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Abstract

We prove an algebraic version of the Gauge-Invariant Uniqueness Theorem, a result which gives informa-
tion about the injectivity of certain homomorphisms between Z-graded algebras. As our main application
of this theorem, we obtain isomorphisms between the Leavitt path algebras of specified graphs. From these
isomorphisms we are able to achieve two ends. First, we show that the Ky groups of various sets of purely
infinite simple Leavitt path algebras, together with the position of the identity element in Ky, classify the
algebras in these sets up to isomorphism. Second, we show that the isomorphism between matrix rings over
the classical Leavitt algebras, established previously using number-theoretic methods, can be reobtained via
appropriate isomorphisms between Leavitt path algebras.
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Introduction

Throughout this article £ will denote a finite directed graph, and K will denote an arbitrary
field. The Leavitt path algebra of E with coefficients in K, denoted L g (E), has received signif-
icant attention over the past few years, both from algebraists as well as from analysts working
in operator theory. (The precise definition of Lk (E) is given below.) When K is the field C
of complex numbers, the algebra Lg (E) has exhibited surprising similarity to its C*-algebra
counterpart C*(E), the Cuntz—Krieger graph C*-algebra of E. In part motivated by the Gauge-
Invariant Uniqueness Theorem of operator theory, we prove in Section 1 of this article a result
which guarantees the injectivity of certain algebra homomorphisms based on a specified action of
the field as automorphisms on the codomain. With this result in hand, we use it (and other results
about homomorphisms from Leavitt path algebras established here) in Section 2 to produce iso-
morphisms between Leavitt path algebras. Specifically, we show in Theorems 2.3 and 2.8 how,
starting with the graph E and specified configurations of vertices and edges in E, to explicitly
construct graphs E’ having Lx (E) = Lg (E’). In Section 3 we apply these isomorphisms to ob-
tain Proposition 3.4, a result about isomorphisms between purely infinite simple unital Leavitt
path algebras. Subsequently, in Section 4 we use these isomorphisms to answer specific cases of
The Classification Question for purely infinite simple unital Leavitt path algebras. We establish
Propositions 4.1 and 4.2, the algebraic counterparts of specific pieces of the Kirchberg—Phillips
Theorem of C*-algebras (see [14, Section 3] for a description). These two results establish, re-
spectively, that if £ and F are finite directed graphs having two (respectively three) vertices
and no parallel edges, and the Leavitt path algebras Lx (E) and Lg (F) are purely infinite sim-
ple, then Lx (E) = Lk (F) if and only if the Grothendieck groups Ko(Lg (E)) and Ko(Lg (F))
are isomorphic via an isomorphism which takes [1;,(g)] to [11,(r)]. We close the article by
showing how [4, Theorem 4.14] may be reestablished using the results and techniques of this
article.

We briefly recall some graph-theoretic definitions and properties; more complete explanations
and descriptions can be found in [1]. A graph E = (E 0 El r, s) consists of two countable sets
EC, E" and maps r,s: E! — E°. (Some authors use the phrase ‘directed’ graph for this struc-
ture.) The elements of E© are called vertices and the elements of E! edges. (We emphasize that
loops and multiple/parallel edges are allowed.) If s~! (v) is a finite set for every v € E°, then the
graph is called row-finite. A vertex v for which s~!(v) is empty is called a sink, while a vertex
w for which r~!(w) is empty is called a source. A path p in a graph E is a sequence of edges
W =ejp...e, such that r(e;) = s(ej41) fori =1,...,n — 1. In this case, s(u) := s(ey) is the
source of u, r(u) :=r(ey) is the range of u, and n is the length of . An edge e is an exit for
apath u =ej...e, if there exists i such that s(e) =s(e;) and e # ¢;. If u is a path in E, and if
v=ys(u) =r(u), then w is called a closed path based at v. If © = e ... e, is a closed path based
at v=ys(u) and s(e;) # s(e;) for every i # j, then u is called a cycle. We say that a graph E
satisfies Condition (L) if every cycle in E has an exit. For n > 2 we define E" to be the set of
paths of length n, and E* = Un>0 E" the set of all paths.

The following notation is standard. Let A be a p x p matrix having nonnegative integer entries
(i.e., A= (a;j) € MP(Z+)). The graph E 4 is defined by setting (Ex)° = {vi,v2,...,vp}, and
defining (E4)! by inserting exactly a; j edges in E 4 having source vertex v; and range vertex v;.
Conversely, if E is a finite graph with vertices {v1, v, ..., v,}, then we define the incidence
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matrix Ag of E by setting (Ag);; as the number of edges in E having source vertex v; and range
vertex v;.

Definition 0.1. Let £ be any row-finite graph, and K any field. The Leavitt path K -algebra
Lk (E) of E with coefficients in K is the K-algebra generated by a set {v | v € E°} of pair-
wise orthogonal idempotents, together with a set of variables {e, ¢* | e € E'}, which satisfy the
following relations:

(1) s(e)e=-er(e) =eforall e € EL.

(2) r(e)e* =e*s(e) =e* forall e € EL.

(3) e*e’ =8, r(e) foralle, e’ € EL.

“4) v= Z{eeEl‘s(e):v} ee* for every vertex v € E° for which s ~! (v) is nonempty.

When the role of the coefficient field K is not central to the discussion, we will often denote
Lk (E) simply by L(E).

The set {¢* | e € E'} will be denoted by (E')*. We let r(e*) denote s(e), and we let s(e*)
denote r(e). If uw = ey ...ey is a path, then we denote by u* the element ej; - - - e of Lk (E).

For any subset H of E°, we will denote by I (H) the ideal of L ¢ (E) generated by H.

An alternate description of Lg (E) is given in [1], where it is described in terms of a free
associative algebra modulo the appropriate relations indicated in Definition 0.1 above. As a
consequence, if A is any K-algebra which contains elements satisfying these same relations,
then there is a (unique) K -algebra homomorphism from Lg (E) to A mapping the generators
of Lk (E) to their appropriate counterparts in A. We will refer to this conclusion as the Universal
Homomorphism Property of Lk (E). See also [15, Remark 2.5].

Many well-known algebras arise as the Leavitt path algebra of a row-finite graph. For instance,
the classical Leavitt algebras L, for n > 2 (see Definition 3.7 below) arise as the algebras L(R),)
where R, is the “rose with n petals” graph

3
Y2

o? y1o.
Yn

The full n x n matrix algebra over K arises as the Leavitt path algebra of the oriented n-line
graph

ey ey €n—1
.Ul —_— .UZ —_— .U3 .Un71 —_— .U,,

while the Laurent polynomial algebra K [x, x~!] arises as the Leavitt path algebra of the “one
vertex, one loop” graph
o' D x .

Constructions such as direct sums and the formation of matrix rings produce additional examples
of Leavitt path algebras.
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If E is a finite graph then Lg (E) is unital, with ZUEEO v = 17, (k). Conversely, if Lk (E)
is unital, then EO is finite. If E° is infinite then Lk (E) is a ring with a set of local units; one
such set of local units consists of sums of distinct elements of E®. Lx(E) = @,y Lk (E)»
is a Z-graded K -algebra, spanned as a K -vector space by {pq™ | p, g are paths in E}. In par-
ticular, for each n € Z, the degree n component Lk (E), is spanned by elements of the form
{pg* | length(p) — length(g) = n}. The degree of an element x, denoted deg(x), is the minimum
integer n for which x € @mgn Lk (E). The set of homogeneous elementsis | J,,c7 Lk (E),, and
an element of Lg (E), is said to be n-homogeneous or homogeneous of degree n. The K -linear
extension of the assignment pg* — gp™ (for p, q paths in E) yields an involution on L (E),
which we denote simply as *.

Information regarding the “C*-algebra of a graph,” also known as the “Cuntz—Krieger graph
C*-algebra,” may be found in [13].

1. Injectivity of algebra maps

Our central theme in this article is a description of isomorphisms between Leavitt path alge-
bras. As we shall see, oftentimes we encounter a situation in which we have defined a surjective
ring homomorphism between two such algebras, and seek to determine whether the map is
injective. The main result of this section, Theorem 1.8 (which we refer to as the Algebraic
Gauge-Invariant Uniqueness Theorem or AGIUT for short), provides a tool for doing just that.
The AGIUT is a consequence of results for general Z-graded K -algebras.

In fact, there are many results aside from the AGIUT which provide similar tools by which
we can establish the injectivity of various algebra homomorphisms. We present two such results
in the following lemmas.

Lemma 1.1. Let E be a row-finite graph, let A be a Z-graded K -algebra, andlet f : Lx (E) — A
be an algebra map such that f (v) # 0 for every v € EC. If f is graded, then f is injective.

Proof. Since f is a graded map, Ker(f) is a graded ideal of Lk (E). By [6, Theorem 5.3], there
exists a subset X of E? such that Ker(f) = I(X). Since f(v) # 0 for every v € E°, we get
X =), whence Ker(f) =0 as desired. O

The method used in the previous proof is to guarantee that Ker(f) does not contain any
vertices. The proof of the following lemma uses a similar line of reasoning.

Lemma 1.2. Let E be a row-finite graph satisfying Condition (L), let A be a K -algebra, and let
f:Lg(E)— A be an algebra map. If f (v) # 0 for every v € E°, then f is injective.

Proof. By [1, Lemma 3.9], Condition (L) yields that J N E® # @ for every nonzero ideal J
of Lx (E). Since f(v) # 0 for every v € E°, we conclude that Ker(f) = 0 as desired. O

With the hypotheses of the previous two lemmas in mind, we seek an injectivity result in
situations in which the map is not graded, and the graph contains cycles with no exits. Such a
result is the essence of the AGIUT (Theorem 1.8).

Definitions 1.3. Let K be a field, and let A be a Z-graded algebra over K. Fort € K* = K \ {0}
and a any homogeneous element of A of degree d, set
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and extend 1, to all of A by linearity. It is easy to show that 7; is a K -algebra automorphism of A
foreacht € K*. Then t: K* — Autg (A) is an action of K on A, which we call the gauge action
of K on A.

If I is an ideal of A, we say that I is gauge-invariant in case t,(I) = I for each t € K*.
This condition is equivalent to requiring that 7,(1) C I for every t € K*, since 7,1 (1) C I gives
I <)

The previous definition of the gauge action draws its motivation as follows. Let A be a Z-
graded K-algebra (e.g., a Leavitt path algebra Lk (E)) which is generated by homogeneous
elements of degree 1 and —1. Then the multiplicative group K* acts naturally on A by sending
elements a of degree €, where € = 1, —1 to ¢“a for each nonzero element ¢ € K. In particular if
A is an involutorial K -algebra over a field K with involution, then any homogeneous element of
degree —1 is the image of such an element of degree 1, and hence the unitary group of K (i.e.,
the group of r € K with ¢¢* = 1) acts naturally on A. This natural action of the unit circle on the
Cuntz algebra O, is in part the motivation for our description of an algebraic gauge action of K
on A. (For additional information see [12, p. 198].)

The next result establishes a relationship between graded and gauge-invariant ideals of any
Z-graded algebra.

Proposition 1.4. Let K be a field, let A be a Z-graded K -algebra, and let I be an ideal of A.
Let t: K* — Autg (A) be the gauge action of K on A.

(1) If I is generated as an ideal of A by elements of degree 0, then I is gauge-invariant.
(2) If K is infinite, and if I is gauge-invariant, then I is graded.

Proof. Statement (1) is clear, as t; fixes the degree zero elements of A for each t € K*.

For statement (2), we prove the contrapositive. So suppose [ is not graded. We seek to show
that 7 is not gauge-invariant. For each a € A let h(a) denote the number of nonzero homogeneous
graded components of a. Since [ is not graded there exists an element a € I for which, in the
decomposition @ = ) a; into a sum of its homogeneous components, at least two of the a; are
notin /. Let T C I denote those elements of / which, when written in homogeneous decompo-
sition, have the property that no nonzero homogeneous component is in /. Since [ is not graded,
T #@.Letb € T such that h(b) = min{h(z) | t € T}. Note that #(b) > 2. Let m, n € Z for which
the homogeneous components b, and b, are each nonzero; assume without loss of generality
that n < m. Because K is infinite, we can find ¢ € K* such that " # ¢". (Otherwise, we would
have " =" for all t € K™, so that every element of K* would be a zero of x”™" — 1 € K|[x],
but such cannot happen in an infinite field.)

To show that / is not gauge-invariant, it suffices to show 7,(7) ¢ I. By contradiction, assume
7, (I) € I, so that in particular 7, (b) € I. We observe that b € [ givest"b e I,so 7;(b)—t"b e I,
we denote 7;(b) — t"b by c. Note that for each i € Z, the i-component of ¢ is ¢; = (t' — t"™)b;.
Thus we have ¢, =0, but ¢, = (t" — t"*)b,, # 0 (and so in particular ¢ # 0). But ¢, =0 gives
h(c) < h(b), so, by minimality, at least one of the nonzero components of ¢ is in /. That is, for
some p € Z, (t” —t™)b, is anonzero element of /. But then b, is a nonzero element of /, which
contradicts our choice of b. O
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We now apply this result in the context of Leavitt path algebras. For clarity, we present here
the definition of the gauge action of K on the Leavitt path algebra Lg(E) of the row-finite
graph E.

Definition 1.5. Let E be a row-finite graph, and let K be a field. Then the gauge action t of K
on the Leavitt path algebra L (E) (denoted sometimes by £ for clarity) is given by

£ K* - Autg (Lg(E)),
t tf

as follows: for every t € K*, for every v € E°, and for every e € E!

tf: Lx(E) - Lk(E),
v,
e > e,

e* > 1 lex

and then extend linearly and multiplicatively to all of L (E).
For a graph E, the set of graded ideals of A = L g (E) is denoted by Lg;.

Proposition 1.6. Let E be a row-finite graph, let K be an infinite field, and let I be an ideal
of Lk (E). Then I € Ly if and only if 1 is gauge-invariant.

Proof. If I € [,gr, then I = I (H) for some H C EO by [6, Theorem 5.3]. Thus [ is generated
by elements of degree zero, and so Proposition 1.4(1) applies. The converse follows immediately
from Proposition 1.4(2). O

We note that the implication I € Ly, implies [ is gauge-invariant holds for any field K, finite
or infinite. In contrast, we now show that the converse implication of Proposition 1.6 is never
true for any finite field.

Proposition 1.7. For any finite field K there exists a graph E such that the Leavitt path alge-
bra Lk (E) contains a nongraded ideal which is gauge-invariant.

Proof. If we denote card(K) by m + 1, then " = 1 for all t € K*. Let E be the graph

o’ D x
so that, as noted previously, Lg (E) = K|[x, x~ 1. In particular we have 7;(1 + x™) =1 + x™
for all + € K*. This then yields that the ideal I = (1 4+ x™) of Lk (E) is gauge-invariant. But

it is well known (or it can be shown using an argument similar to that given in the proof of [1,
Theorem 3.11]) that 7 is not a graded ideal of K[x, 1. o

We are now in position to present the main application of these ideas.
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Theorem 1.8 (The Algebraic Gauge-Invariant Uniqueness Theorem). Let E be a row-finite
graph, let K be an infinite field, and let A be a K -algebra. Suppose

¢:Lx(E)— A

is a K -algebra homomorphism such that ¢ (v) # 0 for every v € EV. If there exists a group action
o :K* — Autg (A) such that ¢ o tlE =0, 0 ¢ for everyt € K*, then ¢ is injective.

Proof. Let I = Ker(¢). Then for every a € I and for every t € K*, ¢>(ttE (@) = o (p(a)) =
0,(0) = 0, whence ttE (a) € Ker(¢p) = I. Thus for every t € K* we have rtE(I) C 1, so that 1
is gauge-invariant. Hence I € Lg by Proposition 1.6. In particular, if I # {0}, then I N E 0£gp
by [6, Proposition 5.2 and Theorem 5.3], contradicting the hypothesis that ¢ (v) # O for every
veE%. O

In both [3] and [15] an analysis of Leavitt path algebras for nonrow-finite graphs is carried out.
We conclude Section 1 by noting that all the results (and their proofs) presented in this section
hold verbatim in this more general not-necessarily-row-finite setting. In particular, Lemma 1.1
generalizes as [15, Theorem 4.8], while Lemma 1.2 generalizes as [15, Theorem 6.8].

2. Isomorphisms: general results

In this section we will apply the results of Section 1 to draw conclusions about isomorphisms
between Leavitt path algebras. The main goal in establishing such isomorphisms is as follows:
starting with a graph E, we seek a systematic method to produce various graphs F for which
Lx(E) = Lk (F). As such, we refer to our two main results (Theorems 2.3 and 2.8) as “Change
the Graph” Theorems. These results in turn will allow us to verify that a specific set of Leavitt
path algebras is determined up to isomorphism by Ky data.

In our first such result, we show how to “bundle” specific sets of edges, and subsequently
replace the bundled sets by a single edge.

Definition 2.1. Let E be a row-finite graph, and let v # w € E° be vertices which are not sinks.
If there exists an injective map

05! (w) — 57! (v)
such that r(e) =r(6(e)) for every e € s~1(w), we define the shift graph from v to w, denoted
F =E(w < v),
as follows:

(1) FO=EO".
(2) F'=(E"\ 0™ () U{fo,w} where fo . & E', s(fo,w) =vand r(fy,w) = w.

Although the definition the graph F' = E(w < v) depends on the map 6, in order to make the
notation less cumbersome we suppress 6 in the notation. This will cause no confusion throughout
the sequel.
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Example 2.2. Consider the following graphs:

7 X\ Q
o2 D ; Sr: Q oVl V2 R%: oVl <—— o2,
~_

I/QE: C 0”1/—\
@)

~—

Then notice that S, = I/QE(UI — vp) and S; = R%(Uz — V).
Recall that a graph E satisfies Condition (L) in case every cycle in E has an exit. It is clear
that if E satisfies Condition (L), then so also does E(w < v) for any shift graph constructed

from E.
We are now in position to prove the first of two “Change the Graph” Theorems.

Theorem 2.3. Let E be a row-finite graph, and let v # w € E° be vertices which are not sinks.
If there exists an injection

G:S_I(w)—>s_l(v)

such that r(e) = r(0(e)) for every e € s~ (w), then L(E(w < v)) is a homomorphic image
of L(E). Moreover, if either:

(1) E satisfies Condition (L), or
(2) the field K is infinite,

then there exists a K-algebra isomorphism ¢ : L(E) — L(E(w <> v)). (The isomorphism ¢ is
not an isomorphism of Z-graded K -algebras.)

Proof. Let F = E(w < v), and let sEl(w) ={eq,...,e,}. Given any ¢; € sEl(w), we define in
L(F) the element

Tei = fv,wei-

Notice that 7,, # O for every e; € sgl (w), and that T,, # Tej whenever i # j. Now consider the
subalgebra A of L(F) generated by

{v,e,e*,T T* | vekE°, eeEl\Q(sgl(w)), e; esgl(w)}.

e e;
Then, if i # j, we have
Ty Te; = (fowe)* (fo.we)) =€ fo oy fowej =efej =0=0(e))*0(e)),
while T;‘; T, =efe; =r(e;) =r0(e;) =0(e;))*0(e;). Also, s(Te,) = s(fy,w) =v=1s5((e;)) and

r(T,,) =r(e;) =r(6(e;)). Moreover, the only generators in A starting in v which do not belong
to s~ (v) \ 8(s ! (w)) are of the form T,; with ¢; € 53" (w). Thus,
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n n
)ORNNFEED S XD DR Sy ey

{ees~TN\OG~H(w))) i=l {ees~TN\O (s~ (w))) i=l
n
= Z ee* +fv’w(2e,-e;‘)f,j’jw
{ees~TN\O (s~ (w))) i=l

= Z ee” + fowfouw="0.
{ees~LN\O (s~ (w)))

Hence the generators of A satisfy the same relations as do the elements of the set {v,e,e* | v €
E° ecE Yin L(E). Thus by the Universal Homomorphism Property of L(E) there exists a
unique algebra morphism extending the natural bijection

¢: L(E) - L(F),

e e,
8 = Ty-i(),
ef = e,
* *
— T ,
§ 6-1(9)
v > v

for every e € E! \Q(SE] (w)), every g € G(SE1 (w)), and every v € EY.
Since ¢; € E! \Q(SEI (w)) for every ¢; € sgl (w), we have ¢; € A, whence

n

n
Jow = foww = fouw Zeie;'k = ZTeie;k-
i=1

i=1

Bute; € 55 (w) implies Ty, = Ty-1 5, = ©(0(e)), so that

n n
fow= Toe} =¢<Ze<ei)e;*),
i=1 i=1

and hence g is onto.

We note here that ¢ is not a graded homomorphism, since deg(g) = 1, while deg(¢(g)) =
deg(Ty-1(4)) = 2. Thus Lemma 1.1 does not apply in this situation.

In the first case, if E satisfies Condition (L), then the injectivity of ¢ may be established by
Lemma 1.2.

For the second case, if K is infinite, then for every r € K* we can define the automorphism «;
of Lk (F) by the extension of

o L(F) - L(F),
e = e,

fv,w = fU,IU7

e* > t7le*,
* *

v,w = v,w?
v o> v
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for every e € E! \Q(SEI(w)) and every v € E°. In this way we get an action o:K* —
Autg (Lg (F)). It is straightforward to check that, for every t € K*, ¢ o ‘L’tF = o, o ¢, where
l’lF is the gauge action of K* on Lg (F). Thus, the injectivity of ¢ derives from the AGIUT

(Theorem 1.8). O

Example 2.4. Recall the graphs in Example 2.2. On the one side, S, = I/Qg(vl < 1), whence
L(R>) = L($>) by Theorem 2.3. On the other side, S; = R%(vz < v1), so that L(S5) = L(R%)
again by Theorem 2.3.

Theorem 2.3 admits a corresponding statement in the context of Cuntz—Krieger graph C*-
algebras. As far as we know, no such analogous result has been established elsewhere in the
C*-algebra literature. We do so here.

Corollary 2.5. Let E be a row-finite graph, and let v # w € E° be vertices which are not sinks.
If there exists an injection

0:s ' (w) > s (v)
such that r(e) = r(0(e)) for every e € s~ (w), then C*(E) = C*(E(w < v)).

Proof. We will follow the C*-algebra notation (see e.g. [8]). Let F = E(w <> v). Given any
e €55 (w), we define in C*(F) the element

T, =sy, ,Sce.

Notice that T, # 0 for every e € sEl(w), and that T, # Ty whenever e # f € sEl(w). Now
consider the C*-subalgebra A of C*(F) generated by

S= {pu,se, T, | veE? ecE! \G(SEI(w)), g esgl(w)}.

To simplify notation, let sEl(w) ={ey, ..., ey}. Then, the same argument as in the proof of
Theorem 2.3 shows that S is a Cuntz—Krieger E-family, whence there exists a unique C*-algebra
morphism extending the natural bijection

@: C(E) —> C*(F),
Se = Se,
Sg g Tg—l(g),
Pv = Dy

for every e € E! \ 9(sgl(w)), every g € 9(sgl(w)), and every v € E°. The same argument
as above shows that ¢ is an onto map, while injectivity is a consequence of Gauge-Invariant
Uniqueness Theorem for graph C*-algebras (see e.g. [13, Theorem 2.2]), applied to the T-action
on C*(F) defined by
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a;: C*(F) — C*(F),
Se = ZSe,
sfv,w = va,w’
Pv B Dy

foreveryzeT. O

In our second main result of this section, we show how to “unbundle” specific sets of edges,
and subsequently replace these unbundled sets by a collection of new edges and new vertices.
The following definition is borrowed from [8, Section 3].

Definition 2.6. Let E = (E°, EL, r, 5) be a row-finite graph. For each v € EO which is not a sink,

partition s ! (v) into disjoint nonempty subsets &, ..., EMW where m(v) > 1. (If v is a sink,

then we put m(v) = 0.) Let P denote the resulting partition of E'. We form the out-split graph
Es(P) from E using P as follows: Let
E;P)’={v |veE’, 1<i<m@}U{v: m(v) =0},

E(P)' ={e/ |ecE', 1< j<m(r(e)} Ufe: m(r(e)) =0},

and define g (p), Sg,(p) : Es (P)! = Eg(P)V fore € £}

s(e) by

SE.(P) (ej) = s(e)i and sg (py(e) = s(e)i,

}’ES P) (ej) = r(e)j and VES(p) (e) = r(e).

Example 2.7. Consider the graph

A

R%; oVl <—— V2,

Let P be the partition of the edges of R% containing only one edge per subset. Then the out-split
graph of R3 using P is

Similar to the graph C*-algebra case, we get an isomorphism result for the Leavitt path alge-
bras of out-split graphs. This result is the second of our two “Change the Graph” Theorems.
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Theorem 2.8. (See [8, Theorem 3.2].) Let E be a row-finite graph, P a partition of E' and
E;(P) the out-split graph formed from E using P. Then there is an isomorphism of Z-graded
K-algebras w : L(E) — L(E;(P)).

Proof. The proof is essentially the same as that given in [8, Theorem 3.2], except when showing

the injectivity of the homomorphism. We include the argument here for the sake of completeness.
Givenve Eand e € E', set Q, = v if m(v) =0, T, = e if m(r(e)) =0,

Qu= Y v ifm@#£0 and T,= Y ¢ ifm(r(e))#0.

1<i<m(v) 1 j<m(r (e))
Since E is row-finite, all of these sums are finite. We claim that {7, Q, |e € E!, ve E% isa
family in L(E;(P)) satisfying the same relations as {v,e | v € E? ec EY}.
The collection {Q, | v € E®} is a set of nonzero mutually orthogonal idempotents (since the
Q, are sums of idempotents satisfying the same properties). The elements 7, for ¢ € E! clearly
satisfy T,”Ty = 0 whenever e # f, because they consist of sums of elements with the same

property. For e € E! it is easy to see that T Te = Qre)-
For e € E' with m(r(e)) # 0, since rg, (e/) # rg, (e¥), for j #k, we have

TeTe*=< > ej>< > ek>*= > dled, (1)

ISj<m(r(e) 1<k<m(r (e)) 1< j<m(r(e))
If m(r(e)) =0 then 7,7, = ee*. For v € E%and 1 <i <m(v) put
5{’,) = {e € 5,’; | m(r(e)) > 1} and E(")’v = {e € 51’; | m(r(e)) =O}.
If v € E¥ is not a sink then s~ (v) = U:"z(l]’) &l and for 1 <i < m(v) we have
sExl(P)(vi) = {ej | e€ E{’v, 1<j< m(r(e))} UE(‘-)’U.

Hence using (1) we may compute

0= ¥ v= ¥ L Y d0h Xy

ISiSm@)  1<I<Sm) eegl 1<j<mr (@) 1<i<m() gl
- Y Y- ¥ onm
1<i<m(v) el fels(e)=v)

completing the proof of our claim, since vertices v € E® with m(v) = 0 are sinks.

Then, by the Universal Homomorphism Property of L(E) there is a homomorphism
w:L(E) = L(Es(P)) taking e to T, ¢* to T, and v to Q,. To prove that 7 is onto we show
that the generators of L(Es(P)) lie in L(T,, Q,), the subalgebra of L(E;(P)) generated by
{T,, T, Qy}. Suppose that w = v/ € E;(P)? is not a sink, set e € £}, and pick 1 <k < m(r(e)).
Then {f € Es(P)! | sg,p)(f) = v/} = U,eel {eF | 1 <k <m(r(e))}, and we have
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(B (L )z )

{f€Es(P) s, (p) (f)=vi} {ee&dy ISk<m(r(e))} (e}

If w is a sink, then w = Q. Thus, w € L(T,, Q).

If e/ € Eq(P)! then m(r(e)) # 0. Since r(e)/ € L(T., Q,) we have e/ = T,r(e)/ €
L(T,, Qv).

If e € Eg(P)! then m(r(e)) =0 and so e =T, € L(T,, Qy).

Since Q, is a sum of vertices and 7, is a sum of edges, we get that 7 is a Z-graded map,
whence the injectivity of 7 is guaranteed by Lemma 1.1, and the result follows. O

There is one specific partition which will play an important role throughout the sequel.
Definition 2.9. For any row-finite graph E, the maximal out-splitting E of E is formed by using
the partition having m(v) = Is_l(v)| for every v € E 0 which is not a sink. In other words, E is

the graph formed from E by using the partition P of E! which admits no refinements.

Corollary 2.10. Let E be a row-finite graph, and let E denote the maximal out-splitting of E.
Then Lx(E) = Lk (E) as Z-graded K -algebras.

As it turns out, the maximal out-splitting E for a graph E = (EO, El s) without sinks is
isomorphic to a graph which is well known among graph theorists. Recall that the dual graph of

a graph E is the graph E = (E',E% ', s"), where r'(ef) = f and s'(ef) =e.

Proposition 2.11. For any row-finite graph E without sinks, the maximal out-splitting graph E
is isomorphic to the dual graph E.

Proof. Since the out-splitting is maximal, and E is assumed to contain no sinks, we have
E0= {ve: s(e) = v} and E'= {ef: s(f) :r(e)}.

The maps v¢ — e and e/ > ef are easily shown to induce an isomorphism from E to E. O

As a consequence of this proposition, it is reasonable to define the dual graph E of any row-
finite graph E to be its maximal out-splitting graph E. Thus, by Corollary 2.10, we get the
following algebraic analog to a well-known result for graph C*-algebras.
Corollary 2.12. If E is any row-finite graph, then L(E) = L(E ) as Z-graded K -algebras.
3. The purely infinite simple unital case

In this section we apply results from Section 2 to obtain information about the collection of
purely infinite simple unital Leavitt path algebras. Our first goal is to establish Corollary 3.5,
which shows that, up to isomorphism, all purely infinite simple unital Leavitt path algebras arise

from a well-behaved subset of finite graphs. We start by reminding the reader of the germane
ring- and graph-theoretic ideas.
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Definitions 3.1. Let R be a ring. A nonzero idempotent e € R is infinite if the right ideal eR
contains a proper direct summand isomorphic to eR. A ring R is purely infinite simple if

(1) R issimple (i.e., R contains no proper two-sided ideals), and
(2) every right ideal of R contains an infinite idempotent.

Definitions 3.2. Let E be a row-finite graph. If v, w € E°, we say w connects to v if there is
a path p in E for which s(u) = w and r(u) = v. If ¢ is a cycle in E, we say w connects to ¢
if w connects to some vertex v in ¢. A subset H C E? is hereditary if whenever w € H and
v e E% and w connects to v, then v € H. The set H is saturated if whenever s~ (v) # @ and
{r(e): s(e) =v} C H, then v € H. The graph E is called cofinal if the only hereditary saturated
subsets of E? are ¢ and E°.

The purely infinite simple Leavitt path algebras have been described in [2, Theorem 11].
Specifically, L(E) is purely infinite simple if and only if (i) E is cofinal, (ii) E satisfies Condi-
tion (L), and (iii) every vertex in E 0 connects to a cycle.

Definition 3.3. Given a row-finite graph E, we say that E satisfies Condition (Sing) if E contains
no parallel edges. Rephrased, E satisfies Condition (Sing) if for every pair of vertices v, w € E°,
card({e € E' | s(e) = v and r(e) = w}) < 1.

Proposition 3.4. Let E be a finite graph such that L(E) is a purely infinite simple ring. If k =
card(E"), then for every n > k there exists a graph E, such that:

(1) card(EY) =n,
(2) E, satisfies Condition (Sing), and
(3) L(E,) = L(E).

Proof. By induction on n. We start by establishing the result in the case n = k. By Corollary 2.10
we obtain E, = E having card(E?) = card(E') = k and L(E,) = L(E). Since E,, is the maxi-
mal out-splitting of E, it clearly satisfies Condition (Sing).

Suppose that the result holds for some n > k; we will prove that it holds for n + 1. So we
pick E, satisfying Condition (Sing), card(E,?) =n and L(E,) = L(E). Since L(E}) is purely
infinite simple, E, contains at least one cycle having an exit by [2, Theorem 11]. Thus, there
exists a vertex v € E,? such that card(s~'(v)) > 2. Consider any nontrivial partition P with
sTlw) = Sl} U 53 arbitrary, and for any w € E,(,) \ {v} which is not a sink, let s~ (w) = 511) be
the trivial partition. Then the out-split graph of E,, by the partition P satisfies E;(P)? = (E,(l) \
{v) U {v!, v?}, so that card(E;(P)?) = n + 1. Moreover, by Theorem 2.8, L(E;(P)) = L(E,).
Also, as E;(P) is obtained by a partition of E,, it necessarily satisfies Condition (Sing). Hence
by defining E, 1 = E;(P), the induction step is established. O

Thus, in order to decide whether two purely infinite simple unital Leavitt path algebras L(E)
and L(F) are isomorphic, it is enough to consider the problem for isomorphic algebras L(E,)
and L(F,) where |E?| = |F?| and each of E,, F, satisfy Condition (Sing). More formally,



G. Abrams et al. / Journal of Algebra 320 (2008) 19832026 1997

Corollary 3.5. An invariant IC classifies purely infinite simple unital Leavitt path algebras up to
isomorphism if and only if, for each n € N, K classifies up to isomorphism purely infinite simple
unital Leavitt path algebras of graphs having n vertices which satisfy Condition (Sing).

In fact, we can extend Proposition 3.4 to stipulate that the new graphs have no sources.

Proposition 3.6. Let E be a finite graph such that L(E) is a purely infinite simple ring. Then
there exists ng > |E'| such that, for any n > ng there exists a finite graph F such that:

() [FOl=n,

(2) F satisfies Condition (Sing),
(3) F has no sources, and

@) L(E)ZL(F).

(We note that the isomorphism in (4) is not necessarily Z-graded.)

Proof. By Proposition 3.4, for any n > |E!|, there exists a graph E, with n vertices satisfying
Condition (Sing) such that L(E) = L(E,). We show now that we can modify E, if necessary to
produce a graph F for which F has the desired properties. Let C denote the set of vertices of ES
which lie in a closed simple path, and set T = E,? \ C. Notice thatif T #0,ve T and visnota
source, then s(r~!(v)) C T. For, suppose w € s(r~1(v)) N C. Then, there exists a cycle u such
that w € uO. By cofinality of E,, there exists o € E;; with s(o) = v and r(a) € w°. But then,
v € C, contradicting the assumption. Hence, if S denotes the sources of E,(z), it is clear that every
vertex in T lies in the tree of some x € §, and that the tree of S feeds into C. Since E,, is finite,
we can partition T in layers as follows: To = C, and for any k > 1, T = {v € EO \ Uf:d T; |
rs~ ) < UZ ).

Now, we will prove the result by induction on k (the number of layers of 7). For k =1,
fix v e Ty, so that r(s~'(v)) € C. Set s~ ' (v) = {ey,..., ¢}, and split this set in singletons
&1, ..., &, where & = {e;}. Consider the out-split graph induced by this partition, say E(P),
and notice that in this graph the set C coincides with that of E,, the new vertices vl .., v lie
in 71, and the remaining vertices lie in the same layers as it did in E,; in particular, both graphs
have the same number of layers. Moreover, by Theorem 2.8, L(E,) = L(E;(P)). Also, for each
1<i<l,s ' (v;)={e;} and r(¢;) € C, being r(e;), ..., r(e;) different vertices (as both E, and
E(P) satisfy (Sing)).

Now, for each ¢; (1 <i < 1), let u; be a cycle such that r(e;) € /L?, and let f; € ,ul! such that
r(fi) = r(e;). Since s~ (v;) = {e;}, the map ©; : s~ (v;) = s~ (s(f;)) sending e; to f; is a
well-defined injective map such that r(e;) = r(f;). Now, [ applications of the shift construction
give us a graph

EV=[[---[EsP)(v" = r(f0))](v* = r(f2)] - (V' = r(fim0)] (v = r(f)

satisfying (Sing), where vl v ec, ITI(E))| = (Ti(Ep)| — 1), Ts(E)) = Ts(Ey) for every
s > 1. As E;(P) satisfies Condition (L), L(Es(P)) = L(E}) by Theorem 2.3.

Applying this argument recurrently on the elements of the (finite) set 7|, we construct E,gl)
satisfying Condition (Sing), with L(E,) = L(E,(,l)), and with the property that the set T in E,gl)
has one less layer than the corresponding in E,,. Hence, the result holds by induction.
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The parenthetical remark follows from the fact that Theorem 2.3 has been used in the proof,
and the isomorphism between Leavitt path algebras ensured by that result is not in general Z-
graded. O

Recall that for a ring R, we denote by K((R) the Grothendieck group of R. This is the group
F /S, where F is the free group generated by isomorphism classes of finitely generated projective
left R-modules, and S is the subgroup of F' generated by symbols of the form [P & Q] — [P] —
[Q]. Asis standard, we denote the isomorphism class of R in Ko(R) by [1g]. The group Ko(R) is
the universal group of the monoid V (R) of isomorphism classes of finitely generated projective
left R-modules (with binary operation in V (R) given by [A] + [B] = [A @ B]). Because the
rings we consider here are purely infinite simple Leavitt path algebras, we have the following
more explicit relationship between K¢ and V in this setting:

V(L(E)) ={0}u Ko(L(E))

(see for instance [5, Corollary 2.2]).
For a row-finite graph E, the monoid of E, denoted M, is the monoid generated by the set E°
of vertices of E modulo appropriate relations, specifically,

ay = Z ar(e)>.

{ees~1(v)}

ME=<av,veE0

It is shown in [6, Theorem 2.5] that V(L(E)) = MF for any row-finite graph E. This yields
Ko(L(E)) = Grot(MEg) := G, where Grot(MEg) denotes the universal group of the monoid Mg.
Since Mg is finitely generated, so is its universal group G. Thus G admits a presentation
w:Z" — G (an epimorphism). Here ker(rr) is the subgroup of relations, which in this setting
corresponds to the image of the group homomorphism A%, — I:Z" — 7", where A% is the
transpose of the incidence matrix Ag of E. Hence we get

Ko(L(E)) = G=7"/ker(n) =Z"/im(Ay — I) = coker(Al; — I).

Moreover, under this isomorphism the element [1,g)] is represented by (1,1,..., D!+
im(A%, — I) in coker(A, — I).

Throughout the remainder of this article we seek to describe properties of the Grothendieck
groups Ko(L(E)) for various graphs E. To do so we will use the displayed isomorphism
Ko(L(E)) = coker(A% — I) often, and without explicit mention. (We present some examples
below which indicate how one may directly compute coker(A% — 1).)

In the study of C*-algebras, an important role is played by the Classification Theorem of
purely infinite simple unital nuclear C*-algebras (see e.g. [9,11]). Specifically, Kirchberg and
Phillips (independently) showed that if X and Y are purely infinite simple unital C*-algebras
(satisfying certain additional conditions), then X = Y as C*-algebras if and only if (i) Ko(X) =
Ko(Y) via an isomorphism ¢ for which ¢ ([1x]) =[1y], and (i) K1(X) = K (Y).

As it turns out, in the more specific case of purely infinite simple unital Cuntz—Krieger graph
C*-algebras, K -theoretic information is in fact encoded in the transpose A% of the incidence
matrix Ag of the graph E. Specifically, when E has no sinks, then by [14, Theorem 3.9]
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Ko(C*(E)) = coker(Ay, —I) and K;(C*(E)) Zker(A —I),

where I is the identity matrix of size n = | E”|.

We seek a similar result in the setting of purely infinite simple unital Leavitt path algebras.
So suppose E and F are finite graphs for which Lg (E) and Lg (F) are purely infinite simple
unital. By [2, Theorem 11] these graphs contain no sinks. By Proposition 3.6 we can assume
without loss of generality that £ and F have the same number n of vertices and that they have
no sources. Thus if Ko(L(E)) = Ko(L(F')), then using the previously established isomorphism
we get coker(A% -NH= Coker(A’F — I). This in turn implies (by the Fundamental Theorem of
Finitely Generated Abelian Groups) the existence of invertible matrices P, Q € M,,(Z) such that
A% — 1= P(A%, —I)Q. Thus ker(A%. — I) = ker(A”; — I) (as these are subgroups of Z" having
equal rank); notice that in particular, since K{(C*(E)) = ker(AtE — I), we have recovered the
result of [14, Theorem 3.9] for graph C*-algebras. Moreover, by using the unique unital ring
map ¥ :Z — K, we get that the P A Q-equivalence of A% — I and A% — I also holds on K.
If K* denotes the multiplicative group on nonzero elements in K, then the previous remark
implies that coker(Ay, — I:(K*)" — (K*)") and coker(A%, — I:(K*)" — (K*)") (where
A% — 1 and A% — I are seen as multiplicative maps on (K XYY are also isomorphic. Since by [7,
Theorem 3.19], for any finite graph G with n vertices with no sinks or sources we have

K1(L(G)) = coker(Ay; — I (KX)" — (Kx)n) ®ker(Ay; —1:2" > 7"),

we conclude that the hypothesis Ko(L(E)) = Ko(L(F)) infactyields K1(L(E)) = K (L(F)) as
a consequence. With this observation and the aforementioned Kirchberg—Phillips result in mind,
it is then natural to ask the following.

The Classification Question for purely infinite simple unital Leavitt path algebras. Sup-
pose E and F are graphs for which L(E) and L(F) are purely infinite simple unital. If
Ko(L(E)) = Ko(L(F)) via an isomorphism ¢ having ¢ ([1.g)]) = [11(r)], must L(E) and
L(F) be isomorphic?

Much of the remainder of this article is taken up in addressing The Classification Question.
We notationally abbreviate the statement

KO(L(E)) = KO(L(F)) via an isomorphism ¢ having ¢([1L(E)]) =[1rm)]
by writing

(Ko(L(E)), [11(8)]) = (Ko(L(F)), [1L(#)]).

Definition 3.7. We recall that for each integer n > 2, the Leavitt algebra L, is the free associative
K -algebra with generators {x;, y;: 1 <i < n} and relations

n
() xjyj=46; foralll<i,j<n, and (2) Zyix,- =1.

i=1
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See [1] or [10] for additional information about L, . In particular, the isomorphism
L, = L(Ry)
follows immediately, where R, is the “rose with n petals” graph

)3
2

oV 1o,

Yn

Forn > 2 and k > 1 we define the graph B,’lC to be

g

In

Then by [2, Proposition 13] we have

L(BX) =My(Ly).

We will use this isomorphism throughout the sequel, often without explicit mention.

By [5, Theorem 4.2] we have that Ko(L,) = Z/(n — 1)Z. In fact, it is clear from this iso-
morphism that (Ko(L,),[12,]) = (Z/(n — 1)Z, 1). Because Ky is a Morita invariant, we also
necessarily have KoMy (L)) =7Z/(n — 1)Z for any k € N. It is straightforward to show that this
isomorphism gives

(Ko(Mk (L)), [Ive L)) = (Z/(n — DZ, k).

We will revisit this isomorphism later, in two regards. First, we will show in Example 3.9 that
it can be re-established using tools from Leavitt path algebras. Second, we will establish in
Section 4 an affirmative answer to The Classification Question among a specific class of Leavitt
path algebras L(E), to wit, if (Ko(L(E)), [1.5)]) = (Z/(n — 1)Z, k), then L(E) =My (L,).

We now present some examples in which we explicitly compute coker(A’, — I) for various
graphs E. Additional examples and computations of this type can be found in [14, p. 32 and
Example 3.31].

Example 3.8. Consider the graph

AN

Oy <~ .v2
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We compute coker(A’E 6~ I). First,

-1 1 1
A’E()— :(1 -1 1).
! 1 1 -1

Then, applying the classical P A Q-reduction, we get that A’E6 — [ is equivalent to the diagonal
1

1 00
D:(O 2 0)
0 0 2

while the invertible matrix P, which fixes the basis change in the arrival free group, is
-1 0 0
P ( Lo ) |
1 1 0

Ko(L(E?)) = coker(D) = Z/2Z & Z/2Z.

matrix

Then,

On the other side, as in coker(A’ — I) the element [1 L(Eﬁ)] is represented by (1, 1, 1)’, applying

the change of basis we get that the image of the element [1, . )] in coker(D) is P - (1,1, 1) =
(—1,2,2)", modulo the relation defined by im(D), so that we conclude that [1, ( Ele)] corresponds

to (0, 0).

Example 3.9. Consider the graph R,

3
y2

o? Y1

Yn

and recall that L(R,) = L,,. We will use the K(-picture described above to compute Ko(L,). We
first compute coker(A’Rn — I). This is obvious, as

A —I=@n-1)

whence Ko(L,) = 7Z/(n — 1)Z. Since this matrix is in reduced form, [17,] corresponds to le
Z/(n — 1)Z.
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Now consider the graph B,’f

f3 .

12
Ul ———> V2 ——> U3 oVk—1 %S@ bl
Jn

and recall that L(BX) = My (L,). First,

n—1 1 o o - 0

0 -1 1 0 0

; 0 0 -1 1 0
AB,’; I= : .

0 0 o -1 1

0 0 o 0 -1

Then, applying the classical P A Q-reduction, we get that A%},; — [ is equivalent to the diagonal

matrix
n—1 0 0 O 0
0 1 0 O 0
0 01 0 0
D= : : . :
0 o0 --- 1 0
0 00 --- 0 1

while the invertible matrix P, which fixes the basis change in the arrival free group, is

1 1 1 1 - 1
0 -1 -1 -1 - -1
0 0 -1 -1 - -1
p=. . . . .
00 0 - —1 -1
00 0 - 0 -1

Then KO(L(B,Q‘)) = coker(D) = Z/(n — 1)Z. (We have thereby re-established a previously ob-
served isomorphism between Ko(L(B,",)) and Z/(n — 1)Z.) On the other side, as in coker(A’Bk —

I) the element [135] is represented by (1, 1,..., 1), applying the change of basis we get that
the image of the element [IL(BZIC)] in coker(D)is P - (1,1,...., 1) = (k, —(k = 1), —(k — 2),
..., —2,—1)!, modulo the relation defined by im(D), so that we conclude that [IL(B’/;)] corre-
sponds to k.

4. Graphs

In this section we will show how to use Theorems 2.3 and 2.8 in order to classify purely
infinite simple unital Leavitt path algebras according to their Ky-data. Specifically, we give an
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affirmative answer to The Classification Question for Leavitt path algebras coming from various
collections of graphs.

Among these collections will be graphs whose K-data matches the Ky-data for Leavitt path
algebras of the form L(E) = My (L,). (For instance, as noted previously, by [2, Proposition 13]
the graph B,’f has L(B,’f) = My (L,).) That is, we will have Leavitt path algebras L(E) for which
(Ko(L(E)), 1)) = (Z/(n—-1)Z, k). For such collections we provide additional evidence that
The Classification Question has an affirmative answer, by showing that the relevant Leavitt path
algebras are indeed isomorphic to My (L) for appropriate n, k. This is shown at the end of each
of the germane subsections into which the section is divided.

We note that all of the graphs we consider throughout this section satisfy Condition (L) (since
the graphs arise in the context of purely infinite simple Leavitt path algebras). Thus Theorem 2.3
applies to all of the shift graph constructions produced here, regardless of the size of the field K.

4.1. Graphs with two vertices

We start by analyzing graphs having two vertices, which satisfy Condition (Sing), and for
which the associated Leavitt path algebra is purely infinite simple. Concretely, they are the fol-
lowing:

N\ N ﬂ

o2 D ; SH: Q oVl V2 B22: oVl <—— oV2,
N

w Co g

Using the description of (Ko(L(E)), [1.(E)]) given at the end of Section 3, it is straightforward
to show that each of these three graphs has (Ko(L(E)), [1.5)]) = ({0}, 0). But then the isomor-
phisms between the respective algebras can be found in Examples 2.4 and 2.7.

Thus we have answered in the affirmative a specific case of The Classification Question for
purely infinite simple unital Leavitt path algebras.

~N~—

Proposition 4.1. Suppose E and F are graphs having Condition (Sing), for which L(E) and
L(F) are purely infinite simple unital, and |E°| = |F°| = 2. If Ko(L(E)) = Ko(L(F)) via an
isomorphism ¢ for which ¢ ([1.(gy]) = [11(r)], then L(E) = L(F).

The three graphs of Proposition 4.1 each have K-data ({0}, 0), which matches the Ko-data of
M;(L;) = L,. We show that in fact L(E) = L, for each of these three graphs. This will follow
directly from the isomorphism L, = L(Bzz) ensured by Propositions 5.2 and 5.3 below.

4.2. Graphs with three vertices

We continue by analyzing graphs having three vertices, which satisfy Condition (Sing), and
for which the associated Leavitt path algebra is purely infinite simple. It turns out there exist 34
such graphs. Unlike the previously analyzed situation for graphs with two vertices, there will
be more than one pair of the form (Ko(L(E)), [11(g)]) arising from this collection. (There are
seven such pairs, to be exact.) We partition all 34 of these graphs along the seven Ky-data pairs,
and then use the tools of Section 2 to show that the Leavitt path algebras within each equivalence
class are indeed pairwise isomorphic. Throughout we use without mention the description of
(Ko(L(E)), [11(E)]) presented at the end of Section 3.
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1. (Ko(L(E)), [1pp)D) = ({(_)}, 0): In this situation we have 18 graphs, listed as follows:

A

NN
o - o .
E} Q . EL Ul :
PANPAN
o ) A
E; Q . E: Q :
A (="

El: Q . EL 9 :
NN
L D (S~ "

Eg: Q . EL: ol :
NN
El}: oll . EL: Q :

N N

C C



G. Abrams et al. / Journal of Algebra 320 (2008) 19832026 2005

EL: g ; E114: ﬂ

2NN
o . S —

E| ol . E} Q
/ . N
O~ = O~ =

Now, we prove the isomorphisms as follows: First consider the out-splitting of

€2

e~

7 X\
R»: e C oVl \]ﬁ/ovz D f2

partitioning the edges in P = {e1} U {e2} U {f1, f2}, and notice that (E)S(P) = Eél. Thus,
L(E) =L(E 61) by Theorem 2.8. Now, consider the out-splitting of

i)
7 X\

$: hi g oVl . o2
~

partitioning the edges in P = {e1} U { f1} U { f2}, and notice that (S,);(P) = ES1 Thus, L($) =
L(E;) by Theorem 2.8. Finally, the maximal out-splitting of 322 equals £ 117, whence L(Bzz) =
L(B3) = L(E],) by Corollary 2.12. Since L($>) = L(R>) = L(B3) by Proposition 4.1, we have
shown that L(ESI) = L(Eé) = L(E 117), which in turn can be used to verify the isomorphisms
with all the remaining indicated Leavitt path algebras by noticing that

() EL(v3 > ) =E],,
(2) Ej¢(v3—v1)=E],
(3) Ejc(vi <> v3) =E|,,
(4) E;(vy = v3) = EJ,
(5) E{(v = v3) =E,,
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(6) El(vs > v))=E],
(7) E7(vi = v3) = Ej,
(8) EX(v3—>v))=E],,
(9) Ed(v3 = vp) = E,
(10) Eg(v2 = v3) = E},,
(11) Eg(vi = v3) = E7,
(12) El (v3 > v) = E[;,
(13) E{s(vi = v3) =E|,,
(14) Elg(va — v3) = EJ,
(15) Elg(vi < v3) = EL.

Then, all those Leavitt path algebras are pairwise isomorphic by Theorem 2.3, so we are done.

The eighteen graphs of this subsection have Ko-data ({0},0). But the purely infinite sim-
ple Leavitt path algebra L(Bzz) = L, has this same Ko-data as well. As further evidence of
an affirmative answer to The Classification Question, we note that indeed we have shown, for
all eighteen graphs E in this subsection, that L(E) = L;. (We established the isomorphism
L(Bzz) = L(E117) in the course of the proof.)

2. (Ko(L(E)), [1oey) = (Z/27Z, 0): In this situation we have 6 graphs, listed as follows:

Et: ol . E3: oVl \ ;
(/vs \/ b " \/ "
()
E%: oVl \ ; Ei: oVl \ ;
</v3 \/ " " \/ "
()
E%: oVl ) E(%Z oVl \ .

Now, we prove the isomorphisms as follows: First notice that

(1) E2(v3 > vy) = E3,
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() EZ(vy < v3) = EF,
(3) Ef(v2 > v3) = E3,
(4) E}(vi = v3) = E2,
(5) E}(vi = vp) = E3.

Then, all those Leavitt path algebras are pairwise isomorphic by Theorem 2.3, so we are done.

The six graphs of this subsection have K-data (Z/27Z, 0) = (Z/27Z, 2). But the purely infinite
simple Leavitt path algebra M;(L3) has this same Ky-data as well. As further evidence of an
affirmative answer to The Classification Question, we now show, for all six graphs E in this
subsection, that L(E) = Mj3(L3). To see this, by [2, Proposition 13] we have My (L3) = L(B32),
where

B 0 Q ol < o2
(here the notation (n) indicates that there are n parallel edges), and a single application of Theo-

rem 2.3 gives us E] = B32(v1 <> vp), where

e
P

E;: (2) e2,e3 g o'l ¥ o2 .
~ 7

Partitioning the edges in P = {f} U {e1, ex} U {e3}, we get (E1);(P) = Eé, so that the result
holds by Theorem 2.8, as desired.

3. (Ko(L(E)), [1oe)) = (Z/27Z, 1): In this situation we have 4 graphs, listed as follows:

E?Z oVl ; E; oVl N

N N

.UZ

O~
() ()

E3: o'l ; E3: oVl

N N

.U3 .Uz .v3 .U2

U~

Now, we prove the isomorphisms as follows: First notice that

(1) E3(y = v)=E;,
(2) E3(v2 > v3) = E},
(3) E}(v3— n)=E;.
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Then, all those Leavitt path algebras are pairwise isomorphic by Theorem 2.3, so we are done.

The four graphs of this subsection have K(-data (Z/2Z, 1). But the purely infinite simple
Leavitt path algebra M(L3) = L3 has this same Ko-data as well. As further evidence of an
affirmative answer to The Classification Question, we now show, for all four graphs E in this
subsection, that L(E) = L3. To see this, recall that L3 = L(R3), where

Ry Q oVl .

Notice that the maximal out-splitting of R3 equals E g , whence by Theorem 2.8 we get the desired
result.

4. (Ko(L(E)), [1op)) = (Z/3Z, 1): In this situation we have 2 graphs, listed as follows:

A

Ei‘: oVl ; Egi o'

SN N

®y O3

~_ 7 )

.v2

~_ 7 )

.1)3

By noticing that E;‘ (v — vy) = Ei‘, these Leavitt path algebras are isomorphic by Theo-
rem 2.3, so we are done.

The two graphs of this subsection have K(-data (Z/3Z, 1). But the purely infinite simple
Leavitt path algebra M (L4) = L4 has this same K-data as well. As further evidence of an affir-
mative answer to The Classification Question, we now show, for both graphs E in this subsection,
that L(E) = Ly. For, recall that L4 = L(R4), where

Ry @ g oVl .

Consider the maximal out-splitting Ry of Ry

R C\v,‘/\ Q

oVl ———= o2

()

.U4 S .U3
O —
Then, L(R4) = L(R4) by Corollary 2.12. Consider the graph E = [[Rs(v1 <> v2)](v] <>
v3)](v] = v4), that is,

oVl ———> %2 .

(N

o4 oU3
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Hence, L(T?Z) = L(E ) by several applications of Theorem 2.3. If we separate the edges in E?
in such way that the edges emitted by vz are divided in two singletons, then by defining F =
(Ef)s (P), we get

Clearly, F = E (v3 <> v4). Thus, the result holds by Theorem 2.8.

5. (Ko(L(E)), [1p))) = (Z/4Z, 2): In this situation we have one graph, listed as follows:

/\

oYy <———— .Uz

The one graph of this subsection has Ko-data (Z/4Z, 2). But the purely infinite simple Leavitt
path algebra M3 (Ls) has this same K(-data as well. As further evidence of an affirmative answer
to The Classification Question, we now show, for the graph E in this subsection, that L(E) =
My (Ls). For, let Ey = E3 (v2 < vy),

Er: oV1(2)

(here (2) means that there are two edges from v to v»). Then, E| = E;(v] <> v3), where

E: oV1(2)

N\

®y3 ®,

\/

3
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Also, E; = [E3(v3 < v2)](v] <> v3), where

E3Z oVl

Partitioning the set of edges emitted by v; and v, in singletons, we get

)

(%)

Thus, E5 =[[[[E4(v1 = w)](v2 = w)](v3 — w)](vs — w)](v5 — w) is the graph
Es: oVl

L
N

vs v2

Recall that M (Ls) = L(B2), where
B: Q oVl < o2 .

Consider B2
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BZ: Ul

5 \\

\ T,

We have L(BSZ) = L(Eg) by Corollary 2.12. Then, we get F| = [[[[[é?](vl — 1)](v] —
v3)](v1 = v4) (v = v5)](V1 — w)

and hence L(Z%?) = L(F) by several applications of Theorem 2.3. Finally, E5s = Fj(w < vy).
Thus, L(E5) = L(F1) by Theorem 2.3, as desired.

S

Fi:

In the final two subsections we analyze the remaining three graphs. Since the Ko-data of these
graphs is not of the form (Z/(n — 1)Z, k), connections between the Leavitt path algebras of these
three graphs and algebras of the form My (L,) are not of issue.

6. (Ko(L(E)), [1r5)]) = (Z)2Z @& 7./2Z,(0,0)): In this situation we have 1 graph, listed as

VAN

L e — .UZ
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7. (Ko(L(E)), [1L(g)]) = (Z, 0): In this situation we have 2 graphs, listed as follows:

By noticing that E; (v3 = v)) = E17, these Leavitt path algebras are isomorphic by Theo-
rem 2.3, so we are done.

Thus we have answered in the affirmative another specific case of The Classification Question
for purely infinite simple unital Leavitt path algebras.

Proposition 4.2. Suppose E and F are graphs satisfying Condition (Sing) for which L(E) and
L(F) are purely infinite simple unital, and |EO| = |FO| =3.IfKo(L(E)) = Ko(L(F)) viaaniso-
morphism ¢ for which ¢ ([1,(gy]) = [11(F)], then L(E) = L(F). Moreover, for any such graph E
Sfor which (Ko(L(E)), 1)) =(Z/(n — 1)Z, k), then in fact we have L(E) = M (Ly,).

5. Isomorphisms between Leavitt algebras and their matrices

In this final section we deal with the problem of determining values of k and n for which
L, =My (L,). This problem was completely solved by three of the authors in [4] using com-
binatorial arguments, where we show that the necessary and sufficient condition for such an
isomorphism is that g.c.d.(k,n — 1) = 1. As it turns out, one direction of this implication was
already established in [10], where Leavitt shows that L,, and My (L) are not isomorphic when-
ever g.c.d.(k,n — 1) > 1. Thus throughout this section we consider only situations in which
g.c.d.(k,n — 1) = 1. Our goal here is to prove the isomorphism L, = My (L), using arguments
afforded by Theorems 2.3 and 2.8. The graph and combinatorial approaches to this isomorphism
question are essentially independent.

First, fix graphs

(n)
B,]f: oVl ——— @V2 ——— U3 oVk—1 ———— Uk D (n) .

Then, we have the following result.
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Lemma 5.1. For each n > 1, the algebras L(Aﬁ), L(B,]f) and L(Rllj) are isomorphic. Moreover,
each of these algebras is isomorphic to the matrix algebra My (Ly,).

Proof. It is clear that Aﬁ is obtained from Rﬁ by splitting s~ (v) in k — 1 singletons, whence
L(R%) = L(A¥) by Theorem 2.8. On the other side, rewrite AX as

31:—13 oVl ———— U ) .

7

oUVk—1
Then, B,%_z = B,l_l (vy < vy), where

B ,: eV o2 o ) .

oVk—1

Hence, L(B,L]) = L(B,%fz) by Theorem 2.3. (Note that Condition (L) holds trivially.) Recur-
rence on this argument produces a chain of graphs whose Leavitt path algebras are isomorphic.
This chain ends in

Bgizt oVl —— V2 ——— o3 oVk—3 ——— Uk D (n)
/
oVk—2
oUk—1
Bi(_li oVl ——— oV2 ———= o¥3 olVk—2 ——— ok D (n)
/
oUk—1

with the final step being

B;,(I oVl ——— U2 ——— V3 oVk—1 ——— Uk D (n) .
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This yields the asserted isomorphisms between the three indicated Leavitt path algebras. The
final statement follows immediately from [2, Proposition 13], in which the isomorphism L(B,’f) =
My (L,) is established. O

Since any graph having Leavitt path algebra isomorphic to M (L,,) must satisfy Condition (L)
(as any such algebra is purely infinite simple), Theorem 2.3 may be invoked in all situations
throughout the sequel. Specifically, all of the isomorphism results of this section hold regardless
of the cardinality of the field K.

Here is our first result about isomorphisms between matrix rings over Leavitt algebras.

Proposition 5.2. For every t > 0, for every k > 1 and for everyn > 2,

My (Ln) = Mitt(n—1)(Ln)-

Proof. We will prove the result by induction on ¢. The case # = 0 being clear, we suppose then
the result holds for # — 1. By [2, Proposition 13] we have My ;(,—1)(Ly) = L(Rﬁﬂ(n*l)), where

Rﬁ-ﬁ-t(n—l): o
\L ((k=1)+t(n—1))

.w

(n)

Splitting the edges emitted by v in two sets, one with (k — 1) + 7(n — 1) edges, and the other
with (n — 1) edges, we get E; = (RKT =Dy (py,

El; oVl o2

((k—1)+(t—l)(n—lx\\ /n—l)

.w

)

(n)

and LR Dy = L(E,) by Theorem 2.8. Now, let E» = E; (v3 <> w),

Ez: oVl

((kl)+(t1)(n1))l
/\
G
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By Theorem 2.3, L(E1) = L(E»). Take E3 to be

Ej: oVl
(k=D)+(=1)(n—1)) l
C o S D (n—1)
\(njl)/

and notice that Ey = [- - - [E3(w — v2)[(w = v2)]---](w = v3), (n — 1) times, so that L(E,) =
L(E3) by Theorem 2.3. Now, take E4

Ey4: oVl
((k=D+@=D(n—=1) ((k=D+@=D(n—=1)

Cri_Zede

(n—=1)

and notice that £3 = [- - - [E4(w — v)](w < v)]---J(w < vy), (k= 1) + (= 1) (n — 1) times,
so that L(E3) = L(E4) by Theorem 2.3. Finally, take Ry~ D¢~

REHI=DG=D, G

°
\L (k—=D+@—1)(n—1))

.w

(n)

and notice that E4 is the out-splitting of R],§+(t_l)(n_l) over the edges emitted by w in two sets,

one with (n — 1) edges, and the other a singleton. Thus, L(E4) = L(Rﬁ“t_l)(n_l)); but the latter
is isomorphic to My (L,) by the induction hypothesis. Thus M+, —1)(L,) = Mg(L,), which
completes the induction step. 0O

We note that the conclusion of Proposition 5.2 also follows from the fact that the free left
L,-modules of ranks k and k + ¢ (n — 1) are isomorphic, so that the endomorphism rings of these
modules are isomorphic, and such endomorphism rings are in turn isomorphic to the indicated
matrix rings.

Here is our second result about isomorphisms between matrix rings over Leavitt algebras.

Proposition 5.3. Let n > 2,k > 2 be such that k divides n. Then L,, = My (L,,).
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Proof. We have that n = kI for some /. We recall again that My (L,) = L(R,’j ),

Of course n = (k — 1)/ +[. Consider E| =[--- [Rﬁ(v — w)](v— w)]---](v— w),  times

@)
— T

Ei: o C oV oV .
v
(k—1)

By Theorem 2.3, L(Rﬁ) = L(E}). Now, take E,

0]

T
Er: O C oV o :) (k=11
\/

(k=)

and notice that £y = [---[Ex(w — v)](w < v)]---](w < v), k — 1 times, so that L(E;) =
L(E>) by Theorem 2.3. Finally, consider R,

R,: ¥ D (n) .

If we consider a partition of the edges emitted by w in two sets with [ and (k — 1)/ edges
respectively, then (R,);(P) = E3, so that L(R,) = L(E») by Theorem 2.8. As L,, = L(R,;), the
desired result holds. O

The final goal of this article is to use our two “Change the Graph” isomorphisms to establish
the isomorphism L, = My (L,) whenever g.c.d.(k,n — 1) = 1. As mentioned previously, this
isomorphism was established in [4], using completely different techniques. As a consequence
of the current discussion, we obtain yet more evidence suggesting an affirmative answer to The
Classification Question.

As we shall see, establishing the isomorphism L, = My (L,) utilizes a ten step process, where
each step requires the use of one or the other of the two Change the Graph Theorems. Steps 1
through 3, and 5 through 10, are relatively transparent; however, Step 4 requires some additional
work, which we take care of in the next few results.
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We begin by relating Theorem 2.3 to a matrix operator.
Definition 5.4. Let M € M,(Z). Define @y, : M, (Z) — M, (Z) by setting, for each A € M, (Z),
Py(A)=MA+ (I, —M)

where I, is the identity matrix in M, (Z™). It is easy to check that for My, My, ..., M, € M, (Z)
we have @y, 00 Py, 0 Py = Py, MM, -

Straightforward matrix arithmetic yields
Lemma5.5. Letk, p € N. Forintegers 1 <s,t < pwiths #tlet K e M, (Z) denote the matrix
K=1I,+key
where ey, denotes the standard (s, t) matrix unit in M, (Z™). Suppose A = (aij) eM, (Z1).
D) If aiy 2 1 and ag > 1 then Pk (A) € MI,(Z+), and for each 1 < j < p we have
(Px (A))sj 2 (Pk (A))sj and (Pg (A))n = 1.

(2) In addition, if a;s > 1 then (P (A))ss = 1 and (Pg (A))s > 1.

The proof of the next result follows directly from Lemma 5.5 and the construction presented
in Theorem 2.3.

Corollary 5.6. Let k, p € N. Let K € M,(Z") denote the matrix I, + kes; for some pair 1 <
s,t < p with s #t. Suppose A = (a;j) € MP(Z+) has a;y > 1 and ag; > 1, and suppose that the
associated graph E 4 satisfies Condition (L). Then

L(EA) = L(Egg(a))-
Definition 5.7. We identify some quantities which will be useful in the sequel. Let a, b be positive

integers having g.c.d.(a, b) = 1. Assume a > b > 1. We apply the standard Euclidean algorithm
to find sequences of positive integers rg, 71, ..., Iy and k1, k2, ..., k;, for which

ro=kiry +ra, ri=kro+r3, ..., Fp_2=kp_1Tm—1+rn

where ro =a, ri = b, and r,,, = g.c.d.(a, b) = 1. (Note that m > 2 since b > 1.) It will be nota-
tionally useful to add a nonstandard additional equation to the end of this list by defining

Fm—1=km - 1+ 41

(in other words, we set k;, = r;,—1 — 1 and r,+1 = 1). We now define a collection of 3 x 3
matrices based on these sequences, by setting

1 00 1 0 0
S():(O 1 O), Slz(kl 1 O),
0 0 1 0 0 1



2018 G. Abrams et al. / Journal of Algebra 320 (2008) 1983-2026

and, for every integer p with 1 < p <m/2,

1 kyp O 100
Szp=<0 1 O)~Szp_1, Szp+1=(k2p+l 1 0)'S2p~

0 0 1 0 01

We note that S; € M,,(Z") and det(S;) =1 forall 0 <i < m.

Proposition 5.8. g.c.d.(a, b) = 1. Suppose also b > 1. We use the notation as in Definition 5.7.

We denote the specific matrix Sy, by
xt oy O
Sm=1_1x2 »» 0].
0 0 1

(1) x1b — y1a =1 and xob — y,a = —1.
2) xt—y121land x2 —y> 2 0.
B) x1+x2=aand y1 +y» =b.

In particular we have y, > 1. Then

Proof. Using the matrix equations given in Definition 5.7, an easy induction argument shows,
for each integer p having 1 < p <m/2, that

r1 rap+l r r2p+1
Sop | —ro | = —r2p and  Sppi1| —ro | = —r2p+2 |-
0 0 0 0

Thus in particular, using that r,,, = ry,+1 = 1, we get

(3

But recall that by definition we have r| = b and r¢ = a, so the previous equation becomes

x1 y1 O b 1
0O 0 1 0 0

This matrix equation yields (1). The equation x; — y; > 1 of (2) follows immediately from (1)
and the hypothesis that a > b. For the other part of (2), note that —1 = x2b — y2a < x2b — y2b
(sincea > b > 0and y; > 0),s0 —1 < (xp — y2)b € Z, so necessarily xo — y > 0.

Now recall that det(S;) =1 for all 0 < i < m, so in particular we have det(S,,) = 1, so that
x1y2 — y1x2 = 1. We incorporate the previous two pieces of information in the single matrix

equation
x1 1 O b —y1 0 1 00
(xz 2 O) (—a X1 0):(—1 1 O).
0 0 1 0 0 1 0 0 1
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But then by using this same information it is easy to check that

b —y 0\! x y1 O
(—a X1 0) = (a b O),
0 0 1 0 0 1

so that right multiplying gives

X1 Vi 0 1 0 0 X1 Vi 0 X1 Vi 0
(xz b} O):(—l 1 O)(a b O):(a—xl b—y 0).
0 0 1 0 0 1 0 0 1 0 0 1

In particular x = a — x1 and y, = b — y1, from which (3) follows immediately. O

Were our aim solely to achieve a number-theoretic result regarding the Euclidean algorithm,
we would have constructed analogous S-matrices inside M, (Z™) rather than inside M3(Z™),
since clearly all of the germane computations take place in the upper 2 x 2 blocks of the S;.
However, as we shall see below, our one application of the combinatorial facts provided in
Proposition 5.8 will be in the context of 3 x 3 matrices, so we choose to formulate the result
accordingly.

We are now in position to demonstrate our main isomorphism result, a result which will lead
to verification of another piece of The Classification Question.

Theorem 5.9. Let n, d be positive integers having g.c.d.(d,n — 1) =1, and let K be any field.
Then L, =My (L,).

Proof. The result is trivial for d = 1. Now suppose d = 2. Then either n is even, whence d
divides n and so the result holds by Proposition 5.3, or n is odd, whence g.c.d.(d,n — 1) =2,
contradicting the hypothesis. So we may assume that d > 3. Also, by Proposition 5.2 we can
assume that d < n — 2. Now write n = dt + r with 0 <r < d — 1. (In particular, d — r +
1 > 2.) If r =0 then d divides n, so that the result holds by Proposition 5.3. If r =1 then d =
g.c.d.(d,n — 1), contradicting the hypothesis. So we may also assume that r > 2. In particular
wehavet+r —1>1forall r > 0.

It will be clear that each of the graphs encountered in this proof satisfies Condition (L). Thus
Theorem 2.3 may be invoked throughout, without regard to the size of the field of scalars.

Recall that L,, = L(R,) where R, is the graph

Ry C o,

while My (L,) = L(Rff) where R,‘f is the graph

We establish the desired result by building a ten step sequence of isomorphisms which starts with
L(RY) and ends with L(R,,).
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t times

Step 1. Consider E| = R,‘f(vg — V1),
)
Ei: @+n) oVl ov2 .
d-1)
Then

L(R?)=L(Ey) by Theorem 2.3.

Step 2. Splitting the set of edges of E| emitted by v, in two sets of 1 and d — 2 edges respectively,
we get £ = (E1)s(P)

E>: v2
2 ) y

1
(t+r) oVl M
(d-2)

(1)

%

v3
whence

L(E1) = L(E2) by Theorem 2.8.
(Note that d > 3 guarantees that the quantity d — 2 is nonnegative.)
Step 3. Consider E3 = E2(vy <= v1)

Ej:

%
(t+r—1) g o?
&

Then we get
L(E>) = L(E3) by Theorem 2.3.

Step 4. We are now in position to use the number-theoretic results described above. Let A denote
the matrix Ag, of the graph E3; that is,
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t+r—1 t+1 ¢
A= ( 1 0 O) ,
d-2 0o 0
so that E4 = E3.
Since g.c.d.(d,r—1)=1wehaveg.cd.(d,d—r+1)=1.Letro=a=d,ri=b=d—-r+1.
Note that a > b (since r > 2) and b > 1 (since r < d — 1). So we may apply the analysis given

in Definition 5.7 to the pair a =d, b =d — r + 1 to produce the indicated matrix S,,.
Now define, for 1 <i <m,

K;i =15+ kjey; foriodd, and K; =15+ ke forieven.
Then by construction we have S, = K, - - - K2 K.
Because K1 = I3 +kjez; andayg =¢+r—12>1and az; = 1, we have by Lemma 5.5(1) that
Pk, (A) € M3(Z™T). Moreover, since ajp =1 + 1 > 1, Lemma 5.5(2) yields (®k, (A))22 > 1 and

(@k,(A))12 = 1. Thus Lemma 5.5 may be applied at each step, and we thereby conclude that the
matrix B defined by

B=®g, 0Pk, 00Dk (A)=Ds(A)
is in M, (Z*1). Now define E4 = Ep for the matrix B. So we have
L(E3)=L(Ep)=L(E4) by an application of Corollary 5.6 m times.

Prior to moving on to Step 5, we actually compute the values of the entries of the matrix
B = (b;;). By definition we have

x1 y1 O t+r—1 t+1 ¢t 1—x; -1 0
B=d5, (A)= <x2 2 O) ( 1 0 O) + ( —X2 11—y 0) .
0 0 1 d—2 0 0 0 0 0

So upon doing the matrix arithmetic we get

Xt +r—1 4y —x X +1)+1—y2 xot

x1t+r—D4+y+1—x x1(t+1)—y xit
B_( |
d—2 0 0

A pictorial description of E4 = Ep is then given by

Ey: o2 D (2 (t+1)+1—y2)

(xl:iliy

X (t+r—1)+y24x2)
(1 (tHr—1)4y1 +1-x1) g ol

Xot
w

oV3
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Step 5. By Lemma 5.8 we have x; — y; > 1 and x2 — y» > 0. So we may define the graph E5 by
setting

Es = [E("H LN (H .

Using the information presented in the various parts of Lemma 5.8, it is tedious but straightfor-
ward to now verify each of the following equations:

b1 — (x1 — y1)b3i =x1(t+1) —y1,
bz — (x1 — y1)b3n =xi(t+1) =y,
b1z — (x1 —ybsz+ (xi —y1) =x1(t + 1) — yi,
byt — (x2 — y2)b31 =x20+1D+1-y,
by — (x2 — y2)b32 =x@+1D+1-y,

by3 — (x2 — y2)b3z + (x2 — y2) = x2(t +1) — ya.
For notational convenience we define ny = x1(t + 1) — y; and ny = x2(t + 1) + 1 — y,. Note that

n1 > 1 and ny > 1 as a consequence of Lemma 5.8(2). Now using this list of equations, we have
that Es is the graph

Es:

o2 D (n2) .

n)
(1) g oVl ? (-1

In particular,

L(E4) = L(E5) by Theorem 2.3.

Step 6. Since

ni+ny=r+x)t+D+1-1+y2)
=at+1)+1-b
=dt+d+r—d
=dt+r=n,

if we define the graph E¢ to be
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/ o D “

n

) g o % B
\

ny)
o3

Eg:

then we get E5 = Eg(v] < v3), so that

L(Es5) = L(Es) by Theorem 2.3.

Step 7. Define E7 = E¢(v3 < vp). That s,

Eq: ol2 D ) .

(1) g
&
(

ny)

Thus

L(Ee¢) = L(E7) by Theorem 2.3.

Step 8. We let Eg denote the graph

2023

We split the set of edges emitted by v, in two sets of d — 2 and 2n — d + 1 edges respectively.

That is, we use the partition

oVl o2 (n) U oVl o2 .
-

(n—d+1) (d-2)

Then it is not hard to see that (Eg);(P) = E7, so that

L(E7) = L(Eg) by Theorem 2.8.
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Step 9. Now consider Eg = Eg(v; <> v). Pictorially,

(n1)
—
Eg: () g oVl - o2 D (n2) .

(n2)

But then
L(Eg) = L(E9) by Theorem 2.3.
Step 10. Finally, recall that the graph R, is given by

Ry C ol .

If we take a partition of the set of edges emitted by v in two sets of n] and n; edges respectively,
then (R,)s(P) = Ey, so that

L(E9) = L(R,) by Theorem 2.8.

Thus Steps 1 through 10 yield L(R,‘f ) = L(Ry), so that we have established the isomorphism

Ma(Ly) = L(R) = L(R,) = L,

and we are done. O

We have seen above that Theorem 2.3 has a direct analog for C*-algebras in Corollary 2.5,
and that Theorem 2.8 has a direct analog for C*-algebras in [8, Theorem 3.2]. The proof of
Theorem 5.9 follows from Theorem 2.3, Theorem 2.8, and from purely combinatorial arguments
(arguments which therefore hold in both the Leavitt path algebra and Cuntz—Krieger C*-algebra
settings). So the results of this section have provided a graph-theoretic approach to the following.
Theorem 5.10. Let n, d be positive integers having g.c.d.(d,n — 1) = 1. Then O,, = M;(Op,).

As promised, we now show how Theorem 5.9 yields the answer to another piece of The
Classification Question. This same conclusion was drawn in [4]; for completeness, we present

here some of the details of the proof provided there.

Theorem 5.11. (See [4, Theorem 5.2].) Let L denote the set of purely infinite simple K -algebras

{Ma(Ly) | d.n eN}.

Let B, B’ € L. Then B = B’ if and only if there is an isomorphism ¢ : Ko(B) — Ko(B') for
which ¢ ([1p]) = [1p].



G. Abrams et al. / Journal of Algebra 320 (2008) 19832026 2025

Proof. It is well known that any unital isomorphism f: B — B’ induces a group isomorphism
Ko(f): Ko(B) — Ko(B') sending [15] to [15].

To see the converse, first notice that, for any B € £, B = My(L,) for suitable d,n € N.
As noted previously, (KoMg(Ly)), [Imy )] = (Z/(n — 1)Z, d). Hence, if B’ = My (L,,) for
suitable k, m € N, then the existence of an isomorphism ¢ : Ko(B) — Ko(B') forces that n = m.

Now, since every automorphism of Z/(n — 1)Z is given by multiplication by an element
1 </ < n—1such that ged(l,n — 1) = 1, the hypothesis ¢ ([15]) = [15’] yields that k=dle
Z/(n —1)Z,1i.e., that k =dIl (mod n — 1). So Proposition 5.2 gives that

M (L) = Mar(Lp) = Mg (Mi (L))

Since g.c.d.(l,n — 1) = 1, we have M;(L,) = L, by Theorem 5.9. Hence, My(M;(L,)) =
My (L,), whence

M (Ly) =Mgi(Ly) = Mg(M;(Ly)) =M (Ly),
as desired. O

For reasons identical to those given prior to the statement of Theorems 5.10, 5.11 yields the
following result for matrices over Cuntz—Krieger C*-algebras.

Theorem 5.12. Let L denote the set of purely infinite simple C*-algebras

{M4(O,) |d,n eN}.

Let B, B’ € L. Then B = B’ if and only if there is an isomorphism ¢ : Ko(B) — Ko(B') for
which ¢ ([15]) = [15'].

We conclude with two remarks. First, we observe that the sequence of isomorphisms between
L(R,dl ) and L(R,) given in the proof of Theorem 5.9 begins with a graph having two vertices,
eventually winds its way through graphs having three vertices, and finally concludes with a graph
having only one vertex. As it turns out, in any situation for which t > d — r — 1, we are in
fact able to establish the isomorphism L(R;‘f ) and L(R,) without utilizing graphs having three
vertices. (However, we have been unable to achieve the desired isomorphism in general without
using graphs having three vertices.) Second, we see no a priori reason why Theorems 2.3 and 2.8
should be expected to contain enough information to provide us with proofs of The Classification
Question in the situations described in both Sections 4 and 5. That these two theorems suffice to
cover both of these situations suggests that these two theorems may indeed suffice to settle The
Classification Question in further generality.
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