {ﬁ(l), | > 2} is a solution of (62) and (63) (j > 5), then as a consequence
of the symmetry transformation (16)—(19) we have that {(—1)!v®, 1 > 2} is also a solution
of these equations. Consequently, the differential polynomials Hy.yy, ! > 1, on the right-
hand side of (63) are odd polynomials in @D 1 < Jj < I — 1 and their derivatives (for
example H3(t,7®) = 0). Hence we may set v>*" = 0 for all j > 1. Analogously, since
equations (62), (63) can be written in terms of {w®, ! > 2}, we may set w*/*) = 0 for all
i>1
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Case Clm2a l 2 2

In this case system (59) is trivially satisfied. Moreover, for j = 4 we get from (60) that
A (005 + 382 + 30 w?) = 6( £, (full, tte, ve) = 28) = v £, fu @, ue, v0)),
A© (v + 6w VD) = 6( £, o @ e, vo) = F(ful@, ue, ve) = 25)),

uvv

(64)
where we denote

A = v (f0) = (F)"
From proposition 1 we have that A = 0 for critical points in Cy,,» with [ > 2.

In terms of the variables u™® = v® + /v, system (64) decouples into the two
Painlevé I equations

(£ £ S ) etz 7 +3u)?) = 62X — fu(E. tte, vo) F /e fulE, e, vC).
Thus the doubling property is satisfied in this case. ' _

In general, for j > 5 (60) leads to a second-order linear system for w2, 5=2) of the
form:

20, (797 + 65PTI) + 1209792 = ML, w2, . w5, T, )
0 U2 + 65?0 £ OB = N7, w2, ..., w7, T,
where M;_, and N,_; are differential polynomials in w®, ..., w"™¥ and v®, ... vV,

Thus, we have a recursive procedure to construct the coefﬁc1ents wd, gD, j=2.

Again, due to symmetry (16)—(19), it is clear that if (w"’,v\), (j > 2) is solution of
(65) then ((—1)/w"Y, (=1)7vY), (j > 2) is also a solution of (65). Hence for odd j the
differential polynomials M;_,, N;_ are odd polynomials in w®*", 5®*D [ > 1 and their ¥
derivatives. Therefore, we may set w**" = 0, 7?*D =0 forall/ > 1

4.1. Critical processes in ideal Hele—Shaw flows

In view of the properties of asymptotic solutions of the KdV equation [13—15] and the NLS
equation [16] it should be expected that the inner expansions provided by the double scaling
method will be relevant when the solutions of the dispersionless or the dispersionful Toda
hierarchies reach a point of gradient catastrophe. We next consider an application to an ideal
model of Hele—-Shaw flows supplied by the Toda hierarchy.

A Hele-Shaw cell is a narrow gap between two plates filled with two fluids: say oil
surrounding one or several bubbles of air. In the set-up considered in [18] (see also [19, 20])
air is injected into two fixed points of a simply connected air bubble making the bubble break
into two emergent bubbles. Before the break-off the oil-air interface remains free of cusp-like
singularities and develops a smooth neck. The reversed evolution describes the merging of
two bubbles. The analysis of [18] concludes that before the merging, the local structure of a
small part of the interface containing the tips of the bubbles is described by a curve ¥ = Y (X)
which falls into universal classes characterized by two even integers (4n,2),n > 1, and a
finite number 2n of deformation parameters #;,. Assuming symmetry of the curve with respect
to the X-axis, the general solution for the curve in the (4n, 2) class is

k+ 1)t
Y(z) = Zk 1( V12
V(z—a)(z—b)
where a and b are the positions of the bubble’s tips. Due to the physical assumptions of the
problem, the expansion

) (z—a)(z—b), X =z, (66)
®

2n 00
Y,
Y(2) = E (k+ Dg 25 + E o 7 = o0, (67)
k=1 k=0

14
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must satisfy the conditions Yy = ¢ (physical time) and Y, = 0 (bubble merging condition)
which determine the positions a, b of the tips. However if Y| ## 0 the evolution process leads
to a critical point in which cusp-like singularities appear.

As was shown in [18] the positions of the bubble’s tips are determined by the pair of
hodograph equations

Zktkrk,l(u, v) =0, Zktkrk(u, v)+2x =0, (68)
k=1 k=1

where t; = 0 fork > 2n,Y; = 2x and

a:=u—2Jv, b:=u+2v. (69)

o z zzrk(uk, v)’
vV (Z - u)2 - 4U k>0 z
These are precisely the hodograph equations (6). Thus the double scaling limit method can be
used to regularize the solutions of (66)—(68) at critical points in terms of inner expansions of

solutions of (5).

As an example let us analyse the critical process of a merging of two bubbles studied in
section VII of [18]. We sett :=1,1, = 0,f, = 0,n > 3 and fix #; to a given constant value
c. Thus the Hele—Shaw interface is locally characterized by the curve

Y(X) =3c(X +u)v/ (X —u)? —4v, (70)
and (68) reduces to
t+3c(u® +2v) =0, 6cvu +x = 0. (71)
This is the hodograph system (48) and its solution is given by
12 t
V= - - —
22/39¢y/9/81c2x* + dex?td — 8lex? — 213 18¢
VOVB1c2xd + dct3x2 — 8lex? — 213 x
3 ; U=——:. (72)
1872¢ 6cv

As we have seen above the critical points (x., f., .3, U¢, vc) with t. # 0 are in C;;» so that our
scheme can be applied to provide a dispersive regularization of (72) near critical points.

Setting x = x. in (72) one finds that the outer approximations for u and v near ¢t = ¢, are
given by

1 /1 u. |1
u Nuoul(t) =Ue— 3 _(tc_t)a v'\'vou[(t) =Vt _(tc_t)7
3Ve 3Ve

as t—t, (73)

where u, = o.,/v.. Since we consider a critical point in Cjj, we introduce the stretched
variables

x = x. + &, t=1t.+7
and consider the inner expansions for u and v

U~ Ui =t +EUPX —uct), v~vin@) =v.+evP& —ud), a 1—0, (74)

where #® = —v® /u. and v® verifies the Painlevé I equation
6 2
=2 —(2)y2 — -
U + v = — (X —uct). 75
p Mf( ) 3cuc( ef) (75)

15
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The inner approximation at x = 0 must match the outer approximation in an overlap
interval which has both ¢ — ¢, small and 7 large. Writing the outer approximations (73) in
terms of the inner variable 7 we have

(76)

Now, if we introduce the change of variables

3¢\ _ 2\ _ _
W=- <ﬁ> v?, §= (36143) (X — uct),

it follows that W must satisfy the P-I equation

Wee = 6W? — £,
and
&
W~ — 8’ as & — oo,

so that W must be the tritronquée solution of the P-I equation [24, 25]. Using a numerical
approximation of W one finds [27] that the regularized evolution is as follows: the right bubble
develops a cusp, then a new bubble appears at this cusp and it grows until it merges with the
tip of the left bubble. Finally, the tip of the left bubble absorbs the new one and stays joined
to the right bubble.
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