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1. Introduction

Location analysis is one of the most active fields in Operations
Research; in fact, many different models have been developed in
the last decades to deal with different real world situations. No-
tice that a very important aspect of a location model is the correct
choice of the objective function and in most classical location mod-
els the objective function is the main differentiator. The median ob-
jective is to minimize the sum of the weighted distances from the
clients to the server. The center objective is to minimize the max-
imum weighted distance from a client to the server. The cent-dian
objective is a convex combination of the median and center objec-
tives; it aims to keep both the average cost behavior as well as the
highest cost in balance. Despite the fact that all three objectives (and
some more) are frequently encountered in the literature (see for ex-
ample [1]), not much has been done in the direction of a unified
framework for handling all of these objectives.

The increasing need for location models to better fit different real
situations, has made it necessary to develop new and flexible lo-
cation models. To that end, [2] introduced a new type of objective
function that generalizes the most popular objective functions men-
tioned above. This objective function, called ordered median func-
tion, applies a penalty to the weighted distance from a client to the
server, which is dependent on the position of that weighted distance
in the vector of all weighted distances from the clients to the server.
For example, a different penalty might be applied to a client if the
weighted distance to the server is in the 5th-position rather than
in the 2nd-position. It is even possible to neglect some customers
by assigning a zero penalty. This adds a “sorting”-problem to the
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underlying facility location problem, making formulation and solu-
tion much more challenging.

In the last years, these flexible objective functions have attracted
the attention of researchers. Puerto and Fernandez [2,3] studied char-
acterizations of the solution set for the general formulations. For the
planar case with polyhedral gauges, [4] develops a polynomial time
algorithm and [5] applies these models to semiobnoxious location
problems. In network location problems, efforts have been devoted
to obtaining finite dominating sets and efficient algorithms to solve
this kind of problems [6-10]. Recently, the discrete versions of these
models have also been studied in [11-14]. Research in this area also
led to a recent monograph; see [15].

However, in continuous location theory, these models have only
dealt with smooth norms in [16] for the Euclidean case. In this pa-
per, we will consider these formulations when the distances are
measured with £p-norms. Notice that the measurement of the dis-
tances with £p-norms better fits to some real world situations (see
[17,18]). In particular, we will restrict ourselves to convex ordered
median problems and p € [1,2], similarly to other published studies
for the median problem, e.g. [19-24]. (Although we can find some
papers in the literature dealing with the median problem for p>2,
the solution procedure developed in those papers does not guaran-
tee a global convergence to an optimal solution; see [25,26].) For this
type of problems, we will develop an iterative procedure based on a
modified gradient descent method. Observe that this methodology
is complex because the objective function does not have a common
expression as sum of the weighted distances from the clients to the
server; in fact, it is pointwise defined. On the other hand, this pro-
cedure is very robust because we provide a common tool to solve
different classical models, for instance, median problems, center
problems, cent-dian problems, among others and new ones that can
be modelled under this formulation. Moreover, we are also providing
a method to solve well-known models for which currently no reso-
lution method has been published, such as the k-centrum problem.
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The paper is organized as follows. In the next section, we present
the convex ordered median problem when the distances are mea-
sured with £p-norms. In Section 3, we introduce the approximated
ordered median problem through the hyperbolic approximation. In
Section 4, we develop a procedure for solving this problem. The pro-
posed algorithm and the convergence to the optimal solution are
given in Section 5. The paper ends with some computational results
and conclusions.

2. The model

In this section we present the convex ordered median problem
where the distances are measured with an {p-norm. Consider the
set of demand points in the plane A = {ay,...,ay} and two sets of
non-negative scalars Q := {1, ..., wp} and A := {14, ..., 4y}, where
A1 < --- </J) (as we will see later, this condition on the A-weights
provides the convexity property of the ordered median function).
The elements w; are weights corresponding to the importance given
to the existing facilities a;, i € {1,...,M} and the elements of A allow
one to choose among different kinds of objective functions. Given a
permutation ¢ of {1,..., M} verifying

Wgq X =gy llp < -+ S WOgpIX — agy, lIp,
where | - ||p denotes the £p-norm, we define
d(i)(x) ‘= Wg;lIX — ag;llp-

Notice that the order of the sequence depends on the point x.
The convex ordered median problem is given by the following
formulation:

M
min F(X) = Z A,d(,)(x) (])
xeR? i=1

For different choices of A we obtain different types of objec-
tive functions that include the classical location problems as me-
dian problems (/1 =(1,1,...,1)), center problems (1 =(0,0,...,0,1)),
u-cent-dian problems (4= (g, g, ..., 4, 1) for 0<u<1) and k centrum

k

—_——
problems (4 =(0,...,0,1,...,1)). Moreover, as already mentioned in
the Introduction, new useful objective functions can easily be mod-
elled under this formulation. For example, when locating a distri-
bution center of perishable goods where the goal is for the longer
distances and the total travel distance to be as small as possible, we
might consider the following A vector, 1 =(1,2,...,M).

We can also see that this objective function is pointwise de-
fined. This means that the objective function has different explicit
expressions as sum of the weighted distances to the demand points,
depending on the order of the sequence of the weighted distances.

Example 2.1. Consider two demand points a; =(4,1) and a; =(1,0).
For p=1.5, w1 =wy =1and 41 =1, 1y =2, we have that F(x) has
two different expressions as sum of the weighted distances at the
points x4 = (2.8,0.4) and x9+1 = (2.24,0.32) (see Fig. 1).

Indeed, since w1 [1x9 — allp = 1.47<1.92 = w7 ||x1 — ay||p we get

F(x9)=A1 - o1lx = ajlp + A2 - walIx — azllp
=(2.8,04) — (4,115 +2-1(2.8,04)— (1,0)ll1 5
=5.32.

Moreover, since w1 |x4+1—ay Ip=2.036>1.341=w; [xd+1 — alp we
get

FxAt1Y = Jp - oq 13971 —aqlp + A1 - an x4+ —alp
=2-(2.24,032) - (4,1)l15 +11(2.24,0.32) — (1,0)lI1 5
=541.

22 (ay1,az)

e

Ofw2)

Fig. 1. Bisector of a; and a,.

In addition, since the A-weights are given in non-decreasing order,
we obtain a reformulation for F(x) (see [4]):

F(x)= max Fg(x),
geP(M)

where (M) stands for the set of permutations of {1,...,M} and
Fg(x)= Zgl iiwai lx—ag;lIp- Hence, since Fg(x) is a convex function
for each o € (M), F(x) is also convex (observe that 11 < --- <Ay is
also a necessary condition for the convexity of Fs(x), see [15,27]).

In order to obtain a better understanding of the ordered median
problem, we give some definitions. (For further details the reader is
referred to [15].)

Definition 2.1. Given a;, g; € A, the bisector of g; and a; with respect
to || -||p is defined as the set Bp(ai,aj)= {xe RZ: illx—a;llp = wjlix —
ajlip}-

Ylip

Definition 2.2. Given o € Z(M), the ordered region Og is defined by
O =xe R%: g, IX—ag,lp< -+ <Oay IX — Aoy lIp)-

As an illustration of Definitions 2.1 and 2.2 we can see the bisector
line for the points a; and ap with p=1.5 in Fig. 1 (note that Bp(q;, aj)=
Bp(aj, a;)). Moreover, this bisector divides the plane into two ordered
regions Oy 2) and O 1). Observe that the ordered regions are not
necessarily convex.

The importance of the ordered regions is that the ordered median
objective function behaves like a classical median objective function
in these regions (F(x) = F(x) for all x € Og and ¢ € Z(M)).

In what follows, we denote the interior of a set S by int(S).

3. The approximated ordered median problem

The solution procedure that we propose in this paper is based
on a modified version of the gradient descent method. However,
since the objective function of Problem (1) is not differentiable at the
demand points (nor in the bisector lines), we will use the so-called
hyperbolic approximation (see [20,21,23,28]).
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Consider h; : R? — R? given by he(v)! := (hg1(v), hy2(v)) and
hg‘j(v) = (vj2 + 82)]/2, for j=1,2 and ¢>0 fixed. Problem (1) is then
approximated by

Z;», )

where dfi)(x) =op. lhe(x— ag. )llp (weighted approximated distances)
for some f§ € (M) such that

mm Fe(x
xeR?

g, llhe(x — ag, Np< -+ <w[3Mllhs(X - aﬁM)Hp

Since ||hg(x—aﬁi )lIp is strictly convex (see [23]),and 41 < -+ - <Ay,
we have that Fg(x) is the maximum of strictly convex functions, and
consequently it is also strictly convex. Thus, Problem (2) has a unique
optimal solution.

We define the approximated bisector of a; and aj as

Bi(a;,q5) = {x € B2 : ojllhe(x — a)llp = ojllhe(x — @})lp).

For a given f§ ¢ 2(M), the approximated ordered region is

Of=tx e R® 1 op Ihe(x —ag JIp< - <wp Ihe(x —ag lp)

and F&ﬁ(x) = Zf\il ;”"wﬁi Ilhe(x — aﬁi)‘lp. Observe that Fg(x) = Fgﬁ(x)
for any x € O% with f e (M

ordered median problem with the approximated problem can be
bounded as the following result shows.

). The error caused by replacing the

Lemma 3.1. The following property is satisfied for any x R2

M
[Fg(x) — F(x)I < (Z W,‘) I 2P 12,

i=1

Proof. Given ¢, f € Z(M), let 6= 1, 8~ M) be such that

F(x)= Zﬂwo, lIx — aa,np—Zi 7)1w,||x ajllp,
i= 1

Fe(x)= Z ;Liw/}i lIhe(x —

< ag)llp = 1;: /lﬁ&; wj [he(x — a;)llp.

Moreover, we have that (see [22] for further details)
he(x — a;)llp — IIx — ajllp <2VPel/2,
Therefore, since A1 < --- <4y, we get

M
x)|<ZMﬂ1w,nhb(x a)llp — A (_;w,nx ajllp|
U]

g (Zwl) ;LMZl/pgl/z. O

i=1

|Fe(x) —

We now analyze the case that x* is the optimal solution for Prob-
lem (2) and x* € int(O‘Sﬁ) for some f§ € Z(M). (Observe that the

optimal solution of Problem (2) does not necessarily belong to the
interior of an approximated ordered region.) Since Fg(x) is differen-
tiable for x € int(O%), x* must satisfy VFg(x*)=0. The jth component,

Vng(x), of the gradient vector VF;(x) for x € int(O%) is

v Fel(x Zi wp, - Ihe(x —ag )P W2 (x—ag)
i=1

X (xjfaﬁi‘j), j= 1,2.

Setting these partial derivatives equal to zero and isolating the n
components of the optimal solution x* yields
(X — 1-p P 2% _ “Ap ;
. ¥ wp, - Ihe(x* —ag)lp = hy i “(x* —ag.)-ag.;
2
T M g - ihe(xr — ag)ip S
j=12.

_aﬁi)

The equations above suggest the following point iterative
scheme:

SM Gioop, - Ihe(x —ag P DA

Z, 1 1‘“[3 lIhe(x4 —ag ip
i=12 (3)

X —ag)-ag,;

q+1
X =
1-p hp 2(

J

x1—ap)

where the superscript ¢=0,1,2,..., indicates the iteration number.
Notice that x9+1 is well defined for any x4 e R2, even in the
case that x* ¢ int(O%) for some ff € 2(M) (obviously, in this case

VF¢(x*) is not defined). Our goal in this paper is to develop a solution
procedure for Problem (2) using the expression above.

Remark 3.1. This iterative scheme has an expression similar to the
hyperbolic approximation Weiszfeld algorithm for the median prob-
lem (see [20]). However, the assignment of the A-weights to the de-
mand points is not fixed but depends on the ordered region to which
x4 belongs. Indeed, this procedure does not guarantee that x4*+1 ¢ O%

whenever x4 ¢ int(O%) (see Example 4.1).
On the other hand, for x7 € int (O%), expression (3) can be rewrit-
ten as a modified gradient method, since

x]‘?“:x]‘LDf(XQ), i=12, 4)
where
DP60) = 5l (x) - %3 F, ),
ViF.p ZA, wp,  Ihe(xd —ag )™ H 200 —ag.)
X(xj —ag,jh
CpilxT) = Zﬂ g, - he(x = ag )y - D 2T —ap.) (5)

Observe that CﬂJ(xq)>0 for j = 1,2. Moreover, the index f in the
expressions above can be omitted, since in the case x4 ¢ int(O%)

it is implicitly given by x9. However, the index f§ has been kept to
be consistent with the notation in the next sections for those cases
where x4 does not belong to int(O%) for any ff € 2(M).

4. Iterative procedure

In this section, we present a new iterative procedure to solve
Problem (2). In order to do that, we will generate a sequence {Xq}qu

such that Fe(x9t1)<Fg(x4), for g > 1. Since for x4 € int(O%) the itera-
tive scheme given by (4) may generate x4+1 such that x4+1 ¢ O? the

descent property ensured by the Weiszfeld algorithm for the median
problem might not be satisfied.

Example 4.1. Consider Example 2.1, i.e,, a; =(4,1) and ay =(1,0)
are the demand points, p=1.5, w1 =wy =1 and 41 =1, 1 =2.
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For x4 =(2.8,0.4) and ¢ = 0.001, we have that wq|hg(x9 — aq1)lp =
1.47 <1.92 = wy ||hg(x9 — ay)llp, then, x9 € int(Of1 2)).

Hence, using (4), we get that x9+1 = (2.24,0.32). We can check
that w1 [|he(xdt1 — ay)lp = 2.036>1.341 = w; |he(x4t1 — ay)|p, or
equivalently, xd+1 ¢ int(OF2 1)). Thus, this is an example where x9 €
int(Osz)) and x4+1 géO(Sl’z) (see Fig. 1).

Moreover, Fg(x9) = 5.32 <5.41 = F;(x3+1). Therefore, the iterative
scheme given by (4) does not guarantee the descent property.

In the following, our goal will be to propose a procedure that
allows us to obtain a sequence of points with decreasing objective
value. In order to do that, we distinguish between the cases x4 in the
interior and x4 on the boundary of an approximated ordered region.

4.1. x4 in the interior of an approximated ordered region

Let x4 be in the interior of an approximated ordered region O%
with f € (M), that is,

g, he(x? — ag, Np<--- <og, [he(xd — aﬁM)Hp-

In order to develop an iterative scheme that generates a sequence
with decreasing objective value, we propose a modification of ex-
pression (4) by introducing the stepsize K(x4) as follows:

AR —K(xq)~D]ﬁ(xq), =12

The following technical results allow us to define K(x9) such that
x4+1 ¢ 08 for x4 e int(0E).

Let dp(x,S) be the infimal distance function from a point x to the
set S measured with a £p-norm, that is,

dp(x,S)=inf{|Ix — yllp : y € S}.

Lemma 4.1. Forany a;,0; €A,y € Bf;(a,-,aj) and x € R? we have that

lwjllhe(x — a;)lip — wjlihe(x — a;)lipl

he(x — >
lhe(x = y)lp = ; + o

Proof. Applying the triangular inequality we obtain that
wjllhe(x = ¥)lip = wjllhe(x — a;)llp — wilthe(y — a;)lip,

VX,Y,0; € R2.
Moreover, since y € B{;(ai, aj), then (,()i”hg(y—ai)HPZUJjth(y—aj)“p.
Thus,
wjllhe(x = y)ilp 2 willhe(x — a;)llp — wjlihe(y — a;)lp.
Again, applying the triangular inequality we have that
wjllhe(x = y)llp 2 w;illhe(x — aj)llp — wjlihe(y = x)lp

— ojlhe(x — a;)lp,

or equivalently

jllhg(x — a;)llp — wjllhe(x — a;)lip
h _ > 1 J ] ,
lhe(x — ¥)lp 0 0

vxe R?, yc Bj(a;, ;).
Analogously, interchanging a; and a; we have that

Ihe(x — a;)Ip — willhe(x — a;)llp

( ) >wj
he(x —
e Ylp 2 o 1 0

vxe R?, ye Bg(a,-,aj)

and the result follows. [J

Corollary 4.1. For any a;,q; € A, Bl%(a,-,aj) satisfies that

lwjllhe(x — a;)lip — wjlihe(x — a;)lipl
wj + j

—2UPl2 wx e R2,

dp(x, By(a;, ;) >

Proof. First, by [22] we have that [[hs(x —y)llp — Ix — yllp <2/Pe/2,
Therefore, applying Lemma 4.1, we obtain that
lwjllhe(x — a;)llp — wjl\hs(x - aj)”pl _oWpg12,

wj + wj

Ix = ylp =
v Elr. . 2
yeBp(a,,aJ), vx € R4,

and the result follows. [

Notice that this lower bound makes sense if it is positive. Now,
we will analyze the case where x € int(O%), for some f§ € (M), and
OB, .1 | he(x — ag,. Nip — w/gtl\hs(x - a/}t)llp

OBy T OB,
vte{l,....M—1}. (6)

21/Pe1/2 5,

After that, we will study the case where t € {1, ...,M — 1} exists such
that condition (6) does not hold.

4.1.1. Condition (6) is fulfilled

Corollary 4.1 allows us to obtain a lower bound of the distance
from any point x € R? to any approximated bisector line defined
by two demand points. We will use this lower bound to obtain an
iterative scheme providing new iterates in the same ordered region
as the previous ones.

Given x € int(O%), for some ff € 2(M) and satisfying (6), we

consider the following algorithmic map q)ﬁ(x) = (<I>ﬂ'](x), @B‘z(x)),
with iterates given by x4+1 = qﬁﬁ(xq), where

P i(x) =X _1<(xq).Df(XQ), i=1,2 7

with DA(x9) = (D (x4), DE (x9)) defined by (5) and

_ 1
DBy,
X min [ wﬂwl th(xqfaﬁ“—l )”piwﬁt ”hS(xqiaﬂf)”p g2 } } .

w w
ﬁ[H + :B[

The expression that defines K(x9) is justified by the following lem-
mas.

K(x?) = min {1,

tefl,...M-1}

Lemma 4.2. Ifx9 int(O%

) verifies (6), then x3+1 ¢ O‘Sﬁ.

Proof. By definition of xX*1 and Corollary 4.1, we have the following
inequalities:

|wﬁt+1 he(x9 — ag, ., Nip — wﬁt\lhs(xq - aﬁt)llpl

Oepr T OBy
_2Wpg2 ¢ dp(xq‘Bg(aﬁt'aﬂtﬂ ),

x4+ — x4, <

for any t € {1,...,M — 1}. Therefore, x4*1 ¢ o%_ O

Lemma 4.3. If x4 < int(0¢

ﬁ) verifies (6) and VFgﬁ(xq)#O, then
Fe(xdt1) <Fy(x9), ¥g > 1.
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Proof. By Lemma 4.2, we have that xqxd+1 ¢ Ogﬁ, then Fg(x9) =
F, p(x7) and F(xT1) = F, p(x*1).
Depending on the value of K(x9) we distinguish two cases. If

K(x9)=1, then x4*1 is given by the classical iteration of the Weiszfeld
algorithm for the hyperbolic approximation function F, ﬁ(') and in

[20] it is proven that Fg_ﬁ(xqul )<F, p(x9).
If K(x7)#1, we have that x9+1 is obtained by a modified gradient

method with stepsize lower than the Weiszfeld algorithm for the
function F, ﬁ(~). Hence, since the Weiszfeld algorithm gives a descent

sequence, by convexity arguments we have that F, ﬁ(xq+1 )<F, ﬁ(xq).

Lemma 44. Let x9 ¢ int(O%) and denote x* the optimal solution of
Problem (2).

(i) Ifdbﬂ(xq) = x4 then x4 = x*.
(ii) If x9 = x* then diﬂ(xq):x*.

Proof. If <I>ﬁ(xq) = x4, by the definition of dﬁp(xq ) we have that
v Fs‘ﬂ(xq)= V F¢(x4)=0 and then x9 =x*. Conversely, if X9 = x*, since
Fg(x4) is differentiable in the interior of an ordered region we have
that V Fg(x9) = 0. Therefore, by the definition of (Dﬁ(xq) we obtain
that <I>ﬁ(xq) = x4 and the result follows. [

4.1.2. Condition (6) is not fulfilled
First, we define

T(x3)={t e {1,...,M — 1} : x4 does not satisfy (6)}, (8)
and let
B (x0) = I - k(xQ)Df(x‘I), i=1.2, 9)

where Df (x4) is given by (5) and

R(x7)= min {1, _r
DB xa)1,

w he(x? —a —wp |lhg(x9—a
min Ben lhe( ﬁm)llp ﬂr” & Bt)”p g ||
#Tx) @B, TOB,

If @ﬂ(xq) € O%, then we define xd+1 = @ﬂ(xq). Otherwise, we

define x4+1 :xqﬁ as the intersection point closest to x4 of the segment

[x4, é')ﬁ(xq)] with some bisector Bf,(at,atﬂ) with t € T(x4). Observe
that this point belongs to O%. In both cases, we have guaranteed
the descent property because the Weiszfeld algorithm provides a
descent sequence (whenever VF, ﬂ(xq )#0) and the function F, ﬁ(’) is

convex. Notice that by similar arguments as the ones in the proof of
Lemma 4.4 we have that cbﬂ(xq) =x9 if and only if x4 = x*, where x*

denotes the optimal solution of Problem (2).

Example 4.2. Consider Example 2.1, which means, a; =(4,1) and
a; =(1,0) are the demand points, p=1.5, w1 =wy =1 and 41 =1.11,
Ay =1.12. For ¢ =0.001, x4 =(2.65,0.3) € int(O‘(91 2)) does not satisfy

condition (6),

@ llhe(x — az)llp — o1 llhe(x — ap)lp _2Upgl/2 _ _0.02<0
w1 + Wy ’ ’

Using (9), we get that fb(]'z)(xq)=(2.58, 0.40) € int(O('S1 2)). Therefore,
X4+ = By 5)(x9) and Fy(x9+1) = 3.77 <3.79 = Fe(x9) (see Fig. 2).

B; (al, G,Q)

e (]

6(1,2)(33‘1)

Of1,2)

Fig. 2. $1(x9) € 0f1.2)-

B; (al, ag)

Of1.2)

Fig. 3. @(1,2)(Xq)¢0(51,z)~

We now consider the above example but 41 =1 and 4 = 2.
In this case, using (9), we get that ¢(1_2)(xq) = (2.08,0.25), that is,

b(12)(x%) € int(0f, ;) and Fe(x1)=5.14 < 5.60=Fy( (1 )(x7)). Hence,

x0*+1=(2.62,0.30), the intersection point between Bj(aq,az) and the
segment [x9, @(1_2)()&)] (see Fig. 3). Moreover, F(x4+1)=5.10<5.14=
Fg(Xq )

4.2. x4 belongs to the boundary of an ordered region

In order to obtain a procedure that allows us to obtain a new point
xdT1, such that Fe(x9+1)<Fg(xq), we first analyze the case where x4
belongs to only one bisector and then, we will study the general case
where x4 belongs to more than one bisector.
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4.2.1. x4 belongs to one bisector
In this case, the vector of weighted approximated distances from
the demand points to x4 satisfies

(i) wﬁsnhg(xq — aﬁs)”p =g [lhe(xd — aﬂs+l)llp, for some s e

{1,....,M -1},
(ii) (,Uﬂi”hg(xq —agllp <op lhe(xd — aﬁi+1)|lp. for any i#s, i €
{1,....,M -1},

for some S(s)=(f1, ..., fy) € Z(M). Equivalently, x4 € 0

Bs) ﬁ (s)
with B'(s) = (B1, ... Bs_1, Bsy1. Bs: Bs42 - Bu) € Z(M). Obviously,
we have two different expressions of the ordered median objective

function for x4, as sum of the weighted approximated distances:

Fy s (x9) = Z Aiwp l|he(x9 —ag)llp
i#s,s+1
+Asop [[he(xT — agJlp
+isprop  Ihe(xT—ag lp,
Fops®)= Z Aiog Ihe(xT —ag)lp
i#s,s+1
+ ;stﬁs-ﬂ Ihe(x? — ag.. ip

+sp10p Ihe(xT —ag lp,

with F&ﬁ(s)(xq) = Fg_ﬁ/(s)(xq).

Now we analyze the case where x4 satisfies condition (6) for all
t#s, t € {1,...,M — 1}. After that, we will study the case where some
t#s exists for which x4 does not satisfy (6).

Condition (6) is fulfilled:
In order to give an expression of x4+1 we define <Pﬁ(s)(xq) =

(Ppis),1 (XD, @) 2 (x 7)) as

@) =x! — K5(x) D), j=1,2,

where Df(s)(xq) was defined in (5) and

o 1
K(X)_mm‘ "GN,

wﬂHl e xjaﬁtﬂ )”piwﬁr ”hs<x*aﬂt)up _oWpgl/2 , (10)
wﬁt+1+wﬁr

with n(x) = (11(x), n2(x)) such that

x min

s

) = max(p/ iy, pf Dy, j=1,2 (1)

If dp (1) € OF
and @B x1) e Oﬁ(

der to give an expression of x9t1 when Pps) (x9) ¢OZ,( and

+1_
we define x4 diﬁ (x9). If ‘I)ﬂ(s (x9) ¢ O/}(s
then we define xd+1 = <1§ﬂ (s)(xq). In or-

@ﬁ (x9) ¢ O[f’ we define the function G : R — R as follows:

GE200 = (1 = o ) () + oF, (00

Notice that G¥*(x) = Fg(x) for any x € B (aﬁ ag N (O[f ) B/(S))

and o € [0,1]. Taking this into account, we define the following

Bt(a.asz)

el

[ YO

s e

sz.m)

Bi(a1,a3) h

Fig. 4. @153 (x9) € 123)

algorithmic map ¥* S(x) = (‘Pi‘*'s(x), ?’g*'s(x)), with iterates given

by x4+1 = P& S(x4), where
VIS = — PN T 1), =12,
with K5(x9) defined by (10),
S . * -1
Qa*‘j(xq) =[(1- a*)Cﬁ(S)J(xq) +o Cﬂ'(s)j(xq)]

x [(1—o* )V] Fgﬁ(s)(Xq) + OC*Vj Fgﬁ/(s)(xq)],

ji=1.2, (12)
* %S0 0q & &
and o .e (0,1) such that ¥ ~(x9) € B (aﬁ ag. H)m(oﬁ uOﬁ(s ).
The existence of such o* € (0,1) is proven by Lemmas Al and A.2
in Appendix A.
Therefore, if we define the function
Sa(a) i= wp Ihe(P**(xT) —ag )llp
_ 0S(xdy _
g, (P50 ~ag_Dlp, (13)

then o* satisfies that £,q(o*)=0.
We summarize the iterative scheme when x4 Bg(a XL )and
condition (6) is fulfilled:
‘Dﬁ(s)("qq) if %(s)“‘? € O:ﬁ(s)'
(D/;/(S)(x ) if q§ﬁ(5 (x )¢O/}

¥a+1 — .
and ‘D,B( )(x )eoﬁ

(14)
)

P*S(x4)  otherwise.

Example 4.3. Consider three demand points, a; = (4,1), a =(1,0)
and a3 =(4.5,0.5), with w1 =wy=w3=1and 1 =1, Ay =2 and A3=3.
For p=1.5,¢=0.001 and x9=(2.62,0.30), we get that xI ¢ Bg(a1,a2).
We can check that (W) 3)(xq) (2.65,0.30) 1nt(O(] 23) ). Therefore,
X0+1 = @(q 5 3)(x9) and Fe(x9+1) = 10.82 <10.88 = Fz(x9) (see Fig. 4).

On the other hand, continuing with Example 4.2, for x4 =
(2.62,0.30) and ¢ = 0.001, we have that x9 Bg(al,az) For /11 =1
and 15 = 2, we can check that ¢(].2)(Xq) =(2.05,0.25) e int(0¢ (2 ]))
and @, 1)(x9) = (3.05,0.57) € int(O(E1 2)). In addition, Fg(x9) =
5.10<5.63 = Fe((12)(x)) and F(x9) = 5.10<5.63 = F¢(dP(2,1)(x7)).
Hence, using (14) we have that x4+1 = P ](xq) (2.56,0.39) (see
Fig. 5). Moreover, Fg(x9+1)=5.07<5.10 = F¢(x9).

Lemma 4.5. The function lp“ S(.) is continuous in a neighborhood of
x4, provided that 6éxq(oc*)/aoc¢0 where ¢ is defined by (13).
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Bf(al (12)

ol
P(1,9)(29)

doe

Fig. 5. ®(12)(x%) € 0fy, Pny(¥9) € Of 5.

Proof. The function % *(x4) depends on o*, where o* satisfies that
Eva(o*)=0 (that is, o* also depends on x4). We prove the continuity
of y*"5(.) using the Implicit Function Theorem.

By deﬁnltlon, the function &y(a) is continuous and differentiable
with respect to x, and 0¢,q(a*)/00#0. Since the hypotheses of the
Implicit Function Theorem are satisfied, a continuous function, H(-),
exists in a neighborhood of x4, N(x4), such that «=H(x) and &,(H(x))=
0, Vx € N(x49), and the result follows. [J

q & q 4 RE
Lemma 4.6. Let x9 ¢ Bp(aﬁs‘aﬁs+1) and x ;éBp(aﬁt,aﬂm ), Vt#s. If

xA+1£x4, where x9+1 is given by (14), then Fg(xd+1)<Fg(x9), vg > 1.

Proof. Let x9+1+£xq be given by (14). If either xd+1
xd+1 = ¢ﬁ/(s)(xq), we can prove that Fg(xd+1) <F¢(x9) by using similar

= diﬁ(s)(xq) or

arguments as the ones in Lemma 4.3. We analyze the case where
x4+1 — p*"5(x4). Since x4 and ¥* 5(x9) belongs to Bﬁ(aﬁ .ag ])

(Osﬁ(s) U OZ (S)) we have that

Fox1) = GZS(x9) and Fo(P*"5(x9)) = GX S(¥*"5(x9)).

In addition, Gg‘*'s(xq) can be rewritten like a sum of weighted dis-
tances as follows:

M
GL 5 (x)= > pillhe(x — ag)lp.

i=1

where yg = 0*(As + Asy1 )wﬁs, Vse1 = (1 — o) 4s + Agy1 )wﬁS+1 and
yi = Ajwp, for i=1,...,M, with i#s,s + 1. Hence, ¥* (xd) is given

by the map defmmg the approximated Weiszfeld algorithm with
smaller stepsize applied to a sum of weighted approximated dis-

tances, G, at x4 (see [20]). Thus, GZ (¥ 5(x4))<G% (x4) and
the result follows. [

Lemma4.7. Let x9 € B&(ap ,a
P ﬁs ﬁs+1
of Problem (2). If x4+ is given by (14), we have that:

) and denote x* the optimal solution
(i) If x3+1 = x4 then x9 = x*.
(ii) If x9 = x* then x4+1 = x*.

Proof. Statements (i) and (ii) when x9+1 = d5ﬂ(s)(xq) or xd+1 =
45/3/(5)0(‘1) can be proven analogously to Lemma 4.4. Therefore we

focus the proof on the case where df'ﬁ/(s)(xq) ¢ O%,(S), <D/3(S)(xq) ¢ O%(S)

and P S(x9) = x4.
First, we prove that Fg(x7) <F¢(y) for any y(#x9) € Bf;(aﬁs,aﬁsH n

& &
Ops)V O s)

P S(xd), we have that v G¥(x4) =(0,0). In addition, since G* ()
is a strictly convex function (recall that G“s () is the weighted sum of

approximated distances), we have that x4 is the minimum of Gg‘*'s ()
o*,s _ & &
Moreover, G, ~(y) = Fg(y) for any y € B (aﬂ ag. ])ﬂ (Oﬁ(s) U

) Therefore, Fz(x4)=G* S(x4)<GZ S(y) =

). Indeed, using that ¥* 5(x4)=x4, by the definition of

q
ﬁ( Fe(y) for any y(#x7) e

0¢
(aﬁs aﬁsﬂ)m( ﬁ(S)U ﬁ’(s))'
Second, we prove that Fsﬁ(s)(xq)< o S)(y) for all y(#x9) e Oﬁ( 5
Indeed, we have that: (1) the function F, e S)( y) increases when y
moves from x4 along Bg(aﬂs,aﬁHl) within (0%, . U Ob ) and (2)

B(s)

<I)ﬁ(s (x9) ¢ 0% Bs)” . Therefore, by convexity arguments, no dlrection of

decrease exists in O;),( that is, F, B S)(xq)<Fb [)’(s)( y) for any y(#x9) e
q

/3( . Analogously, we can obtain that F o (s) (x )<Frﬁ (y) for all

(;éxq) e 0¢, _and the result follows.

B'(s)

For the statement (ii), if ¥* (x4) =x9+1#x49 we have proved that
Fe(x9)>Fg(x9+1),  contradicting that x* is the optimal
solution. [J

Condition (6) is not fulfilled:
Let x4 ¢ Bg(aﬁs,aﬁHl) be such that it does not satisfy condition

(6) for some t € {1, ..., M —1}, t#s, and T(x9) given by (8) (notice that
s e T(x9)). We defme ‘Dﬁ(s x9) = (<1>ﬁ(5 (x9), ¢ﬁ(s)'2(xq)) as

by (x0) = —Izs(xq)-Df(s)(xq), =12, (15)

where D]'.H(S)(xq) was defined in (5) and

N 1
[¢(x) = min { "GN,

he(x— —wp [he(x—
i wp llhe(x a/gm)llp w/g[ll e(x aﬁr)”p
t¢T(xd) wﬁm +(,0‘B[

_ 21/1’81/2} } ,
and 5(x) is given by (11). .
Analogously, we define <I>ﬁ/ (x9). If <I>/;(S)(xq) € OSB

= <I>ﬁ( )(xq) If dbﬂ S)(xq)gaéO'gﬁ and q),B ) (x) e Ogﬁ( y
define x4+1 = ﬁ ) (xq) In order to give an expression of xd+1 when
<1§/5(S (x9) ¢ O[f( and diﬁ )(xq);é 0¢,

, we define
(s)

then we

, we define the following map

B's
P70 = (] (0, %5 (), as
~ ok,s .
¥ T =] - (DD, (x), =12, (16)
where EZ;* J(xq) was given by (12) and o* satisfies that &,q(a*)=0,

N
(see (13)). From Lemma A.2 in Appendix A, we have that P 'S(xq) €

Bg(aﬁ g ) but we have not guaranteed that P* 'S( q) € Ogﬁ( 9
ﬁ( v S(xd) e O UO%( we define xd+1 = (xq) If

e
” (Xq)¢0 )V 0¢, ., we define xd+1

By

= xJ., where xg* is the
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. . . - 0*.8
intersection point closest to x4 of the segment [x4, ¥ "(x9)] and a
bisector B(at, ag1), for some £(#s) € T(x9).

We summarize the iterative scheme when x4 Bﬁ(a By @ Bt )and

condition (6) is not fulfilled:

éﬁ(s)(xq) if qsﬁ x9) € 0 by

D) i D) ¢ 0%
and @, (x4) € OF,

B(s)
anf oo PR (17)
PER0A) I D) £ 05 L By 6 05y

S g e e
and ¥ "(x9) e O[S(s) Uoﬁ’(s)'

X, otherwise.

In the first three cases, since x4*1 can be obtained by a modi-
fied gradient method with stepsize lower than the Weiszfeld algo-
rithm (analogously to Lemma 4.7), we have that Fg(x9+1 )<Fb(xq) For
the last case, we now prove the descent property. Let x4+1 = x o If

1* e 0¢ sy , by the descent property of Weiszfeld algorithm we have

that F, g (x9)= G“ s(xq)>G°‘ S (xq)) ﬁ(s)(i’“*'s(xq)). Hence,

since xg* belongs to the segment defined by x4 and * 'S(xq), using
the strict convexity ofFC‘ﬁ(s)(J, we obtain that Fg_ﬁ(s)(xq )> F&ﬁ(s)(xg* ).

Therefore, since x9,x], € 0% we have that Fg(x9)>F¢(x,). Analo-

B(s)

gously, we can obtain that Fe(x9)>Fe(x3,) when x, € 0¢

B(s)
Moreover, by using similar arguments as the ones in the proof
of Lemmas 4.4 and 4.7, we have that x9 is the optimal solution of

Problem (2) when éﬁﬁ(s)(xq) = x4, éﬂ/(s)(xq) =x9 or ';Pa*'s(xq) =x4.

A o
Observe that under conditions of Lemma 4.5 the function ¥* 'S(-) is
also continuous in a neighborhood of x4.

Example 4.4. Consider three demand points a1 =(4, 1), ap=(1,0) and

=(3, —0.5),[):1.5, W1 =W =w3 =1and /1] =1, ).2:2 and },3 =5.
For x4=(2.28,0.9) and ¢=0.001, we have that x9 Bg(al ,ap)and x4 ¢
0(33']_2) N 053'2,1 - In addition, x4 satisfies condition (6) neither for a,

and a3 nor for a; and as. Using (15), we can verify that @ 3,1,2)(xq)=

(197,047)£0f; ; 5, and @321)(x4) (3 04,082)¢ 0 , ). In this
case, using (16) we get that x4+1 = (xq) (241,0.66) € Of3 ; 5)U

(3'2'1) (see Fig. 6). Moreover, Fg(XQ+1 )=13.28<13.91 = F¢(x9).
Consider now the above example but A1 = 1.1, 1, = 1.2,
A3 = 1.3. For x4 = (2.23,1) and ¢ = 0.001, we have that x4 ¢
Bj(ar,az) and x4 € 05112‘3) n 0(2]3) Moreover, x4 satisfies
condition (6) neither for a; and az nor for a; and az. Using
(15), we can verify that @5(123)0(‘7) (2.60, 093)¢O(]23) and

<1§(213)(xq) =(2.68,0.93) ¢ 0¢ (2.13)° Hence, using (16) we have that

o*,1 SN | : 0¢
(31,2 thatis, W= " (xT) £ OF; 5 3)U0( 1 3

P (x9)=(2.29,0.87) € OF
Thus, x9+1 =(2.27,0.91), where (2 27,0.91) is the intersection point

between the segment [x4, P (xq)] and bisector B‘“(az as) (see
Fig. 7). Moreover, Fg(x4+1) = 6.28 <6.48 = Fg(x).

4.2.2. x4 belongs to more than one bisector

Finally, we study the case where x4 belongs to k bisector lines
with k>1. For this case, the procedures developed in the previous
section may not give a point x4+1 with lower objective value. More-
over, since x4 belongs to more than one bisector, we may have to

Bf,(rr-g L)

B;(rn ,az)

O -
()E:i.z‘lj (3,1,2)

Bi(a1, az)

Fig. 6. ¥ (x9) € 05,5, U Ofy.,-

. . B; (as,as)
0(2. 1,3) ()( 1.2,3)

B; (ar,az)

Fig. 7. 7' (x9) ¢ 0F, 55 U 0fy 15,

deal simultaneously with many different ordered regions and the
search for a point xd9+1 with lower objective function would be a
very difficult task. Therefore, in order to simplify the procedure, we
will first verify if x9 is an optimal solution for Problem (2).

In order to check the optimality of x4, we compute 0F¢(x9) which
is given by (see [29])
OFg(x1) = co{UVF, ﬁ : BeZ(x)),
where X(x9) := {f € Z(M &ﬂ(Xq) =Fg(x9)}.

Therefore, x4 is the optlmal solution of Problem (2) if and only if
(0,0) e CO(UﬁeZ(xQ) VFS'ﬁ(xq)).

In the following, we analyze the case when x4 is not the optimal
solution. Define the set S(x4) as follows:
SxN)={se(1,....M

-1} wﬁsl\hs(xq - a/;s)llp

_ (x9 —
- 60/))5+1 Ihe(x aﬁs+1 ip}-

We will distinguish between x4 satisfying condition (6) for all
t ¢S(x4) and x4 not satisfying (6), for some t ¢ S(x9).

Condition (6) is fulfilled:
For each f§ € 2(x4), we define @%(xq) = ((Pﬁ ](xq), @%Z(X‘J)) as

@5 () =x —1<5(xq)-Df(xq), i=12, (18)
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where Djﬁ(xq) was defined in (5),

1

K5(x%) = min{1, ————
%) { 75 (x9)ll
he(xd — _ he(x9—
 min wﬁmll e(x a/gm)llp wﬂtll e(x aﬂr)”p_zwsl/z ,
t¢S(xd) (Dﬁ +w/3
t+1 t

and 75(x4) = (173 (x9), 115(x%)) is defined by

() = ﬁgnza&q)u%}(xq)vjfg,ﬁ(xq)n, j=12 (19)

If some f§ € 2(x9) exists such that @%(xq) € Ofﬁ we define x4+1 =

@%(xq), where £ is the first found permutation with that condition. If
<P%(xq) ¢ O%, for all f# € X(x9), in order to give an expression of x*1,
we consider a sufficiently small neighborhood of x4, N(x9). If §

2(x9) exists such that the intersection point between the boundary
of N(x9) and the segment [x9, (D%(xq)] belongs to O%, we define x9+1
as this intersection point, denoted by x%. Otherwise, since x4 is not
an optimal solution, there exists a decrease direction in Bf)(as,asﬂ ),
for some s e S(x9). We compare the objective value for each of these
intersection points between the boundary of N(x4) and Bg(ag,asﬂ ),

for any s e S(x9). Define xd+1 as the intersection point with the
lowest objective value, denoted by xg.

Condition (6) is not fulfilled:

Let T(x9) defined as (8). Notice that S(x) c T(x9). For each f§ ¢

2(x1), we define the map @),56,()(‘1) = (@%_](xq), @%vz(xq)) as

@5 0 =x! - ks(xQ).Df(x‘J), =12 (20)

where Djﬁ(xq) was defined in (5),

N 1
K5(x%)= min {1, ————
) ’ e
- min [ g, llhe(x — ag. )Hp_wﬁt Hhs(X—aﬁr)”p g2 } ;
t¢T(xd) w +w '
ﬁt+1 ﬁt

and n(x1) is given by (19). If there exists some f € X(x1) such that
@%(xq) € O%, we define xd+1 = <P%(xq). If Q%(xq)éo%, for all § e
2(x1), we proceed like in the case satisfying (6).

Notice that by using similar arguments as the ones in the
proof of Lemmas 4.3 and 4.4, we have that Fg(¢%(xq))<Fg(Xq)

(Fg(@%(xq))<Fg(xq)) and x4 coincides with the optimal solution
of Problem (2) if and only if @%(xq) = x4 (@%(xq) = x9), for some
P e X(x9).

5. The algorithm and properties

In this section we summarize the complete iterative scheme de-
fined in the previous section and we also study the convergence of
the proposed algorithm.

We give the expression of the algorithm depending on the relative
position of the current iteration, x4, with respect to the bisector lines
and ordered regions. In order to do that, we define the algorithmic

map Tg : x — Tg(x) as

Toq(x9) if |S(x4) =1,
X = Ty(x) = § Top(x9) if |2(x9)| =2, (1)
T,3(xd) if |Z(x4)[>2,

where

(15ﬁ(xq) if x4 satisfies (6),

vte{l,...,M— 1} (see (7)),
ﬁ?ﬁ(xq) if x4 does not satisfy (6), for some
Te1(x9) = te{l,...,.M—1}and ébﬁ(xq) e int(O%)
(see (9)),

x% otherwise (see the definition of x%

in the paragraph above of
Example 4.2),
if x4 satisfies (6), vt € {1,...,M — 1},
(x4) otherwise,

TS,Z(Xq) =

with
if 45/3(5)()(‘1) € O%(S),

(x9) if B (x) 05

(x4 8
and (Pﬁ (S)(x )e O/)”(s)

TH,(x9) =
&2 (see (14)),
otherwise,

if @ pey(x9) € Ofsy

if Ebﬁ(s)(xq V¢ o%(s)

5 od .
and @ﬁ(s)(x )eOﬁ,(s)

if (i)ﬁ(s)(xq) # O%(s)' éﬁ/(s)(xq) £ O%’(s)

(see (17)),
T(;Z(xq):

%S g ¢ &
and ¥ "(x9) e O[)’(s) UOﬁ/(S),

otherwise

and

T/5(x9) if x9 satisfies (6), vt  {1,...,M — 1},

Ty3(x7)=
& T ,(x9) otherwise,

where (see Section 4.2.2)

<1>%(xq ) if qsf;()ﬂ) < 0%
for some f € X(x9) (see (18)),

x% if xqﬁ € Osﬁ for some f € 2Z(x9),

otherwise,

if ﬁ)f;(xq) €0f
for some f € 2(x9) (see (20)),
f(‘[’j if x% € O% for some f e X(x9),

&

T;r3(xq) =

T 3(x9) =

otherwise.

In the previous section, we have proved that the sequence {xq}qu

generated by (21) verifies the descent property. Moreover, x4+1 =x4
if and only if x4 coincides with the optimal solution of Problem (2).
Taking into account these results, we give the following convergence
result.
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Theorem 5.1. The sequence {xq}qe N converges to the optimal solu-
tion of Problem (2) provided that 0&,q(o* )/0a#0, where & was defined
by (13).

Proof. We can assume, without loss of generality, that Tg(x9)#x9,
for any g, where Tg(x9) was defined in (21). Otherwise, we would
have that the whole sequence converges to x4 in a finite number of
steps.

Since the sequence {xq}qE n is bounded (see Lemma A.3
in Appendix A), by the Bolzano-Weierstrass Theorem, at least one
accumulation point exists. We will prove by contradiction that the
sequence contains a unique accumulation point. Let us assume that
the sequence {xq}qE n has two accumulation points py#p, and con-
sider a ball By, centered at p; such that p, ¢ By. Thus, we can choose
a subsequence {x"k}, verifying:

(i) (™} — p1.
(ii) ™1 = Te(x"k) ¢ By, for all k>1.

Observe that this choice is possible because the non-existence of
this sequence would imply that p, was not an accumulation point
different from pq.

In addition, in case p; satisfies (6) we can choose x"k satisfying
(6), whereas in case p; does not satisfy (6) we can choose x" not
satisfying (6). Moreover, without loss of generality, we can choose
x", for k> 1, verifying one of the following conditions depending
on the cases:

(a) x™ e int(O%), if p; int(O%) for some f € (M) or if xq e
int(O%), vg >N, for some N>0 and f8 € X(pq).
(b) x™ € 05,n0¢,, if x1 € 0¢,N0¢,, ¥vg>N, for some N>0 and §, f'

BB BB
Zn(p] > & & me+1 2 i & m+1 - & i
(c) x"k € OB n O/'}, and X"kt e mt(Oﬁ) (X" e mt(Oﬁ,)), if x4

int(O%) exists YN>0 and q>N and x4 ¢ int(Oz,) vq >N for some

B e P(M).
(d) X% € O% no¢, and x™+1 ¢ 0¢, n 0%, with B8, "

2 (M), otherwise. (Observe that this case considers the sequence

{x) ey such that x7 € 0% N 0%, with Bg. Bg € (M), vg>N,
By " hq

and N>0. Hence, since the number of bisector lines is finite
there exist f, B/, ", B € (M) (not necessarily all pairwise dif-
ferent) such that we can select a subsequence verifying this
condition.)

Notice that this choice of the subsequence {x"k} implies, when
X satisfies (6), that x%*1 = d5ﬂ(x”k) for the cases (a) and (c) and

Xkt 1 — woS(xey for the case (b), for all k> 1. Analogously, we can

provide an expression of x™*1 when x™ does not satisfy (6).
Moreover, the function Tg(-) is continuous. For the cases (a) and

(c), the continuity follows from the definition of cbﬁ(-), and in the case

(b), by Lemma 4.5. In the case (d), x™*1 is given by the intersection

*

of [x"k, * 's(x”k)] and the bisector line given by O? , N 0;5,//. Hence,
*

since ¥* 'S(x”k) is a continuous function and the bisector line is

fixed, the function of x"k that defines this intersection point is also

continuous.

We prove the convergence only for x™+1 = Y% S(x%), for all
k>1. The remaining cases can be proven by using an argument
similar to this one.

Since ¥*"5(.) is continuous, we get that

lim Te(x™)= lim P*S(x%) = ¥*"S(py) = Te(py).

k— o0 k— o0

On the other hand, by hypothesis, {x"*1};, 5 1 ={ P (XK )} > 1 does

not belong to By. Thus, lI""*'S(p] ) cannot belong to the interior of B;.
Therefore, p;#¥* *(py), then, by Lemma 4.6, F(p1)>F(¥®* (p1)).

However, since we have assumed that the sequence does not
converge in a finite number of steps, we have that xk#¥% S(xk)
and P S(x)#xk+1, then applying Lemma 4.6 we get

Fo(xk) > Fo(Te (X)) = F(P* 5 (X)) = Fe(xht1) > Fy(x+1),
Taking limit when k goes to infinity

Fe(p1)>Fo(P* S(p1)) = Fe(py), (22)

what contradicts that Fe(py)>Fe(¥* (p1)).

Therefore, the sequence contains a unique accumulation point,
that is, {xq}qe [\ converges to a unique point. Let x* be the limit.

Now, we prove that x* is the optimal solution of Problem (2).
By (22), it follows that Fe(p1) = Fs(¥* *(p1)). Then, by Lemma 4.6,
we have that p; = % 5(py) = Te(p1). By Lemma 4.7 we have that
x* coincides with the optimal solution of Problem (2) and the result
follows. O

Notice that in the previous proof we have assumed that the set
of points belonging to more than one bisector line is finite (the case
where two bisector lines coincide can be considered as only one
bisector), that is, the intersection of any two bisector lines is given
by isolated points (it can be obtained by an adequate perturbation).
Therefore, the subsequence considered in the proof can be chosen in
such a way that it does not contain points belonging to more than
two bisector lines.

6. Computational results

In this section, we present the computational study for solving
Problem (2). The algorithm described in Section 5 was coded in
MATHEMATICA and run on a PENTIUM IV computer, with a 1.60 GHz
processor and 540 MB RAM.

For each M, we solve 15 different randomly generated problems:
demand points with values in [0,10000] the weights w; and /; in
[0,1], fori=1,...,M, with 41 < --- <Ay

All computational tests were performed for values of the param-
eter p=1, 1.5 and 2. The constant ¢ used in the hyperbolic approxi-
mation is fixed to 0.0001. The stopping rule was ||xd —xd+1 lp < 1073,

Table 1 summarizes the results obtained for the approximated
ordered median algorithm for ¢ distances, with p = 1.5. The size
of each test problem is indicated in the first column of this table.
The next four columns report the Mean, Min, Max and the Standard
Deviation of the time needed to solve each test problem in CPU
seconds. The remaining four columns give the results for the number

Table 1
Numerical results for p =1.5.
M Time Iterations
Mean Min Max STD.D  Mean Min Max STD.D
100 0.85 0.45 1.56 031 18.87 10 25 4.72

500 5.95 2.66 16.48 4.2 18.87
1000 23.51 4.75 64.42 17.88  26.93
2000 35.19 15.87 67.87 18.88 17.07

10

8

8
4000 54.06 27.17 78.17 1640 13.13 7 20 3.81
8000 126.65 47.33 409.78 10991 15.27 6 47 12.41
12000 192.99 81.37 343.00 94.54 15.27 7 27 7.15
16 000 20547 127.09 439.52 82.03 122 8 25 441
20000 380.28 139.01 948.78 23256 17.54 7 44 10.57

25000 57223 199.23 141025 22234 1841 7 47 12.7

30000 82533 52955 211258 25451 15.15 7 27 10.12
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Table 2 Table 4
Numerical results for p =2. Numerical results for the k-centrum problem for p =2.
M Time Iterations M Time Iterations
Mean Min Max STD.D Mean Min Max STD.D Mean Min Max STD.D Mean Min Max STD.D
100 0.79 0.20 1.36 040 16.6 7 29 6.28 100 1.76 0.62 3.97 1.24 31.73 13 89 2411
500 4.69 1.0 12.29 3.05 15.67 7 29 6.4 500 5.63 2.04 14.52 3.81 25.73 8 58 13.73
1000 17.17 5.95 38.91 9.05 19.2 7 40 8.91 1000 25.32 4.78 96.73 22.35 30.53 6 88 20.32
2000 37.58 13.39 65.86 1831 19.6 7 52 12.28 2000 243.89 53.93 45427 13578 12393 18 229 72.33
4000 58.06 23.61 87.79 1846 13.8 6 21 418 4000 326.24 58.03 672.33 205.44 80.2 14 171 51.95
8000 101.74 64.33 169.02 3286 11.53 8 20 3.62 8000 171.00 64.63 380.37 86.66 19.87 8 43 9.24
12000 130.87 84.03 258.09 4284 10.53 7 20 3.20 12 000 275.05 132.03 54736 13549 2047 11 41 9.54
16 000  257.25 93.62 568.74 15698 15.0 6 32 8.68 16 000 41930 13250 1451.8 331.98 21.67 8 80 18.12
20000 370.21 130.26 84397 20296 19.99 8 42 12.57 20 000 581.27 146.67 1201.78 292.65 21.99 8 42 12.72
25000 55135 20131 1001.25 21243 17.15 7 47 15.7 25 000 855.54 25951 1951.22 212.33 22.52 7 46 15.24
30000 82083 486.66 201274 2141 1651 7 37 10.21 30000 123123 686.88 251276 21439 1831 7 39 1154
Table 3 Table 5
Numerical results for p=1. Numerical results for the k-centrum problem for p =1.5.
M Time Iterations M Time Iterations
Mean Min Max STD.D Mean Min Max STD.D Mean Min Max STDD Mean Min Max STD.D
100 0.79 0.19 1.64 051 20.67 8 49 11.42 100 224 0.60 10.34 2.77 354 8 152 38.84
500 5.27 1.69 15.42 426 20.87 10 44 9.78 500 7.78 2.15 16.47 4.07 3347 13 68 15.78
1000 13.77 4.70 32.26 699 208 9 36 8.95 1000 24.86 3.29 67.22 17.11 33.53 8 62  15.69
2000 44.63 11.28 144.45 40.25 232 6 75 21.06 2000 245.99 51.93 470.65 13898 10335 20 209 62.39
4000 60.63 21.95 160.92 40.83 1547 6 41 10.24 4000 34143 57.03 662.55 207.54 90.12 15 170 50.95
8000 130.70 42.86 310.81 9237 16.33 6 40 11.27 8000 182.30 59.63 399.61 96.95 29.98 7 45 10.81
12 000 226.61 95.81 431.45 98.01 18.33 8 33 7.43 12 000 275.15 112.03 555.64 155.92 2223 10 45 10.36
16 000 41440 109.84 99497 300.04 2327 3 62 8.8 16 000 44565 120.12 1399.81 301.01 25.56 7 78 17.01
20 000 610.2 230.26 1443.07 222.66 24.96 8 35 11.24 20 000 591.77 15091 1403.72 295.96 24.44 8 41 12.11
25 000 93485 40131 1661.78 19954 2054 8 40 14.61 25 000 851.55 247.73 1995.12 202.25 27.53 8 43 10.41
30000 122044 486.66 24104 24821 19.11 7 38 12.15 30000 135538 62531 2223.12 15845 19.51 7 41 12.94
. . N . ~ Table 6
of iterations performed by the method before the stopping rule was .
. Numerical results for the k-centrum problem for p=1.
satisfied.
Tables 2 and 3 summarize the results obtained for p =2 and 1, M Time Iterations
respectively. Mean Min Max STDD Mean Min Max STD.D
Notice that the standard deviation of the computational times 100 171 046 6.12 175 3113 10 131 3021

is relatively bigger for problems with a large number of demand
points. This is because the iterates that simultaneously belong to
many bisector lines need more time to find a decreasing direction
and it is more likely to occur as larger is the number of demand
points. In addition, the computational times are lower for the case
p = 2, because in this case the bisector lines are curves with an
easier handling of analytical expressions and the iterations can be
computed faster.

For the case p=1, the times are longer because even for the case
of the median problem, the rate of convergence is lower when the
iterate has a common component with a demand point. Notice that
this case was also solved by [4,30] as a particular case of polyhedral
norms. They develop a solution procedure based on the iterative res-
olution of linear programming problems on each linearity domain
of the objective function. A detailed analysis of the theoretical com-
putational complexity of the procedure is given in those references.
However, the computational times are not reported.

For the sake of completeness, the computational results obtained
for solving the k-centrum problem with ¢-norm are included in
Table 4. We have considered that the number of components equal
to one in the A-vector is [0.2 - M|. Observe that the time and the
number of iterations to solve this problem are larger than that
needed to solve the standard ordered median problem. We think
that this is due to the fact that, in most of the cases analyzed, the se-
quence obtained by the algorithm is included in a bisector line and,
there, the stepsize is lower than in the interior of an ordered region.
In addition, in order to solve this problem, we have used the same
implementation used to solve the standard convex ordered problem
and the results obtained could be improved with a new implemen-
tation that exploits the particular properties of k-centrum problem.

500 13.97 227 48.25 13.77 41.6 11 121 2847
1000 45.95 335 69.42 19.33 35.25 9 59  14.03
2000 355.67 53.84
4000 445.98 59.88
8000 295.04 58.55

12 000 479.59 15331 554.69 96.76 2594 10 55  10.01
16 000 649.67 220.52 1451.55 352.25 29.64 7 79 1939
20 000 798.88 350.63 1703.45 34534 22.56 7 46  10.10
25 000 957.23 447.48 239234 265.23 26.94 8 53 1237
30000 155943 72525 2824.22 22596 21.34 7 49 1329

Tables 5 and 6 summarize the results obtained for solving the
k-centrum problem with p = 1.5 and 1, respectively.

Finally, we have also compared the solution times of our proce-
dure for the special case of the Weber problem A1 =-.-=4);=1 with
the classical approximated Weiszfeld algorithm (see [20]). The ex-
tra computational effort induced by (then superfluous) the decom-
position into the ordered regions is considerable (depending on the
values of p and the sizes of the problem, the solution times can vary
from one to 20 times more than the classical method). Moreover,
this procedure need approximately half of the number of iterations
used by the classical method.

7. Concluding remarks

In this paper, we have presented a resolution procedure for the
convex ordered median problem with £p-norms. This approach be-
comes a very robust methodology because of the flexibility of this ob-
jective function, which allows us to deal simultaneously with many
classical models of Location Theory as well as with new ones. In-
deed, this paper provides a common methodology to solve median,
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center and cent-dian problems, among others. Moreover, this pro-
cedure allows us to solve well-known types of problems for which
currently no resolution method has been published, for example, the
k-centrum problem with £p distances.

On the other hand, in the literature, solution procedures for the
ordered median problem have only been developed for the case of
polyhedral gauges. Therefore, this paper is the first approach to deal
with ordered median problems using smooth gauges. Hence, this
paper opens a new avenue of research to deal with ordered location
problems using these types of gauges.

Finally, after reading this paper, one might suggest that the orig-
inal problem could be solved with the application of a Diagonal
algorithm by selecting a decreasing sequence {en},.r. However,
the sequence generated by this method could be non-convergent.
For instance, it would be possible to find a sequence, such that,
xd ¢ B;q(ai, aj), xdt1 e B;q(a,-,aj) and x4+1 géB;q“ (aj, aj) for >N, with
N>0. In this case, the sequence does not leave the approximated
bisector B‘"’q(ai,aj) and consequently it might not converge.

Appendix A.

Lemma A.1. For any « < [0, 1] we have that P*5(x9) e Oﬁ( U Ofﬁ

Proof. First, we prove that ||§Z§((xq)|\p<||n||p, for any o € [0,1].
Define gj(o) = Q;J(xq) (see (12)), for j=1,2, then

(1- O()Vj Fs‘ﬁ(s)(xq) + O(Vj FS,B/(S)(Xq)
(1 - O()Cﬁ(s)‘}(xq) + OCC//(S)J(XQ)

gj(a) =

Hence gj(u) is a linear rational function of « and does not have vertical
asymptote because C/f(s)J‘ >0 and Cﬁ’(s i >0, for j = 1,2. Therefore,

|g](:x)| max{ \g]( ), |gj(1)|}, forj=1,2, and o € [0, 1]. Moreover, for
#=0, G2 ()= F y5)x). then |7, x)] = DP9 <pj(x) and for a =1,
GX(x) = F, p/(s)X): then 127 (%) = \Df ®) < 1;(x). Hence,
5, () < max{|Z ()], 15 ;(xDI} = (),
j=1,2, vael0,1].
Therefore,

OB, lhe(x — ag, Np — w/jtllhs(x - a[gt)llp
Dy OB,
_2l/p /2 <dp(xqv35(aﬁtvaﬂ[+1 ),

1P*5(x9) — x9p <

for all t#£s, t € {1 M — 1} and the result follows. [

Lemma A.2. Forxd ¢ Bg(aﬁ apg
that ¢ﬁ(s (x0) 0 and @ (x N0 o with B(s)= (B, ... Bu)
and B'(s)=(B1, ...,

Bs_1:Bsi1+ Bs» Bsy2+ -+, Byy), there exists at least one
% oS (g & 13 I3
value o* € (0,1) such that V* ~(x9) Bp(aﬂs,aﬁs+1 )m(Oﬂ(s) UO/)'/(S))'

q 4 RE
)and x9 ¢ Bp(aﬁt' ag,.q ) Vt#£s, such

Proof. Given x4, the function &,q(x) (see (13)) is continuous. In ad-
dition, if « = 0, we have that P%*5(x4) = Pps(x) € O%,(S), and
then &,q(0)>0. On the other hand, if & = 1 we have that P*5(x4) =
¢ﬁ/(s)(xq) € O%(S) and then &,q(1) <0. Hence, using the continuity of

Eyq(ar), there exists a value o* € (0,1) such that {,q(a*) =0, that is,

op Ihe(P* (19 —ag )lp = g Ihe(¥**(xT)—ag_ lp-

Therefore, by Lemma A.1 we have that ¥* 5(x9) e Bg(aﬁs,aﬁHl )N
U0, ) and the result follows. [

(0] Bs) = TBs)

Lemma A.3. The sequence generated by the algorithm given in (21) is
bounded.

Proof. Let {xq}qu be the sequence generated by the algorithm given

n (21). Notice that either x4 is obtained by a modified gradient
method with stepsize lower than the one of the Weiszfeld algorithm
or x4 belongs to a sufficiently small neighborhood of x4-1. In any
case, since the Weiszfeld algorithm gives a sequence contained in
the convex hull of the existing facilities, we have that {xq}qu is
bounded. [
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