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1. Introduction and preliminaries

In this paper k is a (commutative) field of any characteristic. All rings are k-algebras. PBW algebras
are defined in [1]. They are given by generators and quantum relations (definitions later), and they are
also called polynomials of solvable type in [2] and G-algebras in [3-6]. In [7], there is an algorithm to
check if a given algebra is a PBW algebra. The algorithm has two steps: first it computes an admissible
ordering which “bounds” the quantum relations, and second Bergman’s Diamond Lemma is used to
checklinear independence. However, the orderings computed in the first step are not suitable to handle
subalgebras and eliminate variables. Let us define some concepts to clarify the previous ideas.
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Let R be a k-algebra and let X = {x4,...,Xp} be a set of elements in R. Let NP be the free abelian
semigroup. For all 1 < i < p let ¢; be the canonical generators of NP i.e. ¢; is the element of N? such
that all of its coordinates are equal to zero except the ith which is equal to 1.

(i) An admissible ordering < on NP is a total order such that for all &, 8,y € NP, a < 8 implies
a +y < B+ y.In commutative algebra they are also called monomial orderings since there is a
closer connection with monomials in a commutative polynomial algebra.

(ii) Let « = (a1, ...,ap) € N?. An element X* = x‘i“ ~--xg” is called a (standard) monomial in X. A
(standard) polynomial in X is a k-linear combination of standard monomials.

(iii) Let f = )", c,X* be a polynomial in X. The Newton diagram of f is defined as A (f) = {a €
NP|c, # 0}. Let < be an admissible order in N®. The exponent of f (with respect to <) is exp(f) =
max< A (f).

(iv) A quantum relation is

XjX; = q;jX;X; + p;j where g;; € k* and pj; is a polynomial. (1)

This quantum relation is <-bounded with respect to an admissible ordering < on NP if and
only if exp(pj) < €; + €. A full set of quantum relations is a set of quantum relations for each
1<i<j<p.

(v) Ris said to be a PBW-algebra with respect to an admissible ordering < if

(PBW1) the set of standard monomials {X*|« € NP} is a k-basis for R,
(PBW2) R satisfies a full set of <-bounded quantum relations.
If R is a PBW-algebra then for all o, 8 € NP
X*XP = 4 X 4 pyp where qo 5 € k* and exp(pyp) < @ + (2)
or equivalently for all f,g € R
exp(fg) = exp(f) + exp(g). 3)
This can be seen in [1, Propositions 1.3 and 1.7], although [7] contains a more general approach. Let
us see some examples.
Example 1. The quantum space ()4 (kP). It is generated by X = {x1,...,X,} and it satisfies the relations
xjx; = qjx;x; forall 1 <i<j < p, where g;; € k*.
The commutative polynomial ring is a particular case of this quantum space when g;; = 1 for all
i<j.

Example 2. The n x n quantized uniparametric matrix algebra (g (M (k)) is generated by x;;, 1 < 1,j <
n with relations

qXiXij k<ij=1,
oy ) AXkiXij (k=1ij <D,
XXk = XpiXij k<ij>D,

XaXig + @+ g Dxgxy k<l <})).

Example 3. Weyl algebras and enveloping algebras of finite-dimensional Lie algebras are also examples
where q;; = 1foralli <.

Example 4. Let U = Uy(C) be the quantum enveloping algebra in the sense of [8,9] associated to a
Cartan matrix C. This is an algebra over C(q), where q is an indeterminate. Following [10], U can be
presented as a quotient of a PBW algebra. Details when C = A, are given in Appendix.
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Let R be a k-algebra generated by X = {x1,...,xp} and satisfying a quantum relation (1) for each pair
1 <i<j < p.In[7],analgorithm to check whenever R is a PBW-algebra with respect to X is provided.
This algorithm is organized in two steps,

STEP 1 an admissible ordering < such that exp(p;;) < ¢; + ¢; for alli < j is computed if it exists [11],
STEP 2 Bergman’s Diamond Lemma [12] is applied to see the linear independence of standard
monomials.

A different but closer approach to the second task is the Non Degeneracy Condition studied in [5].

The computed ordering in the first step is a weighted one; a (weights) vector w € (N¥)P is computed
suchthatforall1 <i<j<pandalla € A (pj), (¢, ®) < w; + wj; hence the ordering <,,,,, defined by
((X,CO) < <.B- w) or (4)
(a, ) = (B, w) and a <jex B
satisfies the requirements. Note that the lexicographical ordering <., can be replaced by any other
admissible ordering.

These weighted orderings have been used to compute Gelfand-Kirillov dimension of finitely gener-
ated R-modules. They are useful for this task because all coordinates of w are strictly positive. However
they do not work properly to handle subalgebras. The elimination orderings are the right choice for
this.

Let R be a k-algebra generated by X = {xq,...,Xp} and satisfying a full set of quantum relations
like (1). Let X' = {x;,,...,x; } be a subset of X and let Y = X \ 2 be the complementary subset. We will
identify X (resp. X \ 2) with the subset {iy,...,ir} € {1,...,p} (resp. {1,...,p} \ {i1,....ir}). Let Ry be the
k-subvector space of R generated by {Z* = x:?i1 . -x;’f lo e N

Let us define the canonical maps, injection

is :N'— NP; o+ ix(@) =expZ®) = aq€, + -+ are,
and projection
s NP N, o 75 = (s @) = aj €1 + - +aj e

Let N; be the image of N" in NP via iy. These definitions can be extended to Y if needed.

U =ex o, {

Definition 1 [6, Definition 5]. Let R be a PBW-algebra with respect to X = {x1,...,Xp} and an admissible
ordering <. Let X' = {x; ,...,X;,} be a subset of X. The ordering < is called an elimination ordering for
Y =X\ Xifforany f € R, exp(f) € N implies f € Ry.

The next proposition is a direct consequence of the definition.

Proposition 2. < is an elimination ordering for X \ X if and only if for all «, 8 e NP, g e N§ and « < 8
imply « e N%.

Proposition 3. If < is an elimination ordering for X \ X then

(1) forall {i,j} < {iy,...ir}, with i < j, pj € Rs,
(2) Ry is a subalgebra of R.

Proof. Since p;; = X;x; — q;x;x; for each pairi < j, the first assertion follows from the second one. So let
a,B e N".By (2) exp(Z*2?) = is(a) + ix(B) € N%, hence 2*2# ¢ Ry as desired. [

Example 5. An Ore extension A[x; X, 5] of a ring A, where X is an automorphism of A and § a 2-
derivation, is given by the rule xa = X (a)x + §(a). Weyl algebras, quantum matrices and quantum spaces
are instances of an iterated Ore extension R = k[x11[X2; 27,83] - - [Xp; 2p, p], where X (x;) = gjjx; for all
i < j. The lexicographical ordering with €; < --- < ¢p is an admissible ordering for R. This ordering in
an elimination ordering for all 2 = {x,...,x;}and Y =X\ 2 = {x;,1,...,Xp}. See [2].
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The existence of elimination orderings for a given PBW algebra is characterized in this paper. We
compute a weights vector o such that w; = 0 for all index i such that x; € 2 if an elimination ordering
exists for X \ 2. In order to prove this result, we have analyzed the elimination orderings on NP. Finally,
asubclass of elimination orderings is considered to handle some Ore subsets and classical localizations.

2. Existence of elimination orderings

Letp=e+randletX ={e+1,...,e+r1} C{1,...,p}. We say that an elimination ordering for X \ 2~
is an (e, r)-elimination ordering. We also denote iy = i; and =y = 7. Sometimes we will identify o” =
irmr(a) and of = a — . It follows from Proposition 2 that < is called an (e, r)-elimination ordering if
andonlyifforalle € N',and all 8 € N, 8 < i, () implies 8 = B". The next characterization allows the
extension of the concept of elimination ordering.

Proposition 4. < is an (e, r)-elimination ordering if and only if forall 1 <i < eand all« € N, it follows
ir(@) < €.

Proof. Let 1 <i<eanda e N".If¢; < ir(a) then ¢ = e/.But el =0, hence ir(@) < €.
Conversely, let« € N, 8 € NP such that 8 < i, (). If 8 # g then there exists 1 <i < eand g € NP
suchthat 8 = ¢; + B'.S0 8 < ir(a) < €; < €; + B’ = B, a contradiction. [J

Remark 5. Proposition 4 allows the extension of the definition of elimination orderings to Z”, QF and
RP.

Definition 6. An admissible ordering < on Z” is called (e, r)-elimination ordering if forall 1 <i< e
and all « € Z” (resp. a € Z"), it follows o < ¢; (resp. iy (@) < €;).

Proposition 7. < is an (e, r)-elimination ordering on NP if and only if its extension to Z” is an (e,r)-
elimination ordering and N? is in the positive cone.

Lemma 8. Let < be an elimination ordering and let 0 +# w € ([R(J{)P such that B < a implies (v, B) < (o, a).
Then o = (we, 0).

Proof. Since < is an elimination ordering, forall 1 <i<eandalla € N, (0,a) < (¢;,0). Hence, w; =
(e, @) = {(0,a),w) = (a,0"). Let s € N such that s > w; forall 1 <i < e.Ifo" # 0, then (o, (5,.7.,5)) =
S > wj, a contradiction. []

This lemma gives us how elimination orderings should look like. In [ 13], admissible orderings on N?
are parameterized by equivalence classes of matrices. For each ordering < there exists A € 4 pxm(R)
such that « < g if and only if @A <jex BA; m depends on the dimension of entries of the matrix A as
(-vector space; see [13] for details. In most examples m = p and A is regular. The previous lemma says
that the first column w of A should satisfy w = (we, 0). We can look for examples with this property.

Definition 9. Let < be an admissible ordering on Z”. A subset % of Z? is called positive with respect
to < if 8 > O for all B € 4. This is denoted by % >~ 0. 4 is called positive if there exists an admissible
ordering such that 4 is positive with respect to it.

We want to characterize those finite subsets of Z” such that they are positive with respect to an
elimination ordering. The existence of elimination orderings is going to be reduced to the existence of
(e, 1)-elimination orderings.

Proposition 10. Let 9 be a finite subset of 7°, If & is positive with respect to an (e, 1)-elimination
ordering < on Z°*" then there exists w € R®"! such that
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(@) w1,...,0e > 0,
(b) Wey1 = 0,
(c) (B,w) > Oforall g c A.

We need some previous lemmas to prove Proposition 10. So let 4 be a positive finite subset of aal
and let < be an (e, 1)-elimination ordering. We assume ¢1 > --- > €0 > €., 1 Without loss of generality.
Let

B =BUle1 — €. 0€e-1— €er€er1)
and foralln e N
gn = %, @] {Ge — Tlee+1}

Since < s (e, 1)-elimination we have that %,, > Oforalln € N.Let 4" = {81, ..., 85}. We can assume
B =¢—¢gforall 1 <j<e-—1,and p°=ceq. Let ry,...,1s € RT\ @ such that {rq,...,1s} are Q-

linearly independent. For a fixed n € N let us write 8% = ¢ — ne,, 1 and ry = 1. Let us call

Cp={we R (Bl w) >riforall0 <i<s).
Lemma 11. C;, is a nonempty polytope.

Proof. It is a polytope because it is the intersection of a finite number of hyperplanes. Let

On = {w e RE(B,0) > 0V € By).
It is clear that C; € Oy. By [11, Proposition 2.1] O, is nonempty, so let wg € O, and let

r.
Ao = max .71 .
0<i<s ﬁ' o)

Then for all 0 < i < s we have (8, A\gwg) > 13, hence Agwg € Cy and so G, is nonempty. [

Lemma 12. There exists K € R* such that for each vertex w in one of the polytopes C, and for all 1 <i <
e— 1, we have we < wj < Kwe.

Proof. Since {80 = ¢ — Nee 1,8 = €1 —€p,..., BE1 = €e1 — €e, BE = €o1) C B, We have
W] 2 2 we 2 weyq = Te > 0. (5)

Therefore, we only have to prove that w; < Kw, for some K e R*. Let w be such a vertex. There exist
ne N and e + 1 elements {84, ..., Ble+1} C %y such that w is the unique solution of the linear system

i i
Bilwy+ -+ Bl we + Bl ywer1 = Tiy,

i i
.31 w1+ + B we + ﬂe:_]a)e_'_] = Ti»

i i
ﬂ]e+1 + Be o we + ﬂee:} Wet1 =Tippq-
If1 <ij,...ler1 < sthen wis independent of n and w; > 0 for all i implies w4 is bounded by some

positive multiple of we. So let us assume without loss of generality that i,,1 =0, i.e. the defining
equations of w are

i i
Bilwr+ - + B we + Bl jwer1 = Tiy,

i i
.31 w1+ -+ B we + /3911we+1 =Ti,,

We — na)e+1 =1.
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Using Cramer’s rule

i1 i1 :
I BT
Ky + Koy + K3n
w, 4 5 fo_ [
€ ,BfA o ﬂ; 1T,
Bt Beq T

Hence, if K5 # 0 then Z’)—; is bounded as desired. Let

i i i
By s By !
B=| -
i 1 i 1 i 1
By o B e’
ie ie ie
Bi R e

and let B;; be the i,j-adjoint. Since gh, ..., Bl are linearly independent it follows that the adjoints
B, - - Be—1,, Bee cannot be all of them equal to zero. But r; By +--- +1j,_ Be_1,¢ +1j,Bee = 0 if and
onlyifBye =--- = Be_1e = Bee = Osince {ry,,...,1;, ,,1;,} are (-linearly independent. Therefore, K5 #
0 and the lemma is proved. []

Proof [Proof of Proposition 10]. For alln € N let v" be a vertex of the polytope (it exists by Lemma 11).
Since v} > mv" . > 0, we can define " = Ul,,v". By Lemma 12 and (5), and since v 2> nvy, ,, it follows:

e+1
n Vlrl : n vg+1 1
1<w,.=v <Kforalll1<i<e and 0<w9+1=W<H. (6)
e e

(Note that o} = 1 for all n). Let 2 : N — N be an increasing map such that all forall 1 <i < e+ 1 the
sequences {wiZ (")} are convergent. Let

vi= lim o7 ™ forall 1 <i<e+1.
n—oo
By (6) vq,...,ve > 0and veq = 0.Forall g € %, since 1v] +--- + V] + Bet1vg,q > 0, it follows:
(B,v) = B1v1 + -+ Beve + Bes1Ver1 = nlerolO:Bl”? o4 B + ﬁe+1”g+1 = 0.

So v is the desired vector. [

It remains to see the general situation. First we see the density results.

Lemma 13. LetA,B € 7P andletX = {x € RP \ {0}V« € A, (x,) > 0and Vg € B, (x, B) = 0}.IfX + @ then
Xn@QP 2.

Proof. LetV = {x ¢ RP\ {0}}V8 € B, (x, ) = 0}and U = {x € R” \ {0}|Va € A, (Xx,a) > 0}.ThenX =UNV
is a nonempty open set in V. Hence by density X n Q” is also nonempty. O

Proposition 14. Let 4 be a finite subset of 7°. Let H= {x € RP|x =x,Vie {1,...e},x; > 0 and VB €
B, x,B) = 0VIfH+ D thenHN NP + .

Proof. Fix ve H. Let Ay = {8 e #|(v,8) >0} and By = {8 € B|(v,B) =0}). Let A=A U {1 <i< e}
and B =By U {¢jle +1 < i < p}. Lemma 13 ensures HN QP + &. Letu € HN QP, since u; > 0 for all i,
we can multiply by a common denominator to obtainw € HN NP, [J
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We can now prove the first theorem.

Theorem 15. Let 4 be a positive finite subset of ZP and let X = {iy,...,i;} € {1,...,p}. There exists an
elimination ordering for {1,...,p} \ 2 on Z” such that 8 > 0 for all 8 € A if and only if there exists w € NP
such that

(a) wj #0foralli¢ 2,
(b) wj=0forallje X,
(c) (B,w) = 0forall p e A.

Proof. Necessary condition is easy: Let < be the admissible ordering which allows 4 to be positive. If
such vector o exists then the ordering <,, defined by

< (B,w) oOr

(o, )
aﬁwﬂ@{ w)={B,0) and o <pB

is an elimination ordering for {1, ..., p}\ 2.
So let us prove sufficiency. Up to a reordering the positions we can assume 2~ = {e+ 1,...,e + 1}, i.e.
< is an (e, r)-elimination ordering. (This clarifies the notation). Let us define two maps.

~ Ze+r N Ze+1
B> B = (B, BeyMaX{Be 11, - Perr})

and

_. Ze+1 _ Ze+r,
Br— B=(B1.....Be: Bet1r-" o Bes1)-
Let # = (B1,.. ﬁs} c Z°" be positive and let < be an (e, r)-elimination ordering such that g > 0
forall1 <i<s.let# = {ﬁﬂ . £5) and let <’ be the ordering on Z¢*! defined by
ax'B = a=xp

Itis easy to check that <’ is an admissible ordering. Moreover, if 1 <i < ethen(0,...,0,n,.7.,n) < ¢
and hence ne, ;1 <’ €. Therefore <’ is an (e, 1)-elimination ordering.

Sinceforalla e Z¢*" thereexists y € N®*" suchthat& = « + y, it follows that 0 < giforall1 <i <s.
Hence, 0 <’ gi for all 1 < i < s. By Proposition 10 there exists v € R®*! such that

( )Ulv'- ve > 0,
(b )Ve+l =0,
(¢) (B,v) = 0forall f e 4.

Since v = (v1,...,ve,0,.7.,0) satisfies for all 8 ¢ #
(B,v) = (B,v) >0,

we have proven that H = {x € RP|x{,.. ., Xe > 0,Xe ] = -+ = Xeyr = OandVﬁe@@ﬁ 0} £ &, 50
by Proposition 14 there exists @ e HN NP i.e. wi,...,we > 0, wey1 =+ = weyr = 0 and for allpe #
(B,w) > 0 as desired. [

3. Elimination of variables

Let R be an algebra generated by the set X = {xy, ..., Xp} and satisfying the quantum relations (1) for
all1 <i<j<p.
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Theorem 16. Assume that there exists an admissible ordering < on NP such that the quantum relations
(1) are <-bounded. Let X' = {x;,,...,X;.} be a subset of X. The quantum relations (1) forall 1 <i<j<p
of R are bounded with respect to an elimination ordering for X \ X if and only if there exists w € NP such
that

(i) forallie 2, w; =0,
(ii) foralli e X \ 2, wj #+ 0,
(iii) foralli < jand all a € N (py), (o, 0) < wj + wj.

Proof. The relations of R are <-bounded ifand only ifforall1 <i <j < pandalla € A (py) it follows
@ < € +¢. Let Bj = {¢; + ¢ —ala € A (p)} and # = [ J;_; B. Let us use the same symbol < to denote
the extension of this ordering to Z”. Then the quantum relations of R are <-bounded if and only if
% > 0. Hence, the proof follows from Theorem 15. [

This theorem can be used to decide effectively if there exists an elimination ordering for some
variables in a PBW-algebra. Let R be an algebra generated by X = {x1,...,Xp} and satisfying <-quantum
relations (1) for all i < j. Let 2’ = {x;,,...,x; }. As in the previous proof let Bjj = {¢; + ¢; — ala € A" (p;)}
and % = U;_; Bjj.

Consider the following linear programming problem

minimize f(xq,...Xp) =X+ - +Xp
with the constraints

xiz1 (i¢liy,... .0, (7)
D= Xj =0 (elit,...ir}),

B:x) =20 (BeDB).

Proposition 17. The set of <-bounded quantum relations (1) for all i < j is <’-bounded, where <’ is an
elimination ordering for X \ X, if and only if the linear programming problem (7) has a solution. Moreover
for each solution w of (7), the ordering <, is an elimination ordering for X \ 2.

Proof. The linear programming problem (7) has a solution if and only if the feasible region @ is not
empty (notice that the linear functional f(x4,...,xp) is bounded from below whenever the feasible
region is not empty). Hence, the proposition follows from Theorem 16. [

Remark 18. Thanks to Proposition 17 we can implement an algorithm to decide if there exists an
elimination ordering for a given set of variables. It is desirable to choose an environment where the
simplex algorithm is implemented. Once the simplex algorithm has provided a solution with real
coordinates, the ideas in Lemma 13 and Proposition 14 allows to find a solution with non-negative
integers as coordinates. In the examples we have checked, the solutions of the simplex algorithm are
usually integer solutions as desired. The computations made in the appendix have been done with
Mathematica©.

However, we think that PLURAL [14,4] is a very good choice. A procedure similar to Gweights in the
library nctools.1ib [15] can be developed. We do not expect any serious difficulties.

The main application of elimination orderings is the following classic result:

Proposition 19 [6, Lemma 2]. Let R be a PBW algebra with respect to an elimination ordering < for X Let
I C R be a left or a right ideal. If G is a Grobner basis for I then G N Ry is a Grébner basis for N Ry.

So we can compute a set of generators for I N Ry once we know a set of generators for I. In
the commutative case, i.e. R = k[xy,...,Xp], the thesis of Proposition 19 characterizes elimination
orderings:
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Lemma 20. Let R = k[xq,...,Xp], let < be an admissible ordering and 2 < X. If for each ideal I < R and
each Grobner basis G of I, G N Ry is a Grébner basis for I N Ry then < is an elimination ordering for X \ X.

Proof. Let o < g with 8 € N%. Assume o ¢ N&. Let G = {X*,X#} and G’ = (X%, Xf + X“}. It is clear that
G and G’ generate the same ideal I, and it is easy to see that G and G’ are both Grébner bases for I. Hence,
GNRy = {X?} and G’ N Ry = & are both Grobner bases for I N Ry, a contradiction. Hence, « € N as
desired. [J

Remark 21. In view of Lemma 20, elimination orderings are necessary in the commutative setting to
perform elimination of variables. In the non commutative setting Ry is not necessarily a subalgebra
since it is the k-subspace of R generated by {X*|« € N'}, and G and G’ are not necessarily a Grébner
basis for the left (or right) ideal they generate. So the previous proof does not work in the non commu-
tative setting. However, since non commutative PBW algebras are more restrictive with respect to the
possible orderings, it is not reasonable to think that elimination of variables can be performed without
elimination orderings. In our setting we say that a set of variables can/cannot be eliminated with the
help of Grobner bases if there exists/there does not exist an elimination ordering for this set. If Ry is
not a subalgebra we could consider the subalgebra generated by X, but we do not know how to work
with this more general setting.

We finish this section with a result on the structure of PBW algebras with respect to an elimination

ordering. LetX = {xq,...,xp} beasetof elementsinR, 2 = {x; ,...,x; }asubsetasusualand Y =X\ 2 =
{Xj,, ..., X;,}, the complementary set. Let’s regard that for all « € N" and all 8 € N°
Y =X=@ apd YP =XW®), (8)

Proposition 22. Assume R is a PBW algebra with respect to X and an elimination ordering < for Y. Then
Ris a left (right) free Rx-module with basis {Y#|8 € N°}.

Proof. Letfirstseethatallf e Rbelongsto} s ne R5>Y#.We are going to prove it by induction on exp(f).

Ifexp(f) = 0 (evenifexp(f) € N%) then the result is clear. So let f = cX®*P()  f" with exp(f’) < exp(f).
Let’s call « = mx(exp(f)) and B = my (exp(f)), then exp(f) = ix(«) + iy (B). By (2) there exists q = qqp €
k*, such that

Xiz@+y(®) — gxix@xiv(® 4 p where exp(p) < ix(@) + iy (B).
Hence by (8)
f=cqX*YP + cp +f" with exp(cp +f') < exp(f).

Inductipn hypothesis ensures cp +fe¥ ene RZY.V, and thereforef €2, ne RxY? as desired.
It remains to prove the linear independence. Consider the expression

fAYF 4. 1 f,YF' wherefi,.. .fi € Ry \ {O}.

We can assume ! < --- < gt. Hence, exp(f;Y#') # exp(/;Yf‘f) forall 1 <i+j <t Thenexp(fyY# +
o+ f;YP) = max{exp(fiYF)|1 <i<t} and fiYF' +...+f,YF £0. The linear independence is

proven. [
4. Block orderings and localization

Let us analyze the localization. To localize in Ore sets we are going to focus on an interesting family
of examples of elimination orderings, the block orderings.

Definition 23. Let <, and <, be admissible orderings on N" and N¢, respectively. Let p = e + r as usual.
The ordering < on NP defined by
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wy(a) <e wy(B) Or

«Xp — {ny(a) =nay(B) and my(a) =r 7x(B)

is called (Y, 2)-block ordering.
Proposition 24. A block ordering is an elimination ordering forY = X \ 2.

Proof. Let 8 € N&, i.e. B = ix(7x(8)), and let « < B. Then ny(a) <e 7y (B) since < is a block ordering.
But 7y (8) = 0 because g € N, hence 7y (o) = 0 and then « € N as desired. [J

Remark 25. Let < be a (Y, 2)-block ordering, where <, and <; are the corresponding admissible
orderings on N® and N, It is easy to see that for all &, 8 € N¢, & < g if and only if iy(a) < iy (8).
The same applies for each pair y,s € N'. Hence, the orderings on each part of N” can be recovered
from <.

Remark 26. It is well known that tensor products of PBW algebras are PBW algebras. The orderings
which provide PBW structures on tensor products are block orderings. See [7] for details.

Example 6. Let < be the ordering on N* defined by the matrix

1 0 1 O
2 0 3 0
0o 1 0 1)
0o 1 1 O

i.e.a < gifand only if

(a1 + 200,03 + ag, a1 + 3z + a4,03) <jex (B1 +2P2,83 + B4, f1 +3B2 + B4, B3)-

Since the first column is (1, 2, 0,0), this ordering is a ({1, 2}, {3, 4})-elimination ordering. However,
we have

1,1,1,00 < 3,0,1,1)
but
(1,1,0,0) > (3,0,0,0),
hence < is not a ({1, 2}, {3, 4})-block ordering.

The existence of block orderings can be characterized in a similar way to Theorem 15:

Theorem 27. Let % be a positive finite subset of ZP and let X = {iy,...,ir} € {1,...,p}. There exists a block
ordering for Y = {1,...,p}\ 2 on Z” such that g > 0 for all 8 € 4 if and only if there exist ¢ € (N™)e and
o e (N such that

(ry(B),w®) >0 or
V6 €%, {<ny<ﬁ>,we>=0 and (r5(8),0') > 0.

Proof. As before, if there exist »® € (NT)¢ and " € (N1)" satisfying the desired properties then the
ordering

7y (@) <[exee Ty (B) O

a2p = {ny(oo:ny(ﬁ) and 75(0)<jexr 75 (B)

is a block ordering such that g - 0 for all 8 € #. Recall that <y . and <, are defined in (4).
So assume 4 is positive with respect to a block ordering =, and let <¢, <; be the corresponding
orderings on N® and N'. Let Z° = {zy ()| € )\ {0} € Z° and B' = (w5 (B)|B € B, ny(B) =0} Z".
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Since < is a block ordering we have %°, 4" are positive with respect to <. and <, respectively. By [11,
Proposition 2.1]1006.16023, there exist »® € (NT)¢and " € (NT)" such thatforall g’ € %° (8,0 > 0
andforall 8" € #" (8", ") > 0.Hence forall 8 € B, ny(B) € #° and (wy(B), ) > 0,0r 75 (B) € £ and
(mx(B), ") > 0 as desired. []

Let R be a domain. Recall that S C R is a left Ore set if for all r € R and all s € S there exist i’ € R
and s’ € S such that s'r = r’s. Right Ore sets are defined analogously. Ore sets are those which allow
the definition of rings of quotients: fractions are equivalence classes of pairs (s,a) € S x R via the
equivalence relation (s,a) ~ (t,b) if and only if there exist ¢,d € R such that ¢s = dt € S and ca = db.
The arithmetic is defined by

(s,a) + (t,b) = (u,ca + db), whereu =cs =dt €S,
(s,a) - (t,b) = (us,cb), whereua=ct and ueS.
It is denoted by Qs(R). We refer to [16, Section 2.1] or [17] for details concerning localization. In

particular it is proved that if R is a Noetherian domain, the set of nonzero elements is an Ore set. We
use widely Proposition 22.

Proposition 28. Let R be a PBW algebra with respect to X and a (Y, X)-block ordering < . Let S = Ry \ {0}.
Then S is a left and right Ore set in R.

Proof. Lets e Sand ) ;_; asY? € R. In order to prove that S is left Ore we are going to find s’ € S and
> s<w @5Y° € R such that

> aYs=s") "asY’. (9)
=’ 3=

Since < is a block ordering it follows that

exp (5’ ZasYa) = exp(s’) + exp(a) + iy (L), (10)
8=<h
Y’s = s,;Y’, wheres,, €. (11)
o=y

It also follows from (10) that

exp (Z agYas) = exp(a,/) + exp(s) + iy (\)). (12)

=N
So ' =i ifboths and ) ;_, ajY® exist. Since

$Y 0¥ =) $anY?,

S S

by (10)
Za’yYV s:Za/y(YVs)
Y= Y=
= Za/y (ZSMY‘S)

y=A =92

= Z a,s,sY°.

Sy =i
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So for all § < 1 we have to find s" and d/,, for all y < A such that
sSas= Y a,sys. (13)
S=xy =i

Let us proceed by induction on A. If 2 =0, then }_;_, asY® = ag € Ry, and since S C Ry is left Ore
(see e.g.[16, 2.1.15]) then there exist @’ € Ry and s € S such that s’a = a’s. So assume A > 0.
Forall § < A letbs € S = Ry \ {0} such that

Sisbs = suby €S if 535 #0,
bs =1 ifs;; =0. (14)

They exist because S is right Ore in the domain Ry, see [16, 2.1.8]. For all § < A let

3 — asbs —a, by, if $,5 #£0,
Clab,s =ds if Sxs = 0.

By induction there exist Y, _, a,Y” and s such that for all 5 <

S//ag = Z a;Sygbg. (15)

Sy <X

Moreover there exist a;, € Ry ands” e S such that

GX,SAAb)L = swakb)\ (16)
because S is left Ore in Ry. Let s' and sV such that
sVs"'=sVs" =5 €§ (17)
and let
,)sVay i s <,
as = v .
sa, ifs=a.
First

s'a,by =sVs"ab, by (17)
=sd, s,.b; by (16)
= d,S,,.b; by definition,

hence, s'a; = a} s, = ijyjk a,sy;. because Ry is a domain, and (13) has solution in this case. Now
assume § < A and s;5 = 0. Then

s'ashs = s'Vs'as by (17) and definition
= > sVas,sbs by (15)
S<y <
= Y d,s,sbs by definition

S=xy=<A

- Z a,,s,5bs because 5,5 = 0.
S=y=x

We can also cancel bs out and we have (13) in this second case. Finally, let § < A and s;;5 # 0. We
have

s'ashs = s'(as + a,b;) by definition
=sVs"as +5Ys"a, b, by (17)
= > sVa}s,sbs +5Ys" a,b; by (15)

Sy <A
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=) slva;sygbs +5Va, s;,b;, by (16)

Sy <h

= Z s’Va;sy,;b,; +5va;516b8 by (14)

Sy <A

= Z a,,s,5bs by definition.

d=xy=a

Once again we can cancel bs out and we have (13) in the lase case. Therefore we have covered all
possible cases and the proofis finished. [

What can we say about effective computations? Using syzygy modules, if A is a PBW algebra and
S = A\ {0} then the localization Qs (A) is a computable division ring. See [18,7] for details (see [19] for
a previous non commutative reference in enveloping algebras of Lie algebras). In our setting, we have
to take more care. We recall from [20] that a ring extension k < B of a division ring k is called a PBW
ring if there exists X = {x1,...,Xp} € B and an admissible ordering < on N* such that

(1) Bis a free left lk-module with the standard monomials in X as a basis.

(2) forevery 1 < i< pandeverya e k\ {0} there exist g;, € l\ {0} and a standard polynomial p;,
such that
Xia = qjgX; +Pia and  exp(Pig) < €,

(3) foreach 1 < i <j < p there exist g;; € k \ {0} and a standard polynomial pjj such that

XiXi = q;ixiXj + p;j and  exp(py) < € + €.

i.e. it satisfies a full set of quantum relations for a non commutative base ring. The arithmetic and
algorithms to compute in a PBW ring can be seen in [20,7]. So effective computations are possible in
PBW rings.

Theorem 29. Let R be a PBW algebra with respect to a (Y, 2)-block ordering < and let S = Ry \ {0}. Then
Qs (R) is isomorphic to a PBW ring over the division ring Qs(Ry).

Proof. Let T be the free left Qs(Rx)-module with basis {Y*|« € N°}. Let @ be the map
@:Qs(R) —> T,
(s, ZaaY"‘) > Y (S,d,)Y%.

Let us prove that @ is well defined. Assume (s, ", a, Y%) ~ (t, > 5 bs Yﬂ>. Then there exist ¢,d € R
such that cs=dt e Sand ¢}, a,Y* =d Y, bsY”. Since cs = dt € S and < is a block ordering, it fol-
lows that c,d € S. Hence, ), ca,Y* =cY , a,Y* =d ), bgYf = Y dbgY? and then Y, (s,a,)Y* =
Zﬂ(t, bp)YE. If 3", (5,0,)Y* = 0, then a, =0 for all « € N°® hence @ is injective. Moreover, given
> o (Sa,04) Y € T there existb, € Ry foralle, g € N¢ such thata,, ag + Osatisfying b,s, = bgsg =s €S,
SO (S, o) ~ (S, bely)and )", (Sq, Gx)Y® = @ (s, >, b, Y*).Hence, @ is also surjective. Via this bijection
T is an algebra.

Let (s,a) € Qs(Rx) and y; € {y1,...,Ye}. By Proposition 22, using the fact that < is a block ordering,
ayi = q;aYi + Pig Where gjg € Ry and pjg =3, _ . G Y*. SO

Yils, @) = (5, qia)yi + Y _ (5,0)Y".
Analogously
Yiyi = qiyiyj + Z a,Y*.

a=<e€jte;j
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Hence, T is a PBW ring over Qg(Ry). [l

Therefore, effective computations are possible in Qs(R) when R is a PBW algebra with respect to a
(Y, 2)-block ordering and S = Ry \ {0}.

Appendix: Ug(Az)

We finish with a non trivial example, the quantized enveloping algebra associated to a Cartan matrix
of type A,. Consider the PBW algebra V generated by f1,f13./23. k1, k2, 11,15, €12, €13, €23 and satisfying
the following relations:

fisfiz = a 2f1of13,
fasfiz = ¢fiafos — dfiz,
fasfis = 4 2 f13fo3,

613612 = qg2€12€13.
€23€12 = (q°€12€623 — gé13,
€23€13 = (q “€13€23,

e1nfi2 = frze12 +

qzqz‘

enafiz = fizenz + afazk?,

e1fr3 = fazern,

enki = g 2kierz,
einky = gkaery,

esk1 = q ke,
eisky = g ke,

kifiz = a2fi2ks,
kafi2 = qfi2k2,

kifis = q fisky,
kafiz = g fizka,

e13fiz = fioe13 — 71[ 1623, ex3ky = ql§12€23' kifas = QI1223’<1,

exafis = fisers — klkz—lfl2 exsky = q °kpex3,  kafoz = q *fa3ka,
BB /RS @2 eplh = q*hLer, lifiz = ¢*fi2hh,

esfas = fasens +qksen, eh =q 'hen,  bfia=q b,

exsfi2 = f2€23, eish =qless, hfiz = qfish,

exfiz =fizezs —q 2f1212v esh = qles, Lfis = qfish,

exfo3 = fazex + qzz, exh = q;h e, lhf;z= q;f2311.

ex3l = q°lers, bf23 = q°fr3l,
liky = kil;, Lk =k, kyki =kiks,

l] kz = kzl], lzkz = kzlz, 1211 = l] lz.

The elements kyl; — 1 and kyl; — 1 are in the center of V, so the left (or right) ideal I generated by
them is twosided. The quantized enveloping algebra associated to A, is Uq(Ay) = V/I. This follows from
[21, Section 3]. The constraints associated to the set 4 in (7) are (see also [11, Appendix])

e;p—ep3+ex3 =0,

—2ky —ep +e13 +123 20,
—f13 -2l +ex3 +£13 20,
—211 +ep+£f12 >0,

—211 — 21y +e3+£13 =0,
—21y +ep3+£23 2> 0.

f12 —f13+1£23 20,

=2k —fy3+epp +113 20,
=211 —ep3+e3+£12 20,
-2k +epp+£f12 =0,

—2k1 — 2ky + e13+ 113 >0,
—2ky +e33 + £33 =0,

The other constraints depend on the variables we want to eliminate. For instance:

(1) If we want to check that the variables fi3, >3 can be eliminated, then we have to add these

constraints
f12 =0, f13 2 1, £33 2 1,
k1 =0, k=0, 11=0, 1,=0,
e;2 =0, e13 = 0, €3 = 0.

The associated linear programming problem gives as solution f13 = 1 and £33 = 1, so these
variables can be eliminated.
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(2) If we consider the variables f, and f>3, the constraints are

fp21, £13=0, 321,
k1=0, kp=0, 1;,=0, 1, =0,
e12=0, e;3=0, e3=0,

and the LPP has no solution. So these variables cannot be eliminated.
(3) As alast example let us choose fi3, f3, l>, the new constraints are

f12 =0, f13 > 1, f23 >1,
k=0, k=0, 17=0, 1, >1,
e =0, e;3=0, exy3=0

and one solution is £13 = 2, £33 = 2 and 1, = 1, so the elimination of fi3, f>3, 5 is possible.

Acknowledgments

We would like to thank Viktor Levandovskyy for his comments and suggestions. This research
was initiated by the Special Semester on Grébner Bases supported by RICAM (the Radon Institute for
Computational and Applied Mathematics, Austrian Academy of Science, Linz) and organized by RICAM
and RISC (Research Institute for Symbolic Computation, Johannes Kepler University, Linz, Austria)
under the scientific direction of Professor Bruno Buchberger.

References

[1] José L. Bueso, J. Gémez Torrecillas, EJ. Lobillo, FJ. Castro, An introduction to effective calculus in quantum groups, in:
Caenepeel, Stefaan et al. (Eds.), Rings, Hopf algebras, and Brauer groups. Proceedings of the Fourth Week on Algebra and
Algebraic Geometry, SAGA-4, Antwerp and Brussels, Belgium, September 12-17, 1996, Marcel Dekker, New York, NY, Lect.
Notes Pure Appl. Math. vol. 197, pp. 55-83, 1998.

[2] A. Kandri-Rody, V. Weispfenning, Non-commutative Grébner bases in algebras of solvable type, J. Symb. Comput. 9 (1)
(1990) 1-26.

[3] Viktor Levandovskyy, Noncommutative computer Algebra for polynomial algebras: Grobner bases, applications and
implementation, Ph.D. thesis, Universitdt Kaiserslautern, 2005.

[4] G.-M. Greuel, V. Levandovskyy, H. Schonemann, Plural. A Singular 3.0 Subsystem for Computations with Non-
commutative Polynomial Algebras, Centre for Computer Algebra, University of Kaiserslautern, 2006. Available from:
<http://www.singular.uni-kl.de>.

[5] Viktor Levandovskyy, PBW bases, non-degeneracy conditions and applications. Buchweitz, Ragnar-Olaf et al. (Eds.),
Representations of algebras and related topics. Providence, RI: American Mathematical Society (AMS), Fields Institute
Communications vol. 45, 2005, pp. 229-246.

[6] Viktor Levandovskyy, Intersection of ideals with non-commutative subalgebras, in: Proc. of the International Symposium
on Symbolic and Algebraic Computation (ISSAC'06), ACM Press, 2006.

[7] José L. Bueso, José Gomez-Torrecillas, Alain Verschoren, Algorithmic methods in non-commutative algebra, Applications
to quantum groups, In: Mathematical Modelling: Theory and Applications vol. 17, Kluwer Academic Publishers, Dordrecht,
2003 (English).

[8] George Lusztig, Quantum groups at roots of 1, Geom. Dedicata 35 (1-3) (1990) 89-114.

[9] C. De Concini, C. Procesi, Quantum groups, in: G. Zampieri et al. (Eds.), D-modules, Representation Theory, and Quantum
Groups. Lectures Given at the Second Session of the Centro Internazionale Matematico Estivo (CIME) held in Venezia, Italy,
June 12-20, 1992, Springer-Verlag, Berlin, Lect. Notes Math. vol. 1565, 1993, pp. 31-140.

[10] Corrado De Concini, Victor G. Kac, Representations of quantum groups at roots of 1, Operator algebras, unitary represen-
tations, enveloping algebras, and invariant theory, Proc. Colloq. in Honour of J. Dixmier, Paris/Fr. 1989, Prog. Math. vol. 92,
1990, pp. 471-506.

[11] J.L. Bueso, J. Gémez-Torrecillas, FJ. Lobillo, Re-filtering and exactness of the Gelfand-Kirillov dimension, Bull. Sci. Math.
125(8)(2001) 689-715.

[12] George M. Bergman, The diamond lemma for ring theory, Adv. Math. 29 (1978) 178-218 (English).

[13] Lorenzo Robbiano, Term orderings on the polynomial ring, in: Bruno Buchberger (Ed.), Proceedings of EUROCAL’85, vol. 2,
Lecture Notes in Computer Science, no. 204, Springer, 1985, pp. 513-517.


http://www.singular.uni-kl.de

2148 JLG. Garcia et al. / Linear Algebra and its Applications 430 (2009) 2133-2148

[14] G.-M. Greuel, G. Pfister, H. Schénemann, Singular 3.0, A Computer Algebra System for Polynomial Computations, Centre
for Computer Algebra, University of Kaiserslautern, 2005. Available from: <http://www.singular.uni-kl.de>.

[15] V. Levandovskyy, EJ. Lobillo, O. Motsak, C. Rabelo, nctools.lib. A Singular 3.0 library with general tools for noncommutative
algebras.

[16] J.C. McConnell, J.C. Robson, Noncommutative Noetherian Rings. With the Cooperation of L. W. Small, Pure and Applied
Mathematics, vol. XV, A Wiley-Interscience Publication, John Wiley & Sons, Chichester, 1987, 596pp.

[17] Bo Stenstrom, Rings of quotients, An introduction to methods of ring theory, Die Grundlehren der mathematischen
Wissenschaften, Band 217, vol. VIII, Springer-Verlag, Berlin-Heidelberg-New York, 1975, 309pp.

[18] José L. Bueso, . Gomez-Torrecillas, EJ. Lobillo, FJ. Castro, Primality test in iterated Ore extensions, Commun. Algebra 29(3)
(2001) 1357-1371.

[19] ]. Apel, W. Lassner, An extension of Buchberger’s algorithm and calculations in enveloping fields of Lie algebras, ]. Symb.
Comput. 6 (2/3) (1988) 361-370

[20] J.L. Bueso, J. Gémez-Torrecillas, FJ. Lobillo, Homological computations in PBW modules, Alg. Rep. Theory 4 (2001) 201-218

[21] Hiroyuki Yamane, A Poincaré-Birkhoff-Witt theorem for quantized universal enveloping algebras of type Ay, Publ. Res.
Inst. Math. Sci. 25 (3) (1989) 503-520

[22] H. Li, Noncommutative Grobner Bases and Filtered-graded Transfer, Springer, 2002.


http://www.singular.uni-kl.de

	Introduction and preliminaries
	Existence of elimination orderings
	Elimination of variables
	Block orderings and localization
	Acknowledgments
	References

